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Abstract: - The paper presents a series of studies regarding the 
influence of the main constructive and cinematic parameters of 
the finishing-work hardening tools, on the durability of these 
tools and on the productivity of the manufacturing process. Thus, 
is studying the influence of the diameter of the rolling elements 
(balls) and the angle of the pressure cones "α" on the productivity 
of the machining, as well as the influence of the ratio between the 
pulsation of the rolling elements and the rolling speed, on the 
distribution of the unitary efforts, respectively on the durability 
of the tools used. 
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1 INTRODUCTION 
Previous research carried out in order to finishing and 
work hardening the inner and outer cylindrical surfaces of 
the metal parts processed by rolling-impact vibrations 
revealed the possibility and the advantages of using this 
new method, both with the use of single vibrating ball 
tools [1] and of the multiple roller tools [2],[3]. 
Considering the advantages offered by this manufacturing 
process and the results obtained in finishing and work 
hardening the inner cylindrical surfaces of the workpieces 
by radial vibratory rolling method, using the multi-ball 
rolling tools [4], it will be presented below the study of the 
construction of such tools used in cold working. 
 
II DESCRIPTION OF THE METHOD  
The finishing and work hardening of the internal 
cylindrical surfaces of the workpieces by radial vibratory 
rolling process can be accomplished with tools, which 
from the constructive point of view are similar to the tools 
used for axial rolling-vibration [5]. For these reasons, for 
the study it was adopted the construction of rolling tools 
with mobile cage and fixed cones (without rotating 
motion). 
In this construction (Fig. 1), the radial pulse of the 
rolling elements (balls) 4 is caused by the axial 
displacement of the conical ring 5 which receives the 
movement from a mechanically, hydraulically,  
pneumatically or electrically operated vibratory 
mechanism. The workpiece is fixed to the clamping and 
driving mechanism 1, which generate a rotary motion 
during the process. Due to the axial feed of the tool “s”, 
the rolling elements will generate on the bore surface of 
the workpiece 2, a boundary work hardened layer.  
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As the pressure generated through the balls exceeds the 
yield point of the piece-part material, the surface is 
plastically deformed by cold flowing of subsurface 
material. The result is a mirror-like finish and a tough,  
work-hardened surface with load-carrying characteristics 
which make this machined surface superior to finishes 
obtained by abrasive metal-removal methods. 
The contact of balls to the workpiece is ensured by a 
pressure. At this point, while the uneven sections parts 
are being pressed, the gaps in bottom are filled up 
simultaneously. 
 This process that we called as plastic deformation is 
repeated as long as the rotation, pressing and progressing 
continue. Therefore the smooth and bright surfaces are 
obtained.  
The degree of non-homogeneity of the boundary layer 
depends on a series of the constructive and cinematic 
factors of the technological system. 
 
 

 
Fig.1 Schematic illustration of the radial vibratory 

rolling process. 
 

The degree of non-homogeneity of the boundary layer 
depends on a series of the constructive and cinematic 
factors of the technological system. The most important of 
these factors are: the number of running balls k and their 
diameter, the pulse of the body tool ωs, the axial feed "s", 
the force applied to the running balls P, and the angular 
speed of the machined workpiece ωp [4]. 
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III. THE STUDY OF THE INFLUENCE OF THE 
DIAMETER OF THE RUNNING BALLS ON THE 

PROCESS PRODUCTIVITY 
An important parameter for the construction of rolling 
tools is the diameter of the rolling balls. The size of this 
parameter depends on a number of factors such as the 
roughness of the workpiece rolled surface, the depth of the 
work hardened layer, the feed per rotation of the tool etc. 
From previous research [2], it is known that for a certain 
value of roughness, RT (Rmax), the feed per rotation of the 
ball Sb is given by the expression: 
 
 

𝑆𝑆𝑏𝑏 = 2�2 ∙ 𝑅𝑅𝑏𝑏 ∙ 𝑅𝑅𝑇𝑇 − 𝑅𝑅𝑇𝑇2            (1) 
 
The nominal feed of the body tool sr at one rotation of the 
workpiece is given by: 
 
 

           𝑠𝑠𝑟𝑟 = 𝑛𝑛𝑐𝑐 ∙ 𝑠𝑠𝑏𝑏                        (2) 
 
in which: 𝑠𝑠𝑟𝑟   represents the feed of the body tool in one 
rotation of the workpiece, nc - the number of running balls 
adopted; sb- the feed per balls. 
The maximum number of balls that can be adopted on a 
multi-balls tool can be determined using the relationship: 
 
 

𝑛𝑛𝑐𝑐 = 𝜋𝜋�𝑅𝑅𝑝𝑝−𝑅𝑅𝑏𝑏�
𝑅𝑅𝑏𝑏

                            (3) 
 
where Rp is the radius of the surface to be machined, and 
Rb is the radius of the ball. 
In this case the relation (2) gets the form: 
 
 

𝑆𝑆𝑟𝑟 = 2𝜋𝜋 𝑅𝑅𝑝𝑝−𝑅𝑅𝑏𝑏
𝑅𝑅𝑏𝑏

�2 ∙ 𝑅𝑅𝑏𝑏 ∙ 𝑅𝑅𝑇𝑇 − 𝑅𝑅𝑇𝑇2      (4) 
 
In order to determine the influence of the working beam 
radius on the amount of rotation and productivity, the 
relationship (4) will be studied as a function of a single 
variable Sr = φ (Rb). 
By removing the values of the variable for which the 
function becomes negative (in order not to lose its physical 
meaning), the existing domain of the function is the 
interval [𝑹𝑹𝑻𝑻

𝟐𝟐
,𝑹𝑹𝒑𝒑].   

If the function Sr = φ (Rb) is derived, and equals zero, the 
roots that express the abscissa of the extreme points are 
obtained: 
 

𝑅𝑅𝑏𝑏(1,2) =
−𝑅𝑅𝑝𝑝±�𝑅𝑅𝑝𝑝2 +4𝑅𝑅𝑝𝑝𝑅𝑅𝑇𝑇

2
       (5) 

 

From the two solutions 𝑅𝑅𝑏𝑏(1) and  𝑅𝑅𝑏𝑏(2),   only the solution 

𝑅𝑅𝑏𝑏(1) is in the definition domain: 

 

𝑅𝑅𝑏𝑏(1) = −𝑅𝑅𝑝𝑝+𝑅𝑅𝑝𝑝2 +4𝑅𝑅𝑝𝑝𝑅𝑅𝑇𝑇
2

      (6) 

 

The graphical presentation of the function  𝑠𝑠𝑟𝑟 = 𝜑𝜑(𝑅𝑅𝑏𝑏) is 
given in Fig.2.  
From this figure and relation (6) it results that a maximum 
is reached for values of Rb much lower than the admissible 
limit value Rb = (0, 05 ... 0, 30) Rp. 
 

 
Fig.2 The graphical presentation of the function  𝑠𝑠𝑟𝑟 =

𝜑𝜑(𝑅𝑅𝑏𝑏). 
 
From the above results, the general conclusion is that for 
the same value of the roughness of the rolled surface "RT" 
the feed per rotation of the tool "sr" and the productivity of 
the process by the described method increase if the 
diameter of the working balls decreases.   
 

IV. STUDY ON THE DISTRIBUTION OF UNITARY 
STRESSES ON THE CIRCUMFERENCE OF THE 

PRESSURE CONES 
Due to the pressing force between the balls and the 
pressure cones, the contact area (at static loading) takes the 
form of a calotte whose projections on a plane tangent to 
the initial point of contact can be approximated by an 
ellipse [4, 6]. 
In this case the tensions that originate in the contact area 
are distributed over the entire deformation surface after the 
OZ coordinate of the semi-ellipsoid of the normal stresses 
built on this surface.  
The bigger axis of the contact ellipse is in the axial 
direction of the assembly, that is, in the plane where the 
degree of hugging is maximum, and the minor axis in the 
direction of the rolling process.  
In the real processing case, considering the pulsating 
working regime and the rolling motion of the cone rolling 
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bodies, the appearance of the elongated, successive 
disposed and connected semi-ellipsoid forms.  
Due to the fact that there are several rolling bodies in the 
work area, the unitary forces caused by each rolling body 
will be disposed offset on the circumference of the 
pressure cones. 
In order to determine the degree of unevenness of the 
unitary effort distribution, as a measure of the durability of 
the pressure cones, we will study the distribution of the 
maximum unitary stresses of two adjacent rolling bodies. 

If the edge of the imaginary epure of the maximum unitary 
effort, carried out in a normal plane at the pressure cone, in 
the rolling path area, can be assimilated to a sinus curve 
(Fig.3).  
 
 
 
 

 
Fig.3 Edge of the imaginary epure of maximum unitary effort. 

 
The equation of the epure contour line of the maximum 
unitary effort of the first balls, which has as its starting 
point the origin of the coordinate system (σ, θR) is given 
by the relation: 
 

𝜎𝜎1 = 𝐴𝐴(1 − 𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐)         (7) 
 
and for the second ball: 
 

𝜎𝜎2 = 𝐴𝐴 �1 + 𝑐𝑐𝑐𝑐𝑠𝑠 �𝑐𝑐 − 2𝜋𝜋 𝜔𝜔𝑠𝑠
𝑘𝑘∙𝜔𝜔𝑟𝑟

��     (8) 
 

in which: A- represents the amplitude of the sinusoid; θ - 
pulsation of balls; ω - the angular rotation speed of the 
rolling balls on the circumference of the pressure cones;  k 
- the number of rolling balls.  
As a measure of the degree of unevenness of the unitary 
stress distribution, the difference between the maximum 
unitary effort σmax and the minimum unitary effort σmin, 
which are located at the first intersection of the contour 
lines of the epures drawn on the two balls (Fig.3). In order 
to determine the intersection point of the two epures σmax, 
respectively σmin, equals the relations (7) and (8), after 
which results: 
 

sin �𝜋𝜋 𝜔𝜔𝑠𝑠
𝑘𝑘∙𝜔𝜔𝑟𝑟

� sin �𝑐𝑐 − 𝜋𝜋∙𝜔𝜔𝑠𝑠
𝑘𝑘∙𝜔𝜔𝑟𝑟

� = 0                      (9) 
 
Equation (9) admits solutions: 
 

1) 𝜔𝜔𝑠𝑠
𝑘𝑘∙𝜔𝜔𝑟𝑟

= 𝑛𝑛, for any  𝑛𝑛 = 0, ±1, ±2, …          (10) 

or: 
 

              2) 𝑐𝑐 = 𝜋𝜋∙𝜔𝜔𝑠𝑠
𝑘𝑘∙𝜔𝜔𝑟𝑟

                                       (11) 
 

When using the first solution, there is a total overlap of the 
epures and the edges of these epures respectively, in which 
case the degree of non-uniformity becomes maximum. 
If the second solution is adopted and replaced in relation 
(7), the coordinate of the point of intersection of the edges 
of the two epures is obtained, respectively: 
 

            𝜎𝜎𝑖𝑖 = 𝐴𝐴 �1 − 𝑐𝑐𝑐𝑐𝑠𝑠 𝜋𝜋∙𝜔𝜔𝑠𝑠
𝑘𝑘∙𝜔𝜔𝑟𝑟

�                     (12) 
 
If it is accepted that: 
 

  𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 − 𝜎𝜎𝑚𝑚𝑖𝑖𝑛𝑛 = 𝜆𝜆 ∙ 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚                       (13) 
 
in which: λ has the meaning of the non-uniformity factor; 
σmax = 2A; σmin = σi, can be determined after the necessary 
replacements the ration of synchronization “is" between 
the pulsation of the rolling elements and the angular 
velocity ωr of the rolling elements around the center axis, 
depending on the number of rolling balls adopted "k", and 
the degree of non-uniformity λ admitted for the 
distribution of unitary efforts on the circumference of the 
pressure cones, as follows: 
 
 

𝑖𝑖𝑠𝑠 = 𝜔𝜔𝑠𝑠
𝜔𝜔𝑟𝑟

= 𝑘𝑘
𝜋𝜋
𝑚𝑚𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠(2𝜆𝜆 − 1)                        (14) 
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This relationship (14) allows to accurately determining the 
synchronization ratio "is", which ensures a rational 
exploitation of the tools used. 
 
 

V. THE KINEMATICS STUDY 
In the case of the use of ball rolling tools as is shown in 
Fig. 1, the angular speed of rotation of the contact points 
between the rotating bodies (moving) and the working 
surface of the blank (fixed) as a expression of the rolling 
speed, is equal to the angular speed of rotation of the 
rolling elements around the central axis. In order to 
determine these speeds it is necessary to study the 
kinematics of the whole ensemble. 
 
 

 
 

Fig.4 Scheme of a planetary mechanism used for the 
rolling operation. 

 
Analyzing the bodies system made up of the blank piece, 
the rolling bodies together with the supporting cage and 
the pressure cones, it is observed that they behave 
cinematically as a planetary mechanism similar to that 
shown in Fig.4. 
With this mechanism, the rotation of the center shaft (rigid 
with the main shaft of the machine tool) is transmitted to 
the satellites (working balls) by means of the two inner 
wheels R4 (the rolling radius of the pressure cones). In this 
case, the leading element is considered to be the main shaft 
of the rolling head, and as a driven element the satellite 
arm B. 
Using the same previously used calculation method (8), it 
is easy to find the angular rotation velocity of the satellite 
arm ωb, depending on the angular rotation velocity of the 
main shaft of the rolling head ωa. 
 

Thus we have: 
 

𝜔𝜔𝑏𝑏 = 𝜔𝜔𝑚𝑚
𝑅𝑅2 ∙𝑅𝑅4

𝑅𝑅1 ∙𝑅𝑅3+𝑅𝑅2 ∙𝑅𝑅4
             (15) 

 
in which: 
 R1- is the radius of the rolling diameter of the wheel 1;  
R2 - is the radius of the rolling diameter of the wheel 2;  
R3 - is the radius of rolling radius 3;  
R4 - is the radius of wheel diameter 4. 
From Fig.1 and Fig.4 it can be shown that: 
 

𝑅𝑅3 = 𝑅𝑅𝑏𝑏 ∙ cos𝛼𝛼                     (16) 
 

𝑅𝑅4 = 𝑅𝑅𝑝𝑝 − 𝑅𝑅𝑏𝑏(1 + cos𝛼𝛼)   (17) 
 
in which: Rb - is the radius of the rolling ball; Rp - is the 
radius of the machined surface of the workpiece; α - is the 
pressure angle. 
Since the angular rotation speed of the contact points 
between the rolling balls and the work surface, considered 
as the angular velocity ωr, is equal to the angular rotation 
velocity of the satellite port arm ωb, .and after the required 
relationship (15) becomes: 
 
 

𝜔𝜔𝑟𝑟 = 𝜔𝜔𝑏𝑏 = 𝜔𝜔𝑚𝑚
𝑅𝑅𝑝𝑝−𝑅𝑅𝑏𝑏 (1+cos 𝛼𝛼)

�𝑅𝑅𝑝𝑝−𝑅𝑅𝑏𝑏�(1+cos 𝛼𝛼)
    (18) 

 
From the analysis of the relationship (18) it results that 
when using the mobile cage rolling tools (Fig. 1) the actual 
rolling speed depends on the value of the pressure angle 
"α", the diameter of the rolling balls Db and the diameter 
of the workpiece surface Dp, namely: the actual rolling 
speed increases if the pressure angle "α" increases and the 
diameter of the working balls decreases. 
 
 

VI. CONCLUSIONS 
Using the method of finishing and work hardening the 
internal surfaces of the workpieces by radial vibratory 
rolling method, it is obtained some advantages and 
benefits as follows: 
- Improved surface finish as fine as 0.1 to 0.2 Ra; 
- Improved size control –tolerances within 0.01 mm or 
better; 
- Increased surface hardness – up to 5 to 10% or more; 
Other benefits include: 
- Reduced friction; 
- Reduced noise level of assembly; 
- Enhanced corrosion resistance; 
- Elimination of tool marks and minor surface 
imperfections; 
- Replaces expensive secondary operations, such as 
grinding, honing, or lapping; 
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- Faster production at lower cost, as compared to other 
finishing processes. 
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