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Abstract— This article is derived from the research project
and developed at School of Computer Sciences of the National
Polytechnic Institute of Mexico. The article reports on the
problems found among engineering students with respect to their
resistance to using different representation registers when
solving optimization problems in the Calculus Learning Unit. Use
of such registers could help the students to build mathematics
knowledge and to solve calculus problems. As a didactic strategy,
simulations are used in an electronic environment in order to
support the students by fostering their use of tabular, graphical
and algebraic representation registers. Interviews are
undertaken of six of the professors who gave the calculus courses,
and a diagnostic questionnaire was applied to 68 students prior
to and after working with the proposal. As for the theoretical
framework, the work reported by Duval and Hitt is salient in this
report, particularly their emphasis of the fact that working on
activities by way of one single representation system is not
sufficient. From the first responses provided by the students, one
can conclude that the algebraic register is preferred by the
majority of students. It is however used in a mechanical fashion
without affording any meaning to the content of the problem and
to the process of solving it. Another conclusion reported is that
implementing tasks in the classroom in which the mathematics
activity requires coherent use of different representations is
necessary.
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. INTRODUCTION

The study reported in this article uses the reference of a
cognitive focus based on the registers of semiotic
representation of Duval and their effect on the learning of
mathematics notions, particularly on solving the optimization
problems worked on in the Calculus Learning Unit for second
year engineering students. Hence first a review was
undertaken of aspects of the representation registers, after
which the three registers used in the study reported in this
article, namely the graphical, tabular and algebraic registers,
are documented.
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Il.  THEORETICAL ASPECTS

A. Background

As pointed out in [1], the semiotic representations are
representations that employ signs, which can be expressed in
natural language or in algebraic formulae or in graphs or in
geometric figures. However those semiotic representations are
the means through which a person can externalize his/her
mental representations in order to make them visible or
accessible to others. Those semiotic representations also make
communication possible.

Duval [1] focuses on and establishes the fundamental
importance of issues the likes of:

e The ability to change registers of semiotic
representation, which is necessary in the learning of

mathematics.

The importance of coordinating different registers of
semiotic representation. He explains that many of the
difficulties experienced by students can be described
and explained as a lack of coordination among
representation registers.

Considering conceptual knowledge (comprehension)
as the invariant of multiple semiotic representations.

Based on different representation registers, defining
specific independent variables for cognitive contents
and organizing didactic proposals in order to develop
coordinated representation registers.

On building mathematics concepts, Duval [1] establishes
that given that each representation is partial vis-a-vis the
concept it represents, interaction among different
representations of the mathematics object must be considered
absolutely necessary for its formation.

As for the work per se of the graphical, tabular and
algebraic representation registers, as well as of the problem,
as is pointed in [2]-[4], who underscores that visualization
enables statements to be understood and activities to be
carried out, and although it does not lead to the correct
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answer, it does enable the person solving a problem to delve
deeply into the situation being solved. The author moreover
states that visualization constitutes the link to seeking the
solution to the problem raised.

The foregoing researcher [1]-[4] also points out that
mathematical visualization of a problem plays an important
role, and involves understanding the word problem by
bringing into play varying representations of the situation in
question, thus making it possible to undertake an action that
will possibly lead to solving the problem.

Technological progress has wielded a notable influence on
the development of theoretical notions that are the basis for
understanding different representations of mathematics objects
and their role in building the concepts. Today, with the advent
of such technology it is important to study different
representations of objects [5].

B. Computer simulation in the context of Learning

Technology in education is most simply and comfortably
defined as an array of tools that might prove helpful in
advancing student learning and may be measured in how and
why individuals behave. Simulation is extensively used for
educational purposes.

Simulation is the limitation of the operation of a real-world
process or system over time [9]. The act of simulating
something first requires that a model be developed; this model
represents the key characteristics or behaviors/functions of the
selected physical or abstract system or process. The model
represents the system itself, whereas the simulation represents
the operation of the system over time.

Simulation is used in many contexts, such as simulation of
technology for performance optimization, safety engineering,
testing, training, education, and video games. Simulation is
also used with scientific modelling of natural systems or
human systems to gain insight into their functioning.
Simulation can be used to show the eventual real effects of
alternative conditions and courses of action. Simulation is also
used when the real system cannot be engaged, because it may
not be accessible, or it may be dangerous or unacceptable to
engage, or it is being designed but not yet built, or it may
simply not exist [10].

Key issues in simulation include acquisition of valid
source information about the relevant selection of key
characteristics and behaviours, the wuse of simplifying
approximations and assumptions within the simulation, and
fidelity and validity of the simulation outcomes.

Simulations in education are somewhat like training
simulations. They focus on specific tasks. The term
'microworld' is used to refer to educational simulations which
model some abstract concept rather than simulating a realistic
object or environment, or in some cases model a real world
environment in a simplistic way so as to help a learner
develop an understanding of the key concepts. Normally, a
user can create some sort of construction within the
microworld that will behave in a way consistent with the
concepts being modeled.
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The "classroom of the future™ will probably contain several
kinds of simulators, in addition to textual and visual learning
tools.

I1l.  RESEARCH QUESTION

Will detection of the obstacles that hamper learning among
students, such as breaking away from the modes of thought
that are typical of algebraic functioning, and of the difficulties
related to symbolic language and graphic signification of a
concept contribute to a comprehension of the concept of
function and optimization and their use in the academic
subject of calculus?

Will use of simulations to work with optimization
problems, as a didactic tool and strategy, enable professors to
organize their teaching activities and manage student learning,
as well as course planning by conjugating topics of study and
didactic matters?

IV. METHODOLOGY

For the documentary phase of the research, a review was
undertaken of the specialized literature in the fields of
semiotic representations, use of representation registers, the
importance of technology and the concept of function and
optimization.

Six professors from Escuela Superior de Computo
(ESCOM), all of whom were giving the Calculus Learning
Unit course, were interviewed. A questionnaire was designed
and applied to 68 students who were taking the calculus
course, and whose previous coursework included algebra,
trigonometry, geometry, analytical geometry and calculus at
the high school level.

In order to determine the depth at which contents are dealt
with and the manner in which they are taught a review was
also undertaken the ESCOM’s study plan and program [6].
Moreover simulations were made of problems that had been
validated and reported in the projects show in [7][8].

The methodological orientation stands within a qualitative
perspective, which means that the qualitative aspects of the
experimental process were fundamentally observed. This was
carried out through the following phases:

e Determination of the sample of professors to whom
the questionnaire would be applied.

e Design and application of student questionnaire.
e Analysis of results.
e Discussion.

e Proposal of activities for using technology-based
simulations, as a strategy.

e Determination of findings and conclusions.

A. Findings and Analysis

Based on the data obtained in the specialized literature, a
review was carried out of the academic work. In order to
accomplish this, six professors who give the Calculus
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Learning Unit course were interviewed and 68 students were
asked to answer several questions and solve one optimization
problem.

Professors who took part in the interviews pointed out the
following:

e When solving optimization problems, the students are
unable establish the functions that would enable them

to work and solve the situation raised in the problem.

The students are quite accustomed to using the
criteria of the first and second derivative in order to
find the maximums and minimums, but are unable to
derive any meaning from that manner of working.
Their work is too mechanical.

They must use graphic language to make the
optimization application explicit.

The questionnaire applied to the students is shown in
Figure 1.

Instructions:
Answer the questions and solve the problem. Write out the entire process
used in order to produce your solution.

1.  Does solving problems motivate your learning of Calculus?
Explain why.

2. What is your basis for solving optimization problems? Explain.

3. Do you use the support of a graph when solving optimization
problems? Explain why.

4. Do you use the support of a table when solving optimization
problems? Explain why.

5. Solve the following problem:

A container in the shape of an uncovered straight circular
cylinder has a surface area of 3 © m?. What height h and radius
of the base r will maximize the volume of the cylinder?

Fig. 1. Questions and problem solved by a sample of 68 students.

The results of the questions were compiled in tables, in
which the responses provided by the students were included
and after quantifying those responses a percentage was
obtained. Table | contains the answers provided by the
students to question 1.

1. Does solving problems motivate your learning of
calculus? Explain why.

TABLE I. ANSWER FOR QUESTION 1.

Answer Percentage
Always because | apply the theory 24%
Sometimes because of the type of problem 44%
Never because the problems are very 32%
difficult

The majority of students felt that they can apply the theory
depending on the degree of difficulty of the problem. For the
students, both strictly algebraic exercises and situations found
within a context are deemed to be problems.

Table Il contains the answers given by the students to
question 2.

2. What is your basis for solving optimization problems?
Explain why
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TABLE Ill. TWO CRITERIA USED BY THE 68 STUDENTS IN ORDER TO
SOLVE OPTIMIZATION PROBLEMS.

Answer Percentage
Use the criterion of the first | 24%
derivative in the function

Use the criterion of the second | 76%
derivative in the function that | found

Table 11 shows that 100% of the students use the
algebraic register to solve optimization problems, given that
24% use the criterion of the first derivative in the algebraic
expression and 76% use the criterion of the second derivative.
Both are algebraic procedures, and this coincides with the
assertions made in [2], [3] and [4]. Moreover they only
consider the function through the algebraic expression when
the function can be represented by way of different registers.

Table Il contains the answers given by the students to
question 3.

3. Do you use the support of a graph when solving
optimization problems? Explain why.

TABLE 1Illl. STUDENT’S JUSTIFICATION TO USE AND NON USE
GRAPHS WHEN SOLVING OPTIMIZATION PROBLEMS.

Answer Percentage

Yes, but I need to find the algebraic | 6%

expression and calculate the

derivative

No because it takes me too long to | 46%

graph it and | don’t use the graph

No because it doesn’t help me to | 48%

solve the problem

The Table Il shows that only 6% of students use the
graphical register, albeit only as a means of support, given that
100% use algebraic expressions in order to solve optimization
problems. Another aspect can also be noted here: students do
not like to graph, in addition to their not knowing how to
interpret that the maximum point on a graph would be the
answer to the optimization problem. It is moreover clear from
their answers that they do not trust what the graph can tell
them, and rather feel more secure when using algebraic
procedures.

Table 1V contains the answers provided by the students to
question 4

4. Do you use the support of a table when solving
optimization problems? Explain why.

TABLE IVV. ARGUMENTS EXPRESSING WHY THEY DO NOT USE
TABLES WHEN SOLVING OPTIMIZATION PROBLEMS.

Answer Percentage
Yes 0%
No because | use tables to produce 62%
graphs and | don’t need the graph
No because there is no certainly that a 38%
table will [help me] obtain a result
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From Table IV one can see that none of the students use
tables, and the arguments they offer refer to how unsure they
feel about using tables to solve an optimization problem.
Moreover 62% of the students feel that tables are only used
for graphs, thus proving yet again that they do not consider
graphs as a means of representing a function and even less so
to determine the solution of an optimization problem.

Table V contains the answers provided by the students to
the problem.

5. Solve the following problem:

A container in the shape of an uncovered straight circular
cylinder has a surface area of 3 © m? What height h and radius
of the base r will maximize the volume of the cylinder?

TABLE V. ASPECTS THAT ARE EXCLUSIVELY OF AN ALGEBRAIC
NATURE AND THAT WERE USED TO SOLVE THE PROBLEM THAT WAS
GIVEN TO THE 68 STUDENTS.

Answer Percentage

Students made no attempt to solve the problem | 15%
because they could not remember the formula
needed to calculate the volume of a cylinder, and
did not know how to determine the expression
needed to calculate the derivative

Students determined the formula needed to
calculate the volume of the cylinder, but did not
know what to do with it

Students determined the formula needed to
calculate the volume of the cylinder and that of the
total area of the cylinder, but were unable to
express the function (as an algebraic expression) in
terms of one single variable.

Students wrote the algebraic expression in terms of
one single variable and calculated the derivative,
but were unable to correctly carry out the algebraic
operations.

Students correctly solved the problem by
calculating the derivative and by carrying out the

32%

36%

17%

0%

correct algebraic operations.

Overall 85% of the students worked with algebraic
registers; no student used tabular or graphical registers to
solve the problem.

It is clear that the students have serious trouble working
with algebraic registers, troubles that range from not recalling
the formula needed to calculate the volume of a cylinder
through not clearing the problem correctly, which led them to
being unable to find the algebraic expression needed to use the
criteria of the first and/or second derivative and arrive at the
correct solution to the problem. These findings coincide with
those pointed out in [1]-[4].

B. Proposal with simulations

In this section, a proposal is put forth for working with all
three registers graphical, tabular and algebraic by using
simulations in order for students to be able to visualize the
situations raised. Only one of the simulations undertaken is
shown here.

Several simulations on the optimization topic were worked
on, in which the concepts of variation can be developed.
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Simulation’s problems in Flash helps achieve greater
understanding of what happens in real applications [7]. Below
the reader will find an explanation of how the simulations
work.

A first screen is presented as an introduction to the
problem (Figure 20). Just like any other Flash animation, it
can be maximized until it covers the entire size of the screen.

The simulation begins by clicking the (Start) button.

AGODE riasn viayer v,

‘ Archivo

Ver Control Ayuda

Problem of the rate of chance
For Calculus Courses

er

Fig. 2. Initial simulation screen.

The simulations are done with Flash, and here two
problems are presented.

C. The Sheet-metal Problem

We have a rectangle that has a base of 30 cm and a height
of 10 cm.

An open rectangular box is to be built for the rectangle and
for this cuts are required at the corners of the box.

How should the cuts be measured in order to obtain the
greatest volume?

What is the greatest volume?

The first screen provides a description of the problem
(Figure 3). The student can go to the solution screen by

clicking the m (Solution) button.

Adobe Flash Player @ &

Archive Ver Contrel Ayuda

PROBLEM |

We have a rectangle that it have 30 cm of lenght and 10
cm of width. We need build a open rectangular box for
this you need to cut into the corners.

i [

10 cm

30 cm

What is the measure of cuts to get the most dimension?
What is the biggest dimension?

Fig. 3 Shows the text of the word problem, as well as an image that contains
the data.
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The solution begins with the word problem and a breakdown
of the data, thus revealing the possibility of solving the
problem. (Figure 4).

At any time during the solution sequence, students can move

m iSqution) or go back to the
(Back).

previous screen by clicking

forward by clicking

¥ Adcbe Flash Player 8 =X ]

Archivo Ver Control Ayuda

Solution
We know to calculate
B x| the dimension of a
x X solid the equation is:
10 -2x
[x X V=A.h
i=4
B Ly Where:
A: base’s area
e h: height

Therefore sustituting the values in the formula is obtained:
V=(30-2x)(10-2x)x Where x is the height of the box
Simplifying:

V'=(300- 60 x - 20x + 4 X*)x

V= 300x - 80x* + 4x°

V=4x"- 80 x* + 300x with this result we have near of the solution.

Fig. 4. Deducing the algebraic expressions extracted from the data.

The (Conclusion) button leads the students to the
last screen that contains the final results of the problem, along
with a brief explanation of how the solution was reached
(Figure 5).

At this point students can also go back to review the entire

solution of the problem by using the (Back) button
or they can start over by using the m (Start again) button.

I Adcbe Flash Player
Archivo Ver Control Ayuda

o) |-

Conclusion
On the whole if we watch the results on the table and in the graphic of the

problem given, so if we see the value of x we can see that the values that
provide the most volume are the values 2 and 3. The others values are far
away of our objetive of obtain the most volume.

Table
Graphic

f(x)

Highest points in the
graphic

176

dy

4 . X

Decreases the
result

Figure 5. The table filled in with the data obtained, as well as the maximum
point on the graph.

-672

B| ©| | ~[ofen| s oo | [« [
o

-1000

D. Professors in the Sample Suggested that the Following
Teaching Strategies be Adopted

After having worked with the simulations, the professors in
the sample stated the following:

e The relationship that exists among the graphical, tabular

and analytical registers can be seen.

e  Problem solving of optimization problems improved.
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e Use of technology through design of simulations enables
them to modify their classes and adopt other teaching

strategies.

E. Answers provided by the students to the questions posed,
and after having used the simulations.

Overall, 78% of the students felt that the problems they
solved using the three representation registers enabled them to
make sense of the problems they were solving. The 87%
pointed out that the graphs made it possible to see that the
functions have maximums and minimums, and they
recognized that those points represent the values requested in
the solution of the problem.

V.  ANSWERING THE RESEARCH QUESTION

Will detection of the obstacles that hamper learning among
students, such as breaking away from the modes of thought
that are typical of algebraic functioning, and of the difficulties
related to symbolic language and graphical signification of a
concept contribute to a comprehension of the concept of
function and of optimization and its use in the academic
subject of calculus?

Study findings indicate that one of the obstacles that
hinders student learning is the scarce use of learning
strategies.

By working with problems within a context and having the
support of technology, in this case simulations, the professors
were able to realize that several learning strategies exist for
students. Thus by detecting their existence a whole range of
possibilities opens for students to be able to make sense of
their work and stop working mechanically, solely with the use
of formulae.

Is the use of tools that enable professors to organize their
teaching activities and manage student learning, as well as
carry out course planning by conjugating topics of study,
professor time management, didactic matters, forms of
evaluation, a strategy that will enable professors to contribute
to enhancing the quality of engineers?

Use of problem-based simulations within a context enabled
the professors to have an alternative landscape and to consider
class planning as an essential aspect.

Use of other learning strategies has the number one goal of
fueling thought processes concerning the practice, turning
them into systematic processes. Another goal is to promote
incorporation of concepts derived from the Didactics of
Specialized Disciplines in order to improve the quality of
teaching offered.

The work flow is based on the following: determining the
class problem, designing the didactic actions, preparing
materials, application and observation, analysis and
visualization of conflicts.

Professors in the sample subscribe to the idea of
developing varied and multiple didactic actions aimed at
promoting learning that have a greater degree of signification.
The methodological eclecticism proposed makes it possible to
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formulate different actions that are able to meet the needs of
each working group.

VI.

In view of the lecture freedom, the manners in which
professors teach have to do with their beliefs. Generally the
teaching manner at the level of high school and higher
education at the IPN is by presenting the theory, algorithm
procedures, solution of exercises and problems, practice using
graph calculators, some verification work, but without getting
into demonstrations. And all of this is, of course, to the extent
that the professors feel that their students need those tasks.

CONCLUSION

The epistemological approach (disciplinary knowledge) of
the course should make it possible to integrate prior structured
learning from academic periods at the high school and higher
education levels, so that they can be recovered at this level.
The objective of the foregoing would be to significantly deal
with the concept of variation, including its different
techniques, procedures and applications at a level of
conceptual depth that makes it possible to raise and solve
problems in context, problems that involve important use of
algebraic functions as well as the derivatives of those
functions.

Engineers take on the tasks of designing and building. And
this is why, at the beginning, drawings, graphs and diagrams
were a resource inherent in their work. In our training of
engineers, use of geometry must be recovered so that the level
of visualization they achieve will enable them to develop
projects expeditiously.
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