
 

 

  
Abstract— The purpose of this paper is to study the stability of 

the Jungck- Mann and Jungck-Ishikawa iterative schemes for 

mappings satisfying general contractive conditions. We obtain the 

stability results for the maps in complete b-metric spaces with one 

and two metrics. Our results generalize the recent results of Olatinwo 

[12], Prasad and Sahni [20] and  Singh and Prasad [26]. An example 

is also given to justify the need of the Jungck-Ishikawa iterative 

scheme. 

 

Keywords— b-Metric space, stability, Jungck-Mann iteration, 

Jungck-Ishikawa iteration.  

I. INTRODUCTION 

ost of the physical problems of applied sciences and 

engineering are usually formulated as functional 

equations. Such equations can be written in the form of fixed 

point equations in an easy manner. To solve these equations, 

we generally use an iteration procedure with some specific 

initial choice and successively obtain a sequence of iterates 

converging towards the solution of the equation. But in many 

situations, this may not be the actual solution of the equation 

because of the rounding off or discretization in the function.  

We obtain an approximate sequence which may not converge 

towards the same value as the actual sequence. Here is the role 

of the stability of iterative procedures as observed by Urabe 

[28] in fifties of the twentieth century. However, Harder and 

Hicks [8]-[9] were the first to define formally the stability of 

iterative procedures in metric spaces in the following manner: 

 

 Let T be a self map on X  and {xn} be a sequence in X 

converging to a fixed point u of T. Let {yn} be an arbitrary 

sequence in X, and define 

                                 εn = d (yn+1, f(T, yn)),  n = 0, 1, 2, … .   

If lim
n→∞

εn = 0 implies that lim
n→∞

yn = u, than the iteration 

procedure is said to be T-stable or stable with respect to T.  

             

Following Harder and Hicks [op. cit], a number of authors  

have extended and generalized the stability theory of iterative 

procedures in various ways in different settings see, among 

others, Berinde [1], Imoru and Olatinwo [10]  Olatinwo [12],  

Osilike [14]-[15], Prasad and  Sahni [20], Rhoades 

 
 

 

 

[22]-[23], Rhoades and Solutz [24], Singh [25], Singh and 

Prasad [26], Singh et al [26]-[27] and several references 

thereof. Recently Olatinwo [12] obtained some stability results 

in complete metric spaces  

for Picard iteration process. We obtain stability results of a 

more general iterative scheme in the b-metric spaces for one 

and two metrics.  

II. PRELIMINARIES 

 

There are a number of iterative procedures in the literature 

used in various settings. The most popular iterative 

procedure called Picard iteration is defined by 

                

                             ,...2,1,0,1 ========++++ nTxx nn                        (1) 

 

The first result on the stability of iterative procedures in the 

metric spaces for Picard iteration was given by Ostrowski 

[16]. He proved the following: 

 

Theorem 2.1[16]. Let ),( dX  be a complete metric space 

and XXT →:  a Banach contraction with contraction 

constant k  , i.e., ),(),( yxkdTyTxd ≤   for all Xyx ∈,  , 

where 10 <≤ k  . Let Xu ∈  be the fixed point of T  . 

Let Xx ∈
0

  and ,...2,1,0,
1

==+ nTxx
nn

 .Suppose that }{
n

y   

is a sequence in X  and ).,(
1 nnn

Tyyd +=ε   Then   

r

n

r

rnn
nn kyxdkxudyud ε∑∑∑∑

====

−−−−++++
++++++++ ++++++++≤≤≤≤

0

00
1

11 ),(),(),(  

Moreover, 0limlim ======== nnnn iffuy ε  . 

 

Indeed the Picard iteration has been widely used to solve the 

functional equations obtained out of the modeled physical 

problems (see, for instance, Berinde [1], Dobritoiu et al [3]-

[4], Dobritoiu and  Dobritoiu [4]-[5], Fang  and Fneg [7]). 

 

When the contractive conditions are slightly weaker the 

Picard iteration (1) need not converge to a fixed point of the 

operator under consideration and some other iterative  
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procedures should   be considered. The Mann iteration 

scheme is defined in the  following manner:      

   

 
nnnnn Txxx αα +−=+ )1(1
                          (2)                    

                     

where ]1,0[⊂⊂⊂⊂nα    and  ,...2,1,0====n  . 

 

If the iterative scheme is defined as:                 

              

             ,...1,0,
)1(

)1(1 ====




++++−−−−====

++++−−−−====++++
n

Txxz

Tzxx

nnnnn

nnnnn

ββ

αα
            (3) 

It is called Ishikawa iteration scheme. 

 

After Ostrowski [16], Harder and Hicks [9] obtained 

interesting stability results for some of these iteration 

procedures using various contractive definitions. Thereafter, 

a number of papers appeared in the literature generalizing 

the above concept in various ways (see, for example [1], 

[12]-[15], [20]-[21], [22]-[27] and references thereof). 

Rhoades [22]-[23] generalized the results of Harder and 

Hicks [9] to a more general contractive mappings. Osilike 

[14] further extended and generalized their results by 

employing the following contractive condition:  

 

                       ),(),(),( yxdaTxxdLTyTxd ++++≤≤≤≤              (4) 

where  0≥≥≥≥L and )1,0[∈∈∈∈a  . 

 

Condition (4) is more general than those of Rhoades [22]-

[23] and Harder and Hicks [9].  

 

Recently, Imoru and Olatinwo [10] obtained some stability 

results for Picard and Mann iteration procedures by using a 

condition more general than that of (4). Olatinwo [12] used  

the following contractive definition:  

 

Let ++++++++ →→→→ RR:ϕ  be a monotone increasing function with 

0)0( ====ϕ  and )1,0[∈∈∈∈a  such that 

 

                 ),()),((),( yxdaTxxdTyTxd ++++≤≤≤≤ ϕ              (5) 

 

We use this condition to obtain the stability results in 

general metric space 

 

We need the following definitions for our results. 

 

Definition 2.1 [27]. Let XYTS →→→→:, , )()( YSYT ⊆   and   

z a coincidence point of T and S  , that is,  pTzSz ==  

(say).  For any Yx ∈
0

 , let the sequence }{ nSx  , generated 

by the iterative procedure (1), converges to p . Let 

Xsy
n

⊂}{  be an arbitrary sequence, and set 

,...2,1,0)),,(,( 1 ======== ++++ nyTfSyd nnnε  Then the iterative  

 

 

procedure  ),( nxTf  will be called  ),( TS - stable if and only 

if 0lim =
nn

ε  implies that pSynn ====lim   . 

 

Definition 2.2. Let XXS →:  and )()( XSXT ⊆ . Define 

                 

   nnnnn TxSxSx αα +−=+ )1(1                                        (6) 

 

   where }{ nα  satisfies 

∑∑∑∑ ∏∏∏∏∑∑∑∑
++++========

++++−−−−∞∞∞∞====

≥≥≥≥≤≤≤≤≤≤≤≤====

converges.}1{)(,)(

,0,10)(,1)(
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n

aiviii

niii
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It is called Jungck-Mann iteration.  

Notice that on putting  1=nα , (6) becomes  the Jungck 

iteration [11]. 

 

Definition 2.3 [13]. Let XXS →:  and )()( XSXT ⊆  . the 

Jungck-Ishikawa iteration  scheme is defined in the following 

manner: 

 

,...1,0,
)1(

)1(1 ====
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++++−−−−====++++
n
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nnnnn
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ββ
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                      (7) 

 

where }{ nα  and }{ nβ  satisfies 
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Notice that when idS =  , the identity map, it is called 

Ishikawa iteration. 

 

Definition 2.4 [2]. Let X be a set and 1≥c   be a given real 

number. A function  +→× RXXd :  is said to be a b-metric 

if and only if for all Xzyx ∈,,   the following conditions are 

satisfied: 

 

(i)   ,0),( yxiffyxd ========  

(ii)  ),,(),( xydyxd ====  

(iii)  )].,(),([),( zydyxdczxd ++++≤≤≤≤  

 

A pair ),( dX  is called a b-metric space. 

 

The class of b-metric spaces is effectively larger than that of 

metric spaces, since a b-metric space is a metric space when   

1====c  in condition (iii) as mentioned above. After Czerwik [2], 

a number of authors have studied these spaces and obtained 

interesting results about fixed points and approximate fixed 

points of the maps defined on these spaces (see for instance 

[17]-[21] and [26] ). 
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The following example of Singh and Prasad [26] shows that a 

b-metric on X need not be a metric on X. 

 

Example 2.1 [26]. Let },,,{ 4321 xxxxX ====  and 

,2),( 21 ≥≥≥≥==== kxxd ),(),( 4131 xxdxxd =  

),(),( 4232 xxdxxd ======== ,1),( 43 ======== xxd  

),(),( ijji xxdxxd ====  

for all 4,3,2,1, ====ji    and  .4,3,2,1,0),( ======== ixxd ii  Then 

  

  [[[[ ]]]]),(),(
2

),( jnnjji xxdxxd
k

xxd ++++≤≤≤≤  

 

for   4,3,2,1,, =jin  and if  ,2>k  the ordinary triangle 

inequality does not hold. 

 

III. STABIITY RESULTS INVOLVING ONE METRIC 

 

Theorem 3.1.  Let ),( dX   be a b-metric space and TS,  maps 

on an arbitrary set Y  with values in X  such that )()( YSYT ⊆⊆⊆⊆   

and )(YS  or )(YT   is a complete subspace of X  . Let z  be a 

coincidence point of T  and S , i.e., pTzSz == . 

Let Yx ∈∈∈∈0  and the sequence }{ nSx  generated by (6) 

converges to p . Let XSyn ⊂⊂⊂⊂}{ and define 

 0),)1(,( 1 ≥+−= + nTySySyd nnnnnn ααε  

 

If the pair ( TS ,  ) satisfies (5), then 
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Further 

 

 

 

(ii)  pSynn =∞→lim  if and only if  0lim ====∞∞∞∞→→→→ nn ε . 

 

Proof. By the triangle inequality 
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Also, 
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Therefore, 
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This process when repeated 1−n  times, yields (i). 

 

To prove (ii), suppose that  pSy nn ====∞∞∞∞→→→→lim . Then, 
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Now suppose that 0lim ====∞∞∞∞→→→→ nn ε  . Let A denote the lower 

triangular matrix with entries 

∏
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This completes the proof. 

 

Theorem 3.2.  Let ),( dX   be a b-metric space and TS,  maps 

on an arbitrary set Y  with values in X  such that )()( YSYT ⊆   

and )(YS  or )(YT   is a complete subspace of X  . Let z  be a 

coincidence point of T  and S , i.e., pTzSz ========  . Let Yx ∈∈∈∈0  

and the sequence }{ nSx  generated by (7) converges to p  . Let 
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If the pair ( TS ,  ) satisfies  (5), then 
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Further 
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But, 
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Also, 
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Now observe that, 
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This process when repeated 1−n  times, yields (i). 
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Now suppose that 0lim ====∞∞∞∞→→→→ nn ε . Let A denote the lower 
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Condition (iv) of iterative scheme implies that B  is 

multiplicative, and hence 
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Finally, condition (iii) of iterative scheme implies that  
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Hence, it follows from inequality that pSynn ====∞∞∞∞→→→→lim . This 

completes the proof. 

 

If we set 1====nβ   for all 0≥n  , Lt ====)(ϕ   for all ++++∈∈∈∈ Rt  and  

1=c  in above theorem, we obtain the following result of 

Singh and Prasad [26]: 

 

 

Corollary 3.1 [26]. Let TS ,  maps on an arbitrary set Y  with 
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where the product is 1 when  .nj =  

Further 

 

pSyII nn ====∞∞∞∞→→→→lim)(   if and only if  0lim =∞→ nn
ε  

 

If we set Lt ====)(ϕ   for all ++++∈∈∈∈ Rt   and 1====c in above theorem, 

we obtain the following result of Prasad and Sahni [20]: 

 

 

 

 

Corollary 3.2 [20].   Let ),( dX  be a metric space and TS,  

maps on an arbitrary set Y  with values in X  such that 
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Further 

 

(ii)  pSy nn ====∞∞∞∞→→→→lim  if and only if 0lim ====∞∞∞∞→→→→ nn ε . 

 

IV. STABILITY RESULTS INVOLVING TWO METRICS d  AND ρ  

 

Theorem 4.1. Let XYTS →:,  such that )()( YSYT ⊆⊆⊆⊆  and 

S(Y) or T(Y) is a complete subspace of X. Let d  and ρ    be 

two b-metric on Y. Let z be a coincidence point of T and S. Let 

Yx ∈0
 and the sequence }{ nSx  generated by Jungck-Mann 

iteration converges to p. Let XSyn ⊂⊂⊂⊂}{   and define   

 

0),)1(,( 1 ≥≥≥≥++++−−−−==== ++++ nTySySyd nnnnnn ααε  
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Suppose that 

 

(i) there exists 01 >c  , and a monotone increasing function  

++ → RR:1ϕ with 0)0(1 =ϕ  such that 

 

YyxSySxcTxSxTyTxd ∈∀+≤ ,),,()),((),( 11 ρρϕ  

 

(ii) ),(),(: ρρ XYT →→→→  satisfies the contractive condition 

 

YyxSySxTxSxTyTx ∈∈∈∈∀∀∀∀++++≤≤≤≤ ,)),,(()),((),( 2 ρψρϕρ  

 

 

Where ...,,2,1,: ====→→→→ ++++++++ kRRkψ  are continuous comparison 

functions (
kψ is the kth iterate of ψ  ) and 

...,,2,1,:2 ====→→→→ ++++++++ KRRϕ  is a monotone increasing function 

such that 0)0(2 =ϕ . Then the Jungck-Mann iteration 

process with ),(),(: dXdYT →→→→  is (S, T)-stable. 

 

Proof. Suppose .0lim =∞→ nn ε   Then we shall establish 
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triangle inequality. 
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Taking limit on both sides, we get  .lim pSynn ====∞∞∞∞→→→→  
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Theorem 4.2. Let XYTS →→→→:,   such that )()( YSYT ⊆⊆⊆⊆  and 

S(Y) or T(Y) is a complete subspace of X. Let d  and ρ   be 

two b-metric on Y. Let z be a coincidence point of T and S. 

Let Yx ∈∈∈∈0   and the sequence }{ nSx   generated by J-Ishikawa 

iteration converges to p. Let XSyn ⊂⊂⊂⊂}{   and define  

 

0),)1(,( 1 ≥≥≥≥++++−−−−==== ++++ nTsSySyd nnnnnn ααε  

 

and  
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Suppose that 

 

(i)  there exists 01 >c  , and a monotone increasing 

function ++++++++ →→→→ RR:1ϕ with 0)0(1 ====ϕ  such that 

 

YyxSySxcTxSxTyTxd ∈∀+≤ ,),,()),((),( 11 ρρϕ  

 

(ii) ),(),(: ρρ XYT →   satisfies the contractive condition 

 

YyxSySxTxSxTyTx ∈∈∈∈∀∀∀∀++++≤≤≤≤ ,)),,(()),((),( 2 ρψρϕρ  

 

where ...,,2,1,: ====→→→→ ++++++++ kRRkψ   are continuous comparison 

functions (
kψ  is the kth iterate of ψ  ) and 

...,,2,1,:2 ====→→→→ ++++++++ KRRϕ   is a monotone increasing function 

such that 0)0(2 ====ϕ  . Then the Jungck-Ishikawa iteration 

process with ),(),( dXdYT →→→→  is (S ,T)-stable. 
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Proof. Suppose .0lim =∞→ nn ε   Then we shall establish 

that  pSynn ====∞∞∞∞→→→→lim , using conditions (i), (ii) and triangle 

inequality. 
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Taking limit on both sides, we get  .lim pSynn ====∞∞∞∞→→→→  

 

Conversely, let ,lim pSynn ====∞∞∞∞→→→→  then 
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If we set 1=== nnc βα  , we obtained following corollary. 

  

Corollary 4.1 [12]. Let X be a nonempty set and Y an arbitrary 

set. Let d and ρ two metrics on Y and S, T : Y → X such that 

)()( YSYT ⊆⊆⊆⊆  and S(Y) a complete subspace of X. Suppose 

that: 

 

(i)  S and T have a coincidence point z; 

(ii) there exists 01 >c  , and a monotone increasing function 

++++++++ →→→→ RR:1ϕ with 0)0(1 ====ϕ  such that  

 

YyxSySxcTxSxTyTxd ∈∀+≤ ,),,()),((),( 11 ρρϕ  

 

 

(iii) ),( dX  is a complete metric space. 

(iv)  ),(),(: ρρ XXT →→→→  satisfies the contractive condition 

 

YyxSySxTxSxTyTx ∈∈∈∈∀∀∀∀++++≤≤≤≤ ,)),,(()),((),( 2 ρψρϕρ  

                      

 

where ...,,2,1,: ====→→→→ ++++++++ kRRkψ   are continuous comparison 

functions (
kψ  is the kth iterate of ψ ) and  

...,,2,1,:2 ====→→→→ ++++++++ KRRϕ  is a monotone increasing function 

such that 0)0(2 ====ϕ  . Then the Jungck Picard iteration process 

with ),(),( dXdYT →→→→ is (S, T)-stable. 

 

By setting ++++∈∈∈∈∀∀∀∀==== RtLt ,)(1ϕ  , we obtained the following 

corollary. 

 

Corollary 4.2 [12]. Let X be a nonempty set and Y an arbitrary 

set. Let d and ρ two metrics on Y and S, T : Y → X such that  

)()( YSYT ⊆⊆⊆⊆ and S(Y) a complete subspace of X. Suppose 

that: 

 

(i) S and T have a coincidence point z; 

(ii) there exists 01 >c  , 0≥≥≥≥L   such that 

  

YyxSySxcTxSxLTyTxd ∈∀+≤ ,),,(),(),( 1ρρ  

 

(iii) ),( dX  is a complete metric space. 

(iv) ),(),(: ρρ XXT →→→→ satisfies the contractive condition 

 

YyxSySxTxSxTyTx ∈∈∈∈∀∀∀∀++++≤≤≤≤ ,)),,(()),((),( 2 ρψρϕρ  
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where  ...,,2,1,: ====→→→→ ++++++++ kRR
kψ  are continuous comparison 

functions (
kψ  is the kth iterate of ψ ) and 

...,,2,1,:2 ====→→→→ ++++++++ KRRϕ   is a monotone increasing function 

such that  0)0(2 ====ϕ . Then the Jungck Picard iteration process 

with ),(),( dXdYT →→→→  is (S, T)-stable. 

Now, we illustrate the convergence of Jungck- Picard and 

Jungck-Ishikawa iteration scheme for the example of Singh 

[25].  

 

 

 

Example 4.1 [25]. To find a root (lying between 0 and 1 

indeed nearer 5.0>>>>x  ) of the equation 

 

8/)1(2/12/1 122/121 π=+−− −− xCosxxxxSin  

 

(or  π====++++−−−−−−−− −−−−−−−− xCosxxxxSin 122/121 8)1(44 ) 

 

Rewrite it as TxSx ====  , where xSinSx
14 −−−−====  and 

xCosxxxTx 122/12 8)1(4 −−−−−−−−−−−−++++==== π  . 

The following table shows the convergence of Jungck-Picard and Jungck-Ishikawa iterative procedure. 

 

 

 Jungck-Ishikawa Iteration Jungck-Picard Iteration 

n  
nTx  1++++nSx  1++++nx  nTx  1++++nSx  1++++nx  

0 2.70326 2.65167 0.61542 2.70326 2.70326 0.625533 

1 2.33108 2.36314 0.557013   2.29216 2.29216 0.542189 

2 2.55951 2.53987 0.593151 2.61743 2.61743 0.60865 

3 2.41775 2.42996 0.570808 2.35731 2.35731 0.555802 

4 2.50539 2.49784 0.58466 2.56425 2.56425 0.598047 

5 2.45101 2.4557 0.57608 2.39861 2.39861 0.564355 

6 2.48469 2.48179 0.581399 2.53072 2.53072 0.591307 

7 2.46381 2.46561 0.578103 2.42496 2.42496 0.569782 

8 2.47675 2.47563 0.580146 2.50941 2.50941 0.587004 

. . . . . . . 

. . . . . . . 

24 2.4718 2.4718 0.579365 2.47285 2.47285 0.579579 

25 2.47179 2.47179 0.579364 2.47095 2.47095 0.579193 

26 2.47179 2.47179 0.579364 2.47247 2.47247 0.579501 

27 2.47179 2.47179 0.579364 2.47126 2.47126 0.579255 

28 2.47179 2.47179 0.579364 2.47222 2.47222 0.579452 

. . . . . . . 

. . . . . . . 

52 2.47179 2.47179 0.579364 2.4718 2.4718 0.579365 

53 2.47179 2.47179 0.579364 2.47179 2.47179 0.579364 

54 2.47179 2.47179 0.579364 2.4718 2.4718 0.579365 

55 2.47179 2.47179 0.579364 2.47179 2.47179 0.579364 

56 2.47179 2.47179 0.579364 2.47179 2.47179 0.579364 
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