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Modeling the precipitation of bidisperse
suspension with allowance for the aggregation
of clusters of various fractions

D. Dairabay, V. Golubev, L. Musabekova, B. Korganbayev

Abstract— The paper deals with the mathematical model for
describing processes of simultaneous aggregation and sedimentation
of dispersed phases from bidisperse suspensions. The submitted
model allows to calculate of almost all the main characteristics of the
process of bidisperse suspension sedimentation, taking into account
aggregation of two fractions and formation of the phase of aggregates
clusters. These processes play an important role in many industrial
processes and natural phenomena.
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PRECIPITATION of polydisperse suspensions plays a key role
in many industrial processes and natural phenomena.

Despite the attention of scholars to these processes many

aspects in this field remain little studied [1, 2].

With all seeming simplicity and prevalence of sedimentation
phenomena their experimental and theoretical study entails
many great difficulties [2, 3]. Working out of theoretical
models of polydisperse suspensions sedimentation, even in the
absence of essential interaction between the particles, is not a
trivial problem and its solution is still can’t be considered as
completed [3, 4].

With all seeming simplicity and prevalence of sedimentation
phenomena their experimental and theoretical study entails
many great difficulties [2, 3]. Working out of theoretical
models of polydisperse suspensions sedimentation, even in the
absence of essential interaction between the particles, is not a
trivial problem and its solution is still can’t be considered as
completed [3, 4].

It can be shown that a kinetic curve that describes the
deposition of polydisperse suspension in the absence of
fractions aggregation consists of three linear segments. At the
first segment the particles of both fractions will fall
simultaneously, the second segment corresponds to the stage
when precipitation of the large fraction has been completed,
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but deposition of the fine fractions continues. The third
segment corresponds to the stage of completion of both
fractions deposition.

The Stokes law can be used for calculating the fine particles
stationary sedimentation [5, 6, 7]. Terms and conditions of
such description applicability can be briefly summarized as
follows.

1. The particles are assumed to be spherical shape. Since
particles of dispersed phase in suspensions in reality often
deviate from spherical shape there is introduced a certain so-
called effective radius of the hypothetical spherical particle of
the same mass as the real particle and which moves with the
same speed.

2. The interaction between the particles is absent. This
condition may be performed in the absence of aggregation
processes at low concentrations of the dispersed phase. The
average distance between the particles should be sufficiently
large compared to their sizes so that the motion of particles did
not affect the nature and speed of movement of the other
particles.

3. The reservoir in which sedimentation occurs should have
considerably larger scale compared to the sizes of the
particles. Then we can neglect the influence of the walls, as in
the vicinity of the walls the sedimentation rate can't be
described with the help of Stokes law []8, 9].

4. The particles must be sufficiently hard and smooth to
prevent their strain while moving.

5. It is also assumed that there is no slippage between the
depositing particles and the fluid, i.e, particles are well wetted
by the liquid.

6. The sedimentation rate is not high, because otherwise
there is a turbulent flow, and applicability of the Stokes law
will be violated.

In the steady regime the deposition of each fraction goes
with constant rate determined by the particle fraction size [7].

In the paper we submit the simple model for calculating the
kinetics of gravitational sedimentation of bidisperse
suspensions in the presence of the mutual aggregation of the
particles of fine and coarse fractions.

Thus the second supposition from the above list is not
fulfilled. Such processes take place everywhere in natural
phenomena and they ought to be specially organized in the
industrial water purification systems [5, 6].
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In our model, we assume that the aggregation of particles of
various fractions takes place in the bidisperse suspension [8,
10]. Thus, second assumption from the above list is not
fulfilled. The other listed conditions remain correct. This
approach is valid for weakly concentrated suspensions, in
which there is no influence of one particle fraction on the
hydrodynamic conditions of the deposition of the other one [9,
10]. The process of aggregation will be described by the
Smoluchowski equation [11, 12, 13].

THEORETICAL DETAILS AND DISCUSSION
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where C, is the concentration a cluster of i -th order, N; ;

is the aggregation core for cluster of i-th and j -th orders, t
is time.

According to the specific problem formulation, the
following system of kinetic equations can be written as
Ps3
—~ > -2 ,
dt L1P
dp,
L _-_a ,
dt 1P
dp,
—==-a , 2
qt P19

where p, p, are the partial volume densities of two

initial fractions of the suspension, 1/m® 0 is the partial

volume density of the aggregates fraction, 1/m° a is the
kinetic coefficient, m/s.
Initial conditions are

p0)=p . p(0)=p3. 3)
Let us introduce the denotations
Po=pr+p;. Gy=2app;. @)
Thus, after rearrangement of system (2), we get
TP (i y) ©)
dt? de Y
The following relations are obviously correct
d dp;
P + = — y 6
(ot pr) =2 (6)
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P+ Py = Po=—2p5, (7)

The kinetic equation for partial density of the phase of
clusters aggregates reads

d;tfs =-a d(ﬁs (05 —2p5)- (®)
From (8) it follows
dd% =-ap,(py— ;) + s, ®)
dd% = a(Ps -pr ng - P’ ) ' (10)
The solution of (10) reads
L nesle=pl) o (11)

pl=pt plps-p2)

As the result the following expression for the density of
aggregates phase has been obtained

_ pipli-explalof - o3 k)

p (12)
T p-piewlalel - o2 k)
0 0 :
For p; = p, we obtain
2
poat (13)

P " Ao pat)

Using obtained expressions for the evolution of the fractions
densities, the curve of accumulation of the sediment which
consists of different fractions including the aggregates phase
can be calculated.

In the process of sedimentation just two frontal sections will
be formed. They are the front of fine fraction suspension
which separates the clear liquid and the dreggy liquid, and the
second front which separates the suspension consisting of the
two initial fractions and the layer of suspension consisting of
three fractions including the aggregates. Further we will ignore
the height of the sediment layer, supposing the full height of
the container H is large enough, and the initial concentration
of a disperse phase is not too great. Let the fine fraction be
denoted by index "1", the mixture of two fractions - by index
"2", and the mixture of three fractions - by index "3". In
accordance with the above assumptions, the deposition rates of

the each fraction W, remain unchanged. Then the movement

time of the front of the suspension of the three fractions prior
to its complete precipitation with accounting those velocities

of frontal planes W1 <W2 <W3 is
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(14)

(15)

Figures 1 and 2 show some graphs illustrating the evolution of
the density of the different fractions in the area of the joint

motion of all three fractions of the suspension.

Relative time of the process

1-a=0.01 m%s; 2-a=0.05 m¥s; 3-a=0.1 m%s;
4-a=0.2 m¥s

Fig. 1 Evolution of the aggregate clusters concentrations
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4-a=0.2 m¥s; o - fraction 1; * - fraction 2

Fig. 2 Evolution of the initial clusters concentrations
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We can write for the flow of I - th fraction through a cross
section of the vessel

a, 0= p, W,

So the evolution of the specific quantity of the deposit of i -
th fraction per unit of the surface of a cylindrical vessel over

time t < T2 is defined as

(16)

(17)

From this it follows

Q. =W [pyt _lm(pzo — o €Xp(aloyg _pzo)t)J] ,(18)
a P20~ Pro

Q =W iln(/ozo —Puo EXp(a(Plo ~ P2 )t)J' (19)
a P20~ Pio

Q =W [(p —p )t+1ln[’02° ~—Puo EXp(a(plo _pzo)t)j] (20)
’ e a P20~ Po

After the first period of deposition the turbidity of the first
fraction remains still into the zone with height

H1:(W2 _Wl)TZ' (21)

In this zone there will be a gradient of density of the first
fraction. This gradient can be calculated from the following
considerations.

Since Py (t) =Py ~ Py (t) then to accounting the time

lag between the process of sedimentation fronts can be written

(22)

where Z is the current vertical coordinate.
Then we get the expression for calculating the density of the

fine fraction in the zone between the front sections

p@)=p,—p W, W) @

Figures 3, 4 depict plots for changing the specific quantities
of different fractions in the deposit during the first period of

sedimentationT2 , i.e. up to the full sedimentation of the

dense part of suspension.
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Relative time of the process

1-a=0.01 m%s; 2-a=0.05 m¥s; 3-a=0.1 m¥s;
4-a=0.2 m¥s

Fig. 3 Specific quantity of the sediment of aggregated fractions
during the first period of precipitation
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Fig. 4 Specific quantities of the sediments of initial fractions during
the first period of precipitation
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I1l. CONCLUSION

Thus, the present model allows to calculate of almost all the
main characteristics of the process of bidisperse suspension
sedimentation, taking into account aggregation of fractions.
This model can be developed in case of reversible aggregation,
i.e., in the presence of partial fragmentation of the dispersed
phase clusters. Analysis of the dependencies shows good
qualitative agreement with the experimental data and studied
regularities of sedimentation [8]. Of course, for reliable
practical application this model needs the identification of
control parameters for the specific physical and chemical
systems.

Although the submitted model has been developed for
bidisperse suspensions, the offered and discussed in this paper
method for simultaneous accounting the aggregation and
sedimentation processes into the volume of industrial
apparatuses can be applied to modeling similar processes in
the case of polydisperse suspensions. Calculations may
become more cumbersome but it is not a principal problem
nowadays.

ACKNOWLEDGMENT

The authors would like to thank Professor Arnold Brener for
useful consultations and remarks.

REFERENCES

[1] L.M. Lifshitz, V.V. Slyozov, “Kinetics of a precipitation from super-
saturated solid solutions”, J. Phys. Chem. Sol., vol. 19, pp 35-50, 1961.

[2] S.Fadda, A. Cincotti, G. Cao, G., “Modelling breakage and
reagglomeration during fine dry grinding in ball milling device”, Chem
Eng. Transactions, vol. 17, pp. 687-693, 2009.

[3] J.C. Zahnov, J. Maerz, U. Feudel, “Particle-based modeling of
aggregation and fragmentation processes: Fractal-like aggregates”,
Physica D, 240, pp. 882-893, 2011.

[4] J.A. Blackman, A. Marshall, “Coagulation and Fragmentation in cluster-
monomer reaction models”, J. Phys. A.: Math. Gen., vol. 27, pp. 725-
740, 1994.

[5] V. Voloschouk, Kinetic Theory of Coagulation, Leningrad, 1974.

[6] V.A.Vanoni, Sedimentation engineering, ASCE, 1975.

[7]1 G.L. Morris, J. Fan J., Reservoir sedimentation handbook: design and
management of dams, reservoirs, and watersheds for sustainable use,
McGraw Hill Professional, 1998.

[8] W.F. Stafford W. F., “Boundary analysis in sedimentation transport
experiments: a procedure for obtaining sedimentation coefficient
distributions using the time derivative of the concentration profile”,
Analytical biochemistry, vol. 203, No. 2, pp. 295-301, 1992.

[91 G.J., Kynch G. J., “A theory of sedimentation”, Transactions of the
Faraday society, vol. 48, pp. 166-176, 1952,

[10] J.A.D. Wattis, “An introduction to mathematical models of
coagulation-fragmentation processes: A discrete deterministic mean-

field approach”, Physica D, 222, pp 1-20, 2006.

[11] A.M. Brener, B.Ch. Balabekov, A.M. Kaugaeva, A. M., “Non-local
model of aggregation in uniform polydispersed systems”, Chem. Eng.

Transactions, vol. 17, pp. 783- 790, 2009.

[12] A.M. Brener, “Nonlocal Equations of the Heat and Mass Transfer in
Technological Processes”, “Theor. Found. Chem. Eng”, vol. 40, pp.

564-573, 2006.

[13] A.M. Brener, “Nonlocal Model of Aggregation in Polydispersed
Systems”, “Theor. Found. Chem. Eng,”, vol. 45, 349-353, 2011.





