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Abstract—Proportional + Integral + Derivative (PID) con-
trollers are the the base of industrial automation today. The
key issue in PID tuning is finding the suitable parameters to
obtain a good close loop performance. Most of PID controllers
are tuned manually and the derivative gain Kd is often turned
off because if its difficult to find values that give a robust system.
There are different methods for tuning PID controllers, but in
this paper will be use de computation of the ultimate gain and
period in order to get the suitable parameters selection of the PID
controller. To do this, we are going to apply the Guardian Map
concept. An application to a particular process will be considered
in order to validate the proposed method.

Index Terms—PID Controllers, Control Tuning, Guardian
Maps, Ziegler and Nichols Method.

I. INTRODUCTION

THE PID controller is undoubtedly the most popular
controller in all industries worlwide. This is due to

it’s simplicity and good performance. The PID controller
calculation involves three separate parameters: proportional,
integral and derivative values.The proportional term reacts to
current errors, past errors are accounted for by the integral
term and the derivative term anticipates future errors by linear
extrapolation of the error. Despite all the progress in advanced
control, there are substantial opportunities for improving PID
control. The tuning of PID controller parameters has been
studied by researchers for many years. [2] presents the state of
the art of PID control and reflects on its future. In particular,
it discusses on specifications, stability, design, applications,
and performance of PID control. Also, that paper mentions
some other alternatives to PID such as: RST: Discrete-time
linear MISO controllers, SFO: State feedback and observers,
MPC: Model predictive control. which they have as their main
challenge to consider the performance, tuning, ease of use
and maintenance. Two types of design techniques are used to
design a PID controller for the lower part of the leg, around
the knee joint is presented in [4]. The resulting PID controllers
are compared by simulating a squat movement and a normal
gait. In [9] it is presented a new methodology for PID control
tuning by coupling the Gain and Phase Margin method with
the Genetic Algorithms in which the micropopulation concept
and adaptive mutation probability are applied . A methodology
for tuning the PID parameters using fuzzy control techniques
are presented in [5], [7] and [8]. Others results related to the
topic of evolutionary computation are presented in [6] and
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[18]. A self-tuning algorithm for the PID parameters, derived
from the Lyapunov method and using just-in-time learning
(JITL) is presented in [10]. In [14], the Ziegler and Nichols
step response method, the Chien-Hrones-Reswick method and
the Cohen-Coon method are compared for PID control of
a single axis of a XY stage of a 3D surface profiler. In
[17] some rules for tuning PID controllers are modified to
improve the performance of the closed-loop control system,
represented by a reduced model. A new method for PID
controller tuning based on Bode’s integrals is proposed in
[11], where derivatives of phase and amplitude of minimum-
phase and stable plant models with respect to the frequency
were approximated using these Bode’s integrals. Some design
method for PID controllers based on optimization related to
robust H∞ control are presented in [12] and [13]. In [16],
there was presented an analysis of the robustness of some PID
tuning techniques in the space of the controller parameters, in
order to obtain robustness with respect to small perturbations
in the closed-loop control system.

The performance of a PID controller is mainly determined
by the choice of it’s parameters. Tuning a PID implies
calculating suitable values in order to obtain the desired
control performance. Among the conventional PID tuning, the
Ziegler and Nichols methods may be the most well known
technique. Developed by John G. Ziegler and Nathaniel B.
Nichols in 1942, , see [20]. The step response method is
based on measurement of the open-loop response, on the
other hand, the frequency response method is based on a
closed-loop experiment where the system is brought to the
stability boundary under proportional control.These rules work
quite well for wide range of practical processes. However, as
these techniques are experimental, sometimes it could be time
consuming and can venture into unstable regions while testing
the P controller, which could cause the system to become out
of control or even the crash of the control system. Therefore
this paper considers the calculation of tuning parameters using
the concept of guardian map presented in [15] and using a
modified Ziegler and Nichols method presented in [1].

This work is organized as follows: section II presents the
problem statement. In section III, some mathematical prelim-
inaries results are discussed. In section IV, the main result
is described, where an approach based on the Guardian Map
is used to obtain the tuned parameter of a PID controller . In
section V, simulation of an particular application are discussed.
Finally, in section VI, conclusions are presented.
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II. PROBLEM STATEMENT

A. PID Controllers

A PID Controller is defined by three parameters: the pro-
portional gain Kp, integral gain Ki and derivative gain Kd.
The typical PID control system can be described as Figure 1.

Fig. 1: PID Controller.

where G(s) represents the transfer function of the plant.
The output of the PID controller; i.e., the input to the plant,
in time-domain is as follows:

u(t) = Kpe(t) +Ki

∫
e(t)dt+Kd

de(t)

dt
(1)

The control signal e(t) represents the tracking error, the
difference between the desired input value r(t) and the output
signal y(t).
The transfer function of a PID controller is found by taking
the Laplace transform of Equation (1).

Gc(s) =
U(s)

E(s)
= Kp +

Ki

s
+Kds (2)

and the block diagram of the closed-loop control system is
presented in the next figure:

−+
R(s)

Gc(s)
E(s)

G(s)
U(s) Y(s)

Fig. 2: Closed-loop control system.

The closed-loop control system performs well if the param-
eters are chosen properly, on the other hand a poor selection
of the PID controller parameters cause poor performance
and may even lead to instability in the closed-loop control
system. Therefore, it is crucial to determine the best values
for Kp,Ki,and Kd in order to reach an optimal performance
of the control system.

B. Modified Ziegler-Nichols PID tuning method

The design method presented in this paper is based in the
Ziegler-Nichols frequency response method which is based on
the knowledge of the point on the Nyquist curve of the open-
loop transfer function Gl(s) = Gc(s)G(s) where the Nyquist
curve intersects the point (−1, 0) of the complex plane. This
point is characterized by two parameters: Ku and Tu, which

are called the ultimate gain and the ultimate period. To obtain
these parameters, in this paper will use the Guardian Map
concept, as it will be presented later. The performance of the
closed-loop control system will be guaranted selecting the PID
controller parameters using the following equations, see [1]:

Kp = Kura cos(φa) (3)

Ki =
Tu
π

(
1 + sin(φa)

cos(φa)

)
(4)

Ki =
Tu
4π

(
1 + sin(φa)

cos(φa)

)
(5)

where the parameters ra and φa are related to the point A,
which is shown in the following figure:

Fig. 3: Influence of PID controller on the Nyquist plot.

where the point A is defined by the following equation:

A = Gl(jωu) = ra exp(jφa) (6)

with ωu = 2π/Tu. It is worth to note that, in this way it is
possible to achieve an adequate performance in the closed-
loop control system, since through the selection of the PID
parameters it is possible to move the point A from Figure 3
and achieve, in this way, a favorable change of the phase (φm)
and gain (Gm) margin of the closed-loop control systems; as
we can see in the following figure:
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Fig. 4: Phase (φa) and (Gm) gain margins.

It is important to note that the phase and gain margins are
closely related to the stability property, so that a good selection
of these parameters, allow to have good condition for filtering
noise and disturbance rejection. That is why in this paper we
are interested in tuning the PID parameters to achieve good
margin and phase gains.

III. MATHEMATICAL PRELIMINARIES

The result that it will be presented in this paper is based
on the concept of Guardian Map which was presented at [15]
and is defined below.

Definition 3.1: Let X be the set of all the polynomials of
degree at most n with real coefficients, and let S be an open
subset of X . Let ν map X into C, where C represents the set
of complex number. We say that ν guards S if for all x ∈ S̄
(S̄ is the closure of S), the equivalence

x ∈ ∂S ⇐⇒ ν(x) = 0 (7)

holds. Where ∂S represents the boundary of S. In this case,
we also say that ν is a Guardian Map for S. In other words, a
Guardian Map is an operator which maps to zero every point
of the boundary of their domain set.
In particular we are interested in a particular Guardian Map
defined as follows. Considering the following polynomials
with real coefficient and roots with negative real part:

p(s) = ans
n + an−1s

n−1 + · · ·+ a1s+ a0 (8)

associated with this polynomial is the following Hurwitz
matrix:

H[p(s)] =



an−1 an−3 an−5 · · · · · · 0

an an−2 an−4 · · · · · ·
...

0 an−1 an−3 an−4 · · ·
...

0 an an−2 an−5 · · ·
...

...
...

...
...

. . .
...

0 0 0 0 · · · a0


(9)

The set of polynomials p(s) is guarded by the map ν : p(s) 7→
det (H[p(s)]) where det (H[p(s)]) represents the determinant
of the Hurwitz matrix associated to p(s). The proof of this
statement can be performed using the Orlando’s formula, see
[3]. The previous result implies that the determinant of the
Hurwitz matrix associated to p(s) will be equal to zero if
and only if, the roots of the polynomials p(s) belongs to the
imaginary axis of the complex plane and then it is possible to
use this result to obtain the ultimate gain and period.

IV. MAIN RESULT

Essentially, if we need to obtain parameters Ku and Tu we
need the process to oscillate, leading the system to an unstable
boundary. Therefore, this problem can be solved makes the
following system swing by increasing the gain K:

−+
R(s)

K G(s)
Y(s)

Fig. 5: Closed-loop control system with proportional control
action.

where:
G(s) =

n(s)

d(s)
(10)

the characteristic equation of the previous system, is given by
the following polynomial:

p(s,K) = d(s) +Kn(s) (11)

we make the assumption that d(s) is a polynomial with all its
roots have negative real part. The following result permit to
obtain the ultimate gain using the Guardian Map defined in
previous section.

Theorem 4.1: Consider the closed-loop control system
shown in figure 5 and G(s) defined as in (11), then the ultimate
gain Ku can be obtained by:

Ku = − 1

λmin (H−1[d(s)]H[n(s)])
(12)

where λmin represents the minimum negative real eigenvalue
of H−1[d(s)]H[n(s)].

Proof
The Hurwitz matrix of the characteristic equation is as

follows:

H[p(s,K)] = H[d(s) +Kn(s)]

= H[d(s)] +KH[n(s)]

= KH[d(s)]

(
1

K
I +H−1[d(s)]H[n(s)]

)
computing the determinant of the Hurwitz matrix

det (H[p(s,K)]) =

det (H[p(s,K)]) det

(
1

K
I +H−1[d(s)]H[n(s)]

)
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The term det (H[p(s,K)]) 6= 0, since d(s) is a Hurwitz poly-
nomial. So the only way the determinant of det (H[p(s,K)])
be zero is that the second term be zero and this condition is
satisfied if:

K = − 1

λmin (H−1[d(s)]H[n(s)])

under the consideration that the Hurwitz matrix is a Guardian
Map, the above expression represents the ultimate gain Ku.

�

The ultimate period can be obtained solving for ω, the follow-
ing equation:

(s+ ω2
u)g(s) = p(s,Ku) (13)

where g(s) is an unknown polynomial and Tu = 2π/ωu. Once
the ultimate gain and period are obtained, then the tuned PID
parameters can be computing using the formulas presented in
(3)-(5). It is important to note that the performance of the
closed-loop control system will be given through the proper
definition of the parameters ra and φa of (6), which are
directly related to the phase and gain margin of the closed-loop
control system.

V. APPLICATION

The method proposed in this paper will be applied to an
Automatic Voltage regulator(AVR) model described on [19],
which it is characterized by the following transfer function:

G(s) =
0.1s+ 10

0.0004s4 + 0.045s3 + 0.555s2 + 1.41s+ 1

considering this transfer function the characteristic equation is
as follows:

p(s,K) = d(s) +Kn(s)

where

n(s) = 0.1s+ 10

d(s) = 0.0004s4 + 0.045s3 + 0.555s2 + 1.41s+ 1

and the corresponding Hurwitz matrix are the following:

H[d(s)] =


0.045 1.41 0 0
0.0004 0.555 1 0

0 0.045 1.41 0
0 0.0004 0.555 1



H[n(s)] =


0 0.1 0 0
0 0 10 0
0 0 0.1 0
0 0 0 10


the eigenvalues of H[d(s)]−1H[n(s)] are

λ = {0, 10,−0.5517, 0.002} (14)

and then:
λmin = −0.5517 (15)

the ultimate gain is:

Ku = − 1

−0.5517
= 1.8125 (16)

To calculate the ultimate period Tu we need to substitute in
the following equation the Ku:

(s2 + ω2
u)P̄ (s) = P0(s) +KuP1(s)

(s2 + ω2
u)P̄ (s) = 0.0004s4 + 0.045s3

+0.555s2 + 0.18125s+ 18.125

where:

P̄ (s) = a2s
2 + a1s+ a0

solving for ωu, it is obtained:

ωu = 5.7147

and

Tu =
2π

ωu
= 1.0995

To set up the PID gains Kp, Ki and Kd we can use the
formulas shown in (3)-(5). We are going to consider three
different cases:

• for ra = 0.5 and φa = 20:

Kp = 0.8516,Ki = 1.7038,Kd = 0.1064

• for ra = 0.41 and φa = 60:

Kp = 0.3716,Ki = 0.2845,Kd = 0.1213

• for ra = 0.29 and φa = 46:

Kp = 0.3651,Ki = 0.4215,Kd = 0.0791

Different simulations were performed considering the pa-
rameters obtained previously and the following responses were
obtained:
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Kp=0.8516, Ti=0.4998, Td=0.1250

Kp=0.3651, Ti=0.8662, Td=0.2166

Kp=0.3716, Ti=1.3061, Td=0.3265

Fig. 6: Closed-loop control system for different values of
parameters of the PID controller.
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VI. CONCLUSIONS

This paper presented a new method for tuning PID con-
trollers. The method used the concept of Guardian Map to
calculate the ultimate gain and then, also computing the
ultimate period, the tuning parameters for a PID controller
were obtained. This methodology will, in future, be able to
use different optimization techniques in order to improve the
PID controller selection, getting to meet different performance
criteria..
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