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Abstract—One of the approaches to the problem of
approximating functions with a singularity is the creation
of an approximating apparatus based on splines with the
same feature. For the wavelet decomposition of spline
spaces it is important that the property of the embedding
of these spaces is associated with embedding grids. The
purpose of this paper is to consider ways of constructing
spaces of splines with a predefined singularity and obtain
their wavelet decomposition. Here the concept of
generalized smoothness is wused, within which the
mentioned singularity is generalized smooth. This
approach leads to the construction of a system of
embedded spaces on embedded grids. A spline-wavelet
decomposition of mentioned spaces is presented.
Reconstruction formulas are done.

Keywords— generalized smoothness, reconstruction
formulas, singular splines, spline-wavelet decomposition
I functions or their derivatives in certain points).

Two approaches exist for an approximation of such
functions. The first of them is the extraction (additive or
multiplicative) of singularities from the discussed function,
and the approximation of the function rest. The second one is
an introduction of the mentioned singularities in the
approximation apparatus (see [1],[4], [11], [22]). The second
approach is usually simpler because it is required less than the
priori information about the function in question (it is not
required to know the exact function characteristics, its
asymptotic behavior, orders of the defining multipliers, etc.)

In [11] the singular splines determined by the kernel of the
differential operator in special boundary value problems were

I. INTRODUCTION

n practice, we often deal with functions which have
singular points (i.e. with the discontinuation of
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used for the collocation method. In the work [22] the singular
splines are constructed with an implicit representation
of manifold on which coefficient of model elliptic problem are
discontinuous. As a result a meshless method of optimal order
with the computational advantages of the B-spline calculus
was obtained.

The general approach to the construction of splines and
finite element approximations is to use approximation
relations (in the case of a cubic grid, these relations are called
the Strang-Mikhlin relations, see [2] - [3]). The use of the
above relations allows one to obtain spline approximations
that are asymptotically optimal with respect to the N-width of
standard compact sets. To construct singular splines, it is
sufficient to include the singularity in the right-hand sides of
the approximation relations.

It is very important to have the sequence of embedded
spaces for the successive approximation of the mentioned
functions. It is also very important for the spline-wavelet
theory (see [4],[6],[12]). With regard to splines, it is most
convenient to obtain the system of embedded spaces on
embedded grids. Simple examples show that the use of the
approximative relations does not guarantee the mentioned
property.

An in-depth study of the cases when a system of embedded
spaces is obtained has shown that in these cases the splines
have maximum smoothness (or, which is the same, the
minimum defect). It turned out that when considering singular
splines, one can use the generalized smoothness in order to
achieve the embedding of spaces on the embedded grids. The
next step is to construct a wavelet decomposition of the spaces
of singular splines.

The notion of generalized continuity was introduced in
[20]. In the aforementioned work, necessary and sufficient
conditions for the pseudo-continuity of coordinate splines and
their derivatives are obtained. Further development of this idea
led to the study of the generalized smoothness of spline spaces
of the Lagrangian and Hermitian types (see [21], [24] - [25],
[27]), as well as method spaces in finite elements (see [23],
[26 1). In this paper, this idea is applied to the construction of
spaces of singular splines and to their wavelet decomposition.
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Additional possibilities arise in the wavelet expansion. In
this case, in addition to the compressed flow (called in this
case the main flow), a refinement (so-called wavelet) flow is
also formed. The wavelet flow has a large volume. It is stored
at the flow (sender) and can be issued to the receiver in whole
or in part, on demand. The wavelet flow, together with the
main flow, allows the receiver to reconstruct the exact original
flow. This is the value of the wavelet decomposition.
However, with the classical approach, the construction of an
adaptive wavelet decomposition is not possible.

Let us dwell in more detail on the wavelet expansion. In
the classical sense, the wavelet decomposition is usually
defined by two functions: the scaling function and a function
called the parent wavelet. The rest of the functions, and
function spaces considered in the classical approach, are
obtained by the similarity transformation and integer shifts of
the two mentioned functions. A number of requirements are
imposed on these functions, the main of which is the scale
ratio that the scaling function must satisfy. The
implementation of the multi-scale ratio leads to the possibility
of constructing a chain of embedded function spaces. Note
right away that the aforementioned chain of embedded spaces
is the foundation for obtaining the wavelet decomposition.
The main difficulty lies in finding a scaling function that
satisfies a number of additional properties (approximation
property, property of rapid decay at infinity, etc.), as well as in
finding the parent wavelet.

In papers [11], [15] the non-classical approach is based
on the construction of a system of embedded spaces, and
abandoning the idea of using only two functions (scaling
function and parent wavelet). In this case, the multiple-scale
ratio is replaced by calibration ratios. These ratios provide a
representation of the coordinate splines associated with the
embedded grid through a linear combination of coordinate
splines associated with the original fine grid. The coordinate
splines themselves are obtained from the approximation
relations mentioned above. The result of using these relations
is a system of embedded spline spaces associated with a
system of embedded grids. Projection a spline space into an
embedded space gives a wavelet decomposition.

The purpose of this paper is to consider ways of
constructing spaces of splines with a prescribed singularity
and obtain their wavelet decomposition. Here the concept of
generalized smoothness is used, within which the mentioned
singularity is generalized smooth. This approach leads to the
construction of a system of embedded spaces on embedded
grids. The sequence of embedded spaces is necessary for
approximating singular functions, for implementing the finite
element method in the degenerate problems, for constructing
multi-grid methods, and also for the wavelet analysis of the
singular numerical flows.

In this paper the approximation relations are considered to
determine coordinate splines with a predefined singularity.
The concept of generalized smoothness allows us to consider
functions with singularity as generalized smooth functions.
The linear shells of the singular coordinate splines are spaces
with the property of embedding on embedding grids. We
discuss the spline-wavelet decomposition of the mentioned
spaces. The decomposition and reconstruction formulas are
done.
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Il. INITIAL NOTATION AND AUXILIARY

STATEMENTS

Let Z be the set of all integers, and R? be the set of all real
numbers, and R® be the linear space of all three-dimensional
vectors with real components. In the future, all vectors are
represented as column vectors. The dot - denotes a scalar
product of vectors (for example, a - b is the scalar product of
vectors a and b), the sign x between the vectors means the
vector product of them (for example, a x b is the vector
product of vectors a and b). A square matrix of the third order
with columns a,b,c € R®will be denoted by (a,b,c), and its
determinant will be denoted by the symbol det(a,b,c). On the
real axis RY, we introduce a grid

X <Xo<X 1 <X<X1<X<.., Q)
and put

lim x; =a, lim x; =b. 2

jo—o 7 Jjo+oo J ( )

Introduce notation M = Ujez(X;,Xj+1), Sj= [Xj-1,Xj+2],
Je={k—1,kk + 1}, k,j € Z. Let U(xi,xi+1) be the linear space
of functions defined on the interval (xixi+1). By definition put
U=..QU(X-1,X)Q UXo,X1) ® U(X1,X2) & ...

Let (t) be a three-component vector function with the
component belonging to the space U.

Discuss a complete chain of vectors {bj}jezin R?, i.e. a
sequence of the vectors bj that

det(bj 1,bj,bj1) 20 VjEZ 3)

Consider the functions €;(t) defined on M, which is equal to
zero on the set M\S; and satisfy the approximate ratios

Taking into account relations (1)—(4) by the Cramer’s
g y
formulas we have
Q=0 vte M\S;, VjeZ, 5)
_ det(b;_2,b; 1, ¢(t))
%50 = ety . b1, b,
det(b;_2,b;_1.b;)  for te (Xj-1,%), (6)
Q1) = det(b;—1,(t), bj1)
! det(bj_1.bj.bit1) for  te (x,x), @)
0 (f} _ (lﬁt(gi‘(f) bj+1, bj+2)
’ det(bj, bj1.bj12)  fort € (xj+1,xj+2). (8)

The functions Qj(t) are called coordinate B,-splines, and the
vector function ¢(t) is a generating function.

Let F and F.r%,s=0,1, be linear functionals in the
space U(xi,Xi+1) Vi € Z.

Consider the next condition.

(A) Ratio 5~ = F**¢  Vj€Z,s=0,1, are right.
The application of a functional to a vector function means
applying it to each component, so we have the numerical
vector.
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If the condition (A) is true, we say that the condition of the
generalized smoothness of the first order is fulfilled. In this
case we use the notation

Ff=F"¢p =F"¢, s=0,1. 9)
In what follows we define
bj = Nj X Nj+1, (10)
where
N,-:Fj0 XF}. (11)

In the next section, it is proved that if the chain {N;}jez is
complete then the chain {bj}jez is also complete. To construct
the complete chain {N;}jez we use a parametric family of
functionals and its derivative with respect to the parameter.

I1l. SOME ALGEBRAIC IDENTITIES

Then it will be convenient to use the next two famous
formula for a double vector product:

(12)
(13)

(x x y) x (z x w) = det(x,z,w)y — det(y,z,wW)X,

(xxy)x(zxw) = det(x,y,w)z—det(x,y,Z)w VX,y,z,w € R®.

In this section, a series of simple provable lemmas will be
stated. By (12)—(13) we get proof of the next assertions.

Lemma 1. For a, b, ¢, d, e, f € R®the next identity is true
det(a x b,c x d,e x f)
= det(a,c,d)det(b,e,f) — det(b,c,d)det(a,e,f). (14)
Proof. In identity det(a x b,c x d,e x f) = [(a x b) x (¢ x d)]
~(exf)weputx=a,y=b,x=c,w=d,and use (12). This
proves formula (14).
Corollary 1. For arbitrary vectors a, b, d, f € R®the next
identity is right
det(a x b,axd,axf)=0. (15)
Proof. If we put a = ¢ = e in identity (14) then we obtain
relation (15).
Lemma 2. For arbitrary vectors A, B, C, D € R®we have
the relation det(A x B, B x C, C x D) =
det(A, B, C)det(B, C, D).
Proof. In (14) we discussa=A,b=c=B,d=e=C, f=
D. This completes the proof.
Lemma 3. Let A, B, C, ¢ be vectors from the space
R®. Then det(A x B,B x C,c) = det(A,B,C)(B - c).
Proof. The proof follows from (12), if we take x = A, y=z2
=B,w=C.
Corollary 2. If B - ¢ =0, then det(AxB,BxC,c) = 0.
Lemma 4. Let B, C, D, E, c be vectors from the space R®. If
C - ¢ =0 then the identity det(B x C,c,D x E) = det(C,D,E)(B
- ¢) holds.
Proof. Analogously to the discussion in the proof of Lemma
1 we have
det(Dx EBxC,c)=[(D xE)x (B xC)] - c.
Consider formula (13) forx =D,y = E, z =B, w = C. Taking
into account C - ¢ = 0 we complete the proof.
By Lemma 2 and Lemma 3 we get the next statement.
Corollary 3. IfB-c=0and C - ¢ =0, then
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det(B x C,c,D x E) =0.
Lemma 5. Let B, ¢, ¢’, D be arbitrary vectors from the
space R3. If C = ¢ x ¢ then the formula

B¢’ B-c
det (D~c’ D~c) = det(B, C, D)

is correct.

X'Z X'W
Y-z y-w
(xxy)-(zxw) we putx =B,y =D, z=¢", w = ¢, and take into
account the equality C = cxc¢”, (BxD)-(¢"xc) = det(B,C,D).
This completes the proof.

Suppose that

Proof. In Lagrangue’s identity * det (

bj = Nj * Nj+1.

Lemma 6. If each of the next sets of three vectors
(Nj-1, Nj, Nj+1), (Nj, Nj+1, Nj+2) is linear independent, then the
set of three vectors (bj,bj,bj.) is also linear independent.

Proof. Taking into account formulas (10), (16), and using
Lemma 2 for A = Nj-1, B = N;j, C = Nj+1, D = Nj+2, we obtain
the linear independence of the set of three vectors bj-1, bj, bj+1.

Theorem 1. If the vector chain {N;}jez is complete then the
vector chain {b;}jez is also complete.

Proof. The proof follows from the definition of
completeness of the vector chain by Lemma 6.

(16)

IV. PARAMETERIZED FAMILIES

Let F~(z) and F*(z), = € (a,b), be linear nonzero functionals

in the space U with the next property
SUPPF ~(Xi) < (Xi-1,Xi], SUPPF* (Xi) < [Xi,Xis1).
Let Ug be a linear space of functions u, u € U, with property
F~(Yu=F*(tju vt e (a,b). 7)

Consider the next condition.

(B) The components of the vector function ¢(t) belong to
the space Uo.

If the condition (B) is right then we use the notation

(1) =F~(Op=F* ()¢ vte (ab).  (18)
If ® € C! we use the notion ®; = ®(x;), ®; = ®'(x;),

Expressions (17)—(19) discussed for t € (a,b) are named by
parameterized families.

In what follows that ® € C*(M) and & is fixed in set M. The
certain integer i exists so that & € (x;, Xi+1). We discuss a value

&> 0 for which xj + ¢ < & < xj:1 —&. Consider vector function
_ -t—.ﬁj’Z - -
o t)=h ! .ff_h;-g ®(7)d7, where h € (0, ¢), t € (Xi+ & xis1

—¢). Suppose that

[c,d] € (Xi+ & xis1— &). (20)
It is evident that @, € C3[c,d].
By definition, put
Ny ()= Pn(t) < Py (1). (21)

It is clear that limn_.:oN(n(t) = N(t) and the derivatives N(t),
and N(y,)(t) exist for all t € [c,d].



INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS AND SIGNAL PROCESSING

DOI: 10.46300/9106.2020.14.73

Theorem 2. If ® € C?(M), and the vector function Ng(t) is
defined by formula (21) then identity
lim j,—+o det(N), NEh)' Ngh))(t) =

= det(®@ x '@ x B, ®"x ®”)(t) 22)

is true.

Proof. By relations NEh) = @} XD} + Oypx P = Opx D,
N{py=@p, x @ +@nx Py, we have
det(N), NEh), NE’h)) =

det((l)hxcb,’l, () IS CD,’{, CD,'l X ¢;{+(Dh XCI),'{' . (23)

n

Using (15) witha = @y, b= ®;, d = d;, f = d;’, we obtain
det(®px D", Dpx CD;{, (18 XCD,'{') =0.

Therefore the relation (23) can be represented in the form
det(Ney, N'my, N”m) =
det(d)hxcb,’l, O, <Dy, By Xq)”h). (24)
Let h tend to zero in identity (24). Passage to the limit gives
the relation (22). This completes the proof.

Theorem 3. If @ € C?(M), and a vector function N¢y(t) is
defined by formula (21) then the identity

lim j—+o det(N¢y, Ny, N m)(t) =
=[det(®,®",®" ")(1)]? (25)
is true.

Proof. By relation (14) fora=c=®,b=e=®",d=f=
@', we have
det(Px®’, dxP"", @ xD"")(t) = [det(®,®",® D)2  (26)
It remains to apply formula (22). This completes the proof.
Theorem 4. Let ®(t) be vector function defined on the
segment [c,d] and @ € C?[c,d]. Suppose the inequality

|det(D(t),® (1), @ '(t))|>a  Vte [cd] (27)
is fulfilled, where o > 0. If z and # are positive numbers, and t,
t+r+n€[c,d],then the relation
det(N(t),N(t+2),N(t+r+1)) >0y (c+5)/2 (28)
is true.

Proof. Firstly, we use the vector function N defined by
formula (21). By well known properties of determinant we
have det(N(t),Nm(t + 7),Nm(t + z + 7)) =
det(N(t), N (t+7)—New (1), Nm(t+r+7)—Ne(t+ 7). By
Newton’s formula we get

det(Nm(t),Ne(t + ) Nyt + 7 + 7)) =
=y d& [T det(Ngny(£), Nipy (t+),N{jy (t+1)) ¢,
Again by Newton’s formula we have N, (t+{) — N,y (t+¢)
= f; N(py(t + a)da. Now we obtain
det(Ng(t), N (t + 7),Nm(t + 7+ 1)) =
=[d¢ [ dg f; det(N ) (£), Ny (t+8),N{py (t + 0)do. (29)

Let ¢ be a positive value, ¢’ < a?. According to (25) and (27) a
value ho = hg(¢") > 0 exists such that lim ,—oho(¢")=0. For h €
(0,ho) we have

det(Ny(t).N(ny (0. NG (1) = o - & (30)
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Taking into account the positivity of the integral kern in
(29), we obtain
det(Ne)(t), N (t+2), Ny (t+e+))=
(0 =) [y ds [T dC [ do
Let us give formula (28) the integration and passing of the
limit under condition ¢” — +0. This completes the proof.
Remark 1. We would like to emphasize that formulas (22),
(25) and (26) are valid for all t € M because we can discuss
the segment [c,d] (see (20)).
If u € Uo, we write shortly Fjiu instead of F;-u and Fj*u. If u €
Uoand F*(t) u differentiable function then we write (F*)'(t)u
instead of %F* u and (F*)ju instead of %Fi (x) u. If
F~(t)= F*(t)¢ is a differentiable vector function then we
write @E)(t) instead of (F*(t)¢)®. If the discussed function
has s derivatives on the interval (a,b), we use the next
notations,
F = F~09), F* = F* ()N = N(x), @ = @0(x).
Corollary 4. Suppose ¢ = X.1, d = Xj+2, ® € C?[c,d] and
condition (27) is fulfilled. Then
det(N(xj-1),N(x;),N(xj+1))
> OCZ(XJ'+1 - Xj)(Xj - Xjfl)(Xj+1 — Xj71)/2. (31)
Proof. Implying formula (28), we put t = Xj-1, 7 = Xj— Xj-1, #
= Xj+1—Xj. As a result we obtain relation (31). This completes
the proof.
Corollary 5. If ® € C%(a,b) and condition
[det(®@(t), @ (t),®@"'(t))| > 0 vt € (a,b)
is fulfilled. Then the vector chain {N;}jez is complete.
Proof. In the discussed case, condition (32) is right for
arbitrary j € Z, i.e. the triple {N;-1,N;,N;+1} is linear
independent for all j € Z. Thus the vector chain {N;}jez is
complete. This concludes the proof.
Consider the next condition.
(D) Functionals F~(t) and F™(t) are differentiable (as
abstract functions).
Under condition (D) we put
Foju=F,u,  F)"u=Ffu  Viez (33)
Fju= (F7)iuu, FMru= (FHju viez (34)
Theorem 5. Suppose ¢ € Up, and ®(z) = F* ()¢ is a twice
continuously differentiable function on the interval (a,b), i.e.
® € C?(a,b). Then
1) the functionals (33)—(34) satisfy te the condition (A), and
the vectors N;j, b;, F5= de(S), s=0,1, are defined,
2) if besides the relation
det(®(t),@'(t),®"'(t)) # 0 Vt € (a,b),
is fulfilled, then the vector chain {N;}jez is complete.

Proof. The first part of the proved assertion follows from
formulas (9)—(11), (33) and (34). Therefore we prove the
second part. We discuss the vector function N(t)=®(t)x®'(t).
By formula (35) according to Theorem 3 we see that the
Wronskian det(N,N",N"")(t) is not zero on the interval (a,b).
Using its continuity we have a number o > 0 such that the
condition (27) is fulfilled for all t € (a,b). Thus by Theorem 4,
the inequality (28) is right. Therefore

(32)

(35)



INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS AND SIGNAL PROCESSING

DOI: 10.46300/9106.2020.14.73

det(N(Xj-1),N(x;),N(Xj+1))=a (Xj+1-X) (Xj-Xj-1) (Xj+1—Xj-1)/2 V] € Z.
Using the relations Nj= N(x;), we obtain the completeness of
vector chain {N;}jez. This concludes the proof.

Corollary 6. If the conditions of Theorem 5 are right then
vector chain { b; } defined by formulas bj= Njx Nj.1 V j€ Z
N; = ®(x;) x®’(x;) Vi € Z, is complete, and coordinate
splines Q;(t) exist.

Proof. The proof of this assertion follows from Theorem 3
and Theorem 5.

V. EXAMPLE OF PARAMETRIZED FAMILY

Consider a vector function ¢(t) = (1,¢t,1/t)". Let {FX(t)} be
a family of linear functionals, F(t)u = tu(t). By definition
we put ®(t) = FE(t)p = (t,t%, 1)T,N(t) = ®(t) X ®'(t).
We have N(t) = (—2t, 1, t?). Consider a determinant

Ag= det(N(x),N(¥),N(2)) = 2(z = x)(z = y)(y — x).
If x, y, z are different numbers then triple {N(x),N(y), N(2)}
is a linear independent system of vectors. By formula (10)
b; = b(x;, x;,1), where b(x,y) = N(x) x N(y). We have

b(x,y) = 2(y — x)((x +¥)/2,xy, )"
Let us introduce the expression
A= det(b(x,y),b(y, 2),b(z,v)) forx,y,z,v €R.
Simple transformations give
A=4(y —x)z-y)(v-2)z-x)(v-y)(z—y).

This shows the linear independence of vectors b(x, y),
b(y,z), b(z,v),if the points x, y, z, v are different.
Consider a determinant A;= det(b(x,y),b(y, 2), ¢ (t)).
It is clear to see that A,=2(y—X)(z—Y)(z—X)(y — t)?/t. Thus
we have

-2/t
M= e
The last formula gives the right part of relation (6), if we put
X=Xj_2,Y = Xj_1,Z = Xj,V = Xjyq. Thus we have
(xj_1-t)?/t
2041 %) (Xj41=Xj—1)(Xj=%Xj-1)

Q)= for te (Xj-1,%).

Similarly, the spline Q;(t) can be found on the intervals
(7, xj41) and (xj41, Xj42)-

VI. BIORTHOGONAL SYSTEM

Later in this section we discuss a biorthogonal system of
functionals to the coordinate splines. We suppose that j is
fixed, and what follows is that afterwards, we try to exclude it
off the notation. By definition put

A=N_, B=N_, C=N, (36)

D=Nyi, B=Ny, F=Nys (37)
By (10) and (36) -- (37) we have b;_,=A X B,b;_;=B X

C, b]:C X D, bj+1=D X E, bj+2=E X F.

According to formulas (6) -- (8) and (36) — (37) we
obtain
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_det(AxB,BxC,p(t))

)( )_det(AxB,BxC,CXD) for ¢t € (x-2.%), (38)
_det(BxC,p(t),DXE) .
Qj(t)_—det(BXC,CXD,DXE) for t € (X Xj+1), (39)
_det(¢p(t),DXEEXF) ) .
) )_det(CxD,DXE,EXF) for ¢ € (xj+1,Xj+2). (40)

Theorem 6. The next assertions are right.

1. For t € (xi-1, %) the B, —spline £;(t) can be
represented in the form
Q;(1)=B - p(t)[det(B,C,D)] %,

2. For t € (x;X+1) the B, —spline £2;(t) can be
represented in the form
Q,;()=B - ¢()[det(B, C,D)]* — det(B,D,E)B -
¢ (t)[det(B, C,D)][det(C,D,E)]7 1, (42)

(41)

and it can also be written by the formula

Q;()=E - (t)[det(B, C, D)]"* — det(B, D, E)B -

¢ (t)[det(B, C,D)] [det(C,D,E)]7 1, (43)
3. For t € (x-1%) the B, —spline £;(t) can be

represented in the form

Q;()=E - (t)[det(C,D,E)] ™" (44)

Here notations (36) — (37) are used.

Proof. Taking into account formulas (6) — (8), (16) and
(36) — (37), we use Lemma 3. We have det(A X B, B X
C o(t)) = det(A B,C)(B- ¢(t)),det(p(t),DXEEXF) =
det(D,E, F)(E - ¢(t)). By (12) — (13) we convert the
numerator in formula (39). We obtain det(B X C, ¢(t), D X
E) = det(C,D,E)B - ¢(t)-det(B,D,E)C- ¢(t), det(B X
C,o(t),D XE) =det(B,C,D)E - ¢(t)-det(B,C,E)D -
@(t).The denominators of relations (38) — (40) are
converted by Lemma 2 such that we deduce det(A X B, B X
C,C x D) = det(A,B,C)det(B,C,D),det(Bx C,CxD,D x
E) = det(B,C,D)det(C,D,E),det(Cx D,D XE,EXF) =
det(C,D,E)det(D, E, F). Finally we replace the numerators
and the denominators in formulas (38) — (40) according to the
mentioned transformations. As a result we have relations (42)
— (44). This completes the proof.

By definition put

a= ¢j—2' a’ = cDj’_z,b = q)j—l’ b’ = CI)]"—1! (45)
c= ¢]; C’ = q)],;d = q)j+1’ d’ = ]{+1’ (46)

C=@j )¢ =@, d=D;,;5f =Pj,5.  (47)

Lemma 7. The next formulas are right,

FX0;=2F* 0, =0, (48)
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F*Q; = [det(B,C,D)] "B ¢ (49)
d — ’
EFinj = [det(B,C,D)] 1B ¢ (50)
F%,0; = [det(C,D,E)] 'E - d (51)
d + -1 14
- Fily = [det(C,D,E)]'E-d (52)
+ a -+
Fii2Qy = 7 Fiay =0, (53)

Theorem 7. The linear functionals {G;} ;e defined by
formula

Gi(w) =D (¢ Fju—c'Fiu), (54)
have the properties
Proof. Ifj < —1 orj'+2 < jthen the point x; is the

inner point  of the support of the function €;,. Therefore the
function and its derivative are equal to zero in this point. It
follows that the functional (54) on the function Q;, equals
zero. Thus for the proof of formula (55) it is sufficient to
discuss the cases j = j' and j = j' + 1. By formulas (49) --
(50) and (54) for u = Q; we obtain

d
G(Q)=D- (caFinj - ¢FfQ) =
D:(cB-c —c¢'B-c)[det(B,C,D)] % (56)
Taking into account Lemma 5 and equalityC = ¢ x ¢’ we
seethat D- (cB- ¢’ — ¢'B-¢) = det(B,C, D). By (118) we
Obtaln G](Q]) = 1If u= Qj_1 we have
Gi(Q) =D~ (co-F; 0 — ¢Ffa). (57)

By formulas (51) and (52) we deduce

F*Q;_; = [det(B,C,D)]"'D -, (58)
d + -1 ’
= F*Q;_, = [det(B,C,D)]"'D - ¢ (59)

Using (58) and (59) in the relation (119) we obtain
d -+ e
Gj(‘o‘j—l) =D- (C&F] 'Qj—l —C F] ‘Qj—l) =

D:(cD-c’'—c'D-c)[det(B,C,D)]"! = 0. (60)

This concludes the proof.
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Corollary 7. The system of the linear functionals {G;};ez
can be represented in the form

! ! ! i

VII. WAVELET DECOMPOSITION
Let By(X) be the linear span of the coordinate B,-splines

on the grid X. Thus

By(X)={ulu=J}jeci VeieR'}
is the linear space. The last one is named the space of B,.
splines of second order on the grid X.

We introduce a grid
Y. <yo<yi<yo<yi<ys<...,

lim y; = a, jl_i)r+nw yj =b.

jo—o
We suppose that XCY. By definition we put F* = F*(y;)
D =d(y) Eﬁ; =D’(y)), Nj = E)j X Eﬁ;, i:)j = Nj xNj+1. Using
the formulas which are analogous to formulas (3)—(8) with
replacing the vectors bj by with the vectors b;, we obtain the

new coordinate splines wj, JeZ. Let B,(Y) be a space of B~
splines of the second order on the grid Y,

By(Y) ={i | i = Yjertjoj V& ER'}.
We can see that embedding By(X) < By(Y) is true.

We discuss the operator P, which projects the space By(Y)
on the space B,(X). More precisely we suppose that projective
operator P is defined by the formula

Pi =Y Gj(@); ViaeBy(X). (62)
We also introduce the operator Q = I — P, where 1 is the

identity operator. The space W = QBy(Y) is named the wavelet
space. The direct decomposition

Bo(Y) = Bo(X) + W, (63)
is called the spline-wavelet decomposition of the space
Bo(Y).

In what follows we discuss the infinite series in the form
Y cjwj, Cj € RY, where the summation is extended on all integer
numbers j € Z. Under each fixed t € (a,b) the series contains
no more than three nonzero terms. Therefore the mentioned
series converge (in the sense of point-wise convergence) for
arbitrary sequence of coefficients {c;}jez, ¢j€ R™.

Consider the case when the grid Y is obtained from the grid
X by adding one knot x, X€(x«,Xk+1). By definition, we put
X=N(X).

Let & be an element of the space By(Y). Discuss the
decomposition of the mentioned element with the projective
operator P, Pi=}a; Qi, Qu=Y;b;w;, where ai=Gi(),

b, =G(Qi). Suppose that coefficients ajand b;-are done.
Theorem 8. The next relations are fulfilled:
Qi=3Y;d;jwj, (64)
where
dij=dij for j<k-1,
di,j = 5i+1,j for J >k+2, VieZ, (65)
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det(Ng,X,Ng41)

_ det(Ng —1,Ni.X)
det(Ng 1 N, Nggp)’ ok

det(Ng —1,Ng,Ngs1)’

dg-1k = (%0)
dir = 0for viezZ\{k -1k}, dips1 =
det(X, Ny 41, Niy2)
det(Nk,Nk+1’Nk+2)'

di+1 = (67)

det(N XN, )
~ det(Nj Nj 1 Ny )"

41,41 (68)

Proof. As it is shown in [20], we are in conditions of
maximum pseudo-smoothness, and therefore the spaces B,(X)
and By(Y) are embedded, By(X) < By(Y). Thus
representation (64) exists. Consider the system of linear
functionals defined by formula

gj(u) = det( ®;, ®},4, B; (F*)ju — ®/Fu). (69)

Similarly to functionals (61), we establish that the system
{gj}jez is biorthogonal to the system {w;}jez .

g](wl) = 51-,]- Vl,]EZ

We apply these functionals to relation (64). Taking into
account formulas (5) - (8) u (10), we obtain relations (65) -
(68). This completes the proof.
Formulas (65) — (68) are called by calibration relations, the
functions w; are called calibrating functions, and the functions
Q; are called calibrated functions.

By formulas (69) we see that
g;j=Gjforj<k-1, g;=Gj forj=>k+2.
According to formulas (63) and (64) we have
a=YiaiQQi+> i hrwi =Y (Tiaid; i +bi)w;.

Hence for values c; = fj(i7) we obtain the reconstruction
formulas cj =Yiaidi; + bj, j € Z.
Theorem 9. Reconstruction formulas for spline-wavelet

(70)

decomposition (63) can be written in the form

ci=ajt by forj<k-—1;c=a-1+b; forj>k+2, (71)

Ck+1 = @k Oik+1 + A1 Okt kes + Dia

Ck= k-1 Ok1k + ak dix+ by, (72)
Proof. If j does not equal k or k+1 then by (65) we obtain
the relations (71). If j = k or if j = k + 1 then by formulas (66)
— (68) we have (72).

VIIl. DECOMPOSITION FORMULAS

Let  be an element of the space B4(Y). Suppose that the
coefficients cx in the decomposition 7 = > kckwx are done.
Applying the equality a; = Gi(i), by (72) we consequently
obtain

— Y dijai =cj—
The formulas

Yi dij 2k aGi(@i).
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- Y6
bj =c¢j — Z:(]”Z:(;\(Y wy,)

(73)
(74)
are named by the decomposition formulas.
Lemma 8. The next relations are right,
Gj(w)) =1 for j<k-—1, (75)
Gj(wj+1) =1 for j>k+ 1, (76)
det(X, Ny, NA.+1)
Grlw,_q) =
k(Wy—1) det(Ny_1, Ng, X)), (77)
Gﬁ_{u} ) . (l()t{Nﬂ'—Lﬁ Nﬂ". N,ﬂ.;.'.])
k det(N;_,Nj.. X) (78)
Gj(wi) =0 (79)
where
(i) g{@",i)|i"<k-1}
c{(@i’,i+1) | i’ >k + 1}c{(kk-1), (k,K)}. (80)

Proof. We use the relations (70). If j < k—1 then we have
Gj(wi) = Gj(wi) = 0ji, | € Z. If j > k + 1 then we obtain Gj(wi)
=Gj+1(wi) = dj+1i Vi € Z. It remains to discuss the values
Gk(wi), i € Z. Taking into account the formula supp wi=
[&i-1,&iv2], We see that Fi(wi) = 0 for i & {k — 1,k}. We apply
formulas (5)—(8) and (10) on segment [x,X]. As a result we
have wk-1(t)=X- ¢(t)[det(Nk-1,Nk,X)] ! for t € [X,X].

By definition, we put

D= det (@k+1, D1, PL(FE)i (X - @) — q’llchi(X ")

S0 that
Gi(wk-1) = DIdet(Nk-1,N,X). (81)

Taking into account the relations F,:—r(p =®,, (FH,p=
@, , we obtain D= det (@k+1, P, ;,Pk(X - Pp) — P (X - DK)) .
Using the formula of mixed product, we get

D=det(®k+1,Dp, , P)(X - D},) —
det (@k+1, Py, 1, ) (X - @K)=(Dk+1X P, 1) Pr(X - DP}) -
(Dr+1X D) P (X - D).

By the formula ®k+1x &y, ; = Ny,, we have

o (Negr- @i Npgy - @
’D—d(/t( X . ®, X3, .

If we apply Lemma 5 to the last expression then we obtain
D = det(Nyy, P} x @, X)

Hence, by (81) we deduce relation (77). Taking into account
equality supp wk+1 = [Xk,Xk+1], for t € [xk-1,Xc] we have wy(t) =
det(Nk_l,Nk,Nk+1)[det(Nk_1,Nk,X)]ﬂQk(t) Vt € [Xe-1,X]-We

apply the functional Gy to the last identity, and as a result we
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obtain formula (78). Thus formulas (75)—(80) have been
proved. This concludes the proof.

Theorem 10. The decomposition formulas of representation
(37) can be written in the next form

ai=¢ci fori<k—-1, ai=cis forizk+1, (56)
ax= (det(X,Nk,Nk+1)Ckf1 + det(Nkfl,Nk,X)ck)
/det(N-1,Nk,X), (83)
! o det(X‘ NF-‘+] s N;‘,+2)
k+1 = — X
th(Nk,, Nk+1 s N;i<+2)(1et(N;§,, 1, Nk, X)
x [det(X,Nk,Nk+1)Cx-1 + det(Nk-1,Nk,Nk+1)Cx + Ci+1
—det(Nk,X,Nk+1)Cr+2/det(Nk, Nk+1Nk+2) (84)

bj=0 forj#k-1.
Proof. Formulas (82) follows from (73), (75)—(76). For i = k
by Lemma 7 we see that only two terms remain in the sum
(72), ak = Cx-1Fk(wk-1)+ckFr(wk). Applying formulas (77) —
(78), we obtain relation (83). Thus formulas (82) — (83) have
been proved.
Using the equivalent writing of equalities (71) — (72) and
formula (73), we have

bj=cj—a forj<k—1, (85)
bj=cj—a-; for j>k+2, (86)
bk = ¢k — ak10k-1k — akdiks
Pr+1 = Ckat — @Okt — k1 ket (87)
By (56) and (60) we obtain
bj=0 for j<k—1 or j>k+2. (88)

Substituting the values ax-1 and ax from expressions (82) — (83)

in formula (87), we deduce the next relations
bk = ¢k — ax-1det(Nk, X, Nk+1) [det(Nk-1,Nk, X)]*
— ak det(Nk-1, Nk, X)[det(Nk-1,Nk,Nk+1)] .

By (82)—(83) we have

bk = 0. (89)
Formulas (88)—(89) show that the equalities (84) are true.
Similarly from (87) with the help of relations (68) and (83) we
have (84). This concludes the proof.

IX. CONCLUSION

There are two basic techniques for approximating functions
with a singularity. The first is to extract a singularity (additive
or multiplicative) so that the remainder of such a selection
turns out to be a smooth function. As a result, the matter is
reduced to the approximation of a smooth remainder. This
technique can be effective in cases where the type of feature
and its exact location are known. In the case where the
function of interest is a solution to the initial boundary value
problem, it is difficult to count on the availability of accurate
information. In the absence of accurate information, a critical
situation can arise. Instead of a smooth remainder, one can
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obtain a remainder with doubled singularities, which can lead
to a halt in the computational process. Note that even with
accurate information, the result may be unacceptable due to
round-off errors that accompany the computational process
when using floating point calculations.

The second technique is that the expected feature is
introduced into the approximation apparatus. In the case
considered in this paper, this is the apparatus of singular
splines. In the absence of accurate information about the
location and type of a feature, the situation is less critical: as a
result, the quality of the approximation will be violated, but
not the entire computational process. In particular, if the type
of a feature is known, but the coefficient of its occurrence in
the function of interest is not known, then this coefficient is
found from one or another optimization relationship (the
minimum of the energy norm in the finite element method,
etc.). With inaccurate information, you can hope for less
damage.

In this paper, the second technique is considered: the
singularity is introduced into the spline approximation
apparatus. When constructing splines, it has long been
customary to use approximation relations, since they allow
one to construct spaces of splines with the required
approximation properties (see [2], [12] — [16], [20] — [27]). To
refine the approximation of the required functions (for
example, in the finite element method) and in the compression
of information flows (for example, using wavelet
decompositions), a chain of embedded spline spaces on
embedded grids is required.

Unfortunately, approximation relations do not guarantee
the embedding of the spline spaces corresponding to the
embedded grids. It is necessary to additionally require the
maximum smoothness of these spaces. It turned out that it is
enough to consider one or another generalized smoothness.
With respect to the spaces of singular splines, it is possible in
a number of cases to introduce generalized smoothness in such
a way that the existing singularity turns out to be “smooth”
from the new point of view. Thus, the introduction of
generalized smoothness leads to the corresponding calibration
relations and to embedded spline spaces on embedded grids.

This paper proposes a general approach to constructing
spaces of singular splines for approximating functions that
have a singularity in the function itself or in its derivatives.
This approach is to introduce the concept of generalized
smoothness. Due to this, a function with a singularity can be
considered as a generalized smooth function. This approach
leads to the construction of a system of embedded spaces on
embedded grids. The sequence of embedded spaces can be
used for approximating singular functions, for implementing
the finite element method in the degenerate problems, for
constructing multi-grid methods, and also for the wavelet
decomposition of the singular numerical flows. The linear
shells of the coordinate splines are spaces with the property of
embedding on embedding grids.
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