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Abstract — This paper considers the hierarchical production 

planning (HPP) concept to solve a production planning problem 

in the process industry in a fuzzy environment. The adopted 

fuzzy HPP consists of two levels in which a fuzzy aggregate 

production planning (FAPP) model is developed in the first level, 

and then a fuzzy disaggregate production planning (FDPP) 

model is developed at the second level. The FAPP was reported 

by Omar et al. [1] and therefore, this research paper discusses 

the FDPP model. We formulated the disaggregate model as a 

fuzzy mixed-integer linear programming model that aims to 

develop a master production schedule in which numbers of 

optimal batches are developed in presence of setup time. In 

addition, we evaluate the performance of the FMILP by 

comparing its results with a previously reported approach. The 

findings indicate that significant cost savings were achieved by 

adopting the fuzzy mathematical programming approach.  

Keywords — hierarchical production planning; fuzzy 

mathematical programming; disaggregation production planning. 

I.  INTRODUCTION 

Recently, fuzzy mathematical programming approach has 
been employed extensively as a means to enhance the decision-
making process in a real-world industrial problem that typically 
fuzzy in nature. One of the fields that has been benefiting from 
the employing fuzzy mathematical programming is the 
production planning and scheduling [2]. Production planning 
and scheduling are complicated tasks, which involve multiple 
functional units in an organization to develop an efficient 
decision plan for the upcoming period, in which the parameters 
like market demand, available resources and related operating 
costs are not known precisely, that is to say, uncertain or fuzzy. 
The term ‘fuzzy’ that used in this paper means either the 
constraints and goals are linguistically formulated or a lack of 
knowledge of the parameter values involved. Based on the 
studies of the literature, fuzzy set theory is the most-used 
approach to tackle the fuzziness issue that appears in a practical 
problem. A fuzzy set is an extension of classical (crisp) set 
theory to define an element without sharp boundaries. Bellman 
and Zadeh [3] first introduced the fuzzy sets theory in solving a 
problem under uncertain environment. Since then, numerous 
interactive and non-interactive fuzzy mathematical 
programming approaches have been developed to solve a real 
optimization problem in industry. 

Basically, there are two approaches available to solve 
production planning and scheduling problems. The first is a 
monolithic approach that determines planning and scheduling 
decisions in a single level for the entire planning horizon, 
making it extremely hard to obtain optimal solutions for 
practical planning problems. The second is a hierarchical 
approach which reduces the problem complexity by partitions 
the planning process into a sub-problem that corresponds to 
different hierarchical levels of the manufacturing system and 
solved sequentially. Hax and Meal [4] initiated the idea of the 
hierarchical approach and contributed to the application of the 
hierarchical production planning by proposing a four-level 
hierarchy structure. 

Most of the hierarchical production planning (HPP) 
structure consists of decision making at two levels, which is 
aggregate planning and disaggregation. Aggregate production 
planning is a medium-term process of determining the 
production, inventory, backorder and workforce levels required 
to meet the aggregate market demands of multiple product 
types. At this level, a product type with similar product cost 
structures and seasonal demand pattern are grouped into one 
product family. Once aggregate demand is satisfied, the 
disaggregation planning determines the quantities of the 
product group should be allocated to the individual products to 
satisfy the detailed demand known as master production 
schedule (MPS) for a few months.  Moreover, Leong et al. [5] 
state that the key to any disaggregate model is to ensure that 
the production quantities determine in the model agree with 
those dictated by the aggregate model. This is the formal link 
that is required between the aggregate and disaggregate 
models. The fact that forcing the disaggregate model to fulfill 
the APP’s results may lead to infeasibility issue. Literatures 
that specifically address on HPP with uncertainties are Gfrerer 
and Zapfel [6], Kira et al. [7], Wu and Ierapetritou [8], 
Aminloei and Ghaderi [9] and Torabi et al. [10]. 

In this paper, a fuzzy mixed integer linear programming 
(FMILP) model is developed to disaggregate the APP plan 
previously published by Omar et al. [1]. The proposed model 
intends to convert the production level of product groups into 
optimal batch numbers by adopting fuzzy mathematical 
programming approach. Most of the published work focuses on 
fuzzy aggregate production planning, but, in real-life industry 
situations, the aggregate plans have to be disaggregated to 
develop the master production schedules (MPS). Therefore, it 
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is motivating to investigate and contribute to knowledge by 
studying and developing methods that able to disaggregate 
fuzzy aggregate production planning (FAPP).  

This paper is organized as follows. Section II presents the 
mathematical model for the fuzzy disaggregation production 
planning. Section III discusses the solution procedure to 
develop the master production schedule, section IV reports on 
the results and the discussions. Finally, conclusions are 
presented in Section V. 

II. MODEL FORMULATION 

In this section, the model formulation of disaggregation 
level is presented. To mention with, the hierarchical structure 
of our study consists of decision making at two levels. At the 
top level of the hierarchy, the approach deploys a fuzzy mixed-
integer linear programming model to solve the aggregate plans 
where setups occur. As a result, the aggregate plan provides the 
overall level of production; inventory and backorder of five 
product families (see Omar et al. [1]). Consequently, this 
aggregate plan must be disaggregated into detailed production 
plan to determine the specific quantities of the individual 
product to produce in real. A fuzzy mixed integer linear 
programming (FMILP) model is now developed at the second 
level. The proposed FMILP model aims to minimize the sum 
of production, setup, inventory and backorder cost. The inputs 
to disaggregation process include goal targets set by the 
aggregate planning and the demand of individual items. The 
indices, parameters and decision variables are presented next. 
The sign ‘~’ and ‘^’ indicates the fuzzy constraint and 
parameter. 

Indices 

t  period:  T,...,.1  

i  product family:  N,...,1  

l  production line:  L,...,1
 

k
 

item:
 

K...,,1
 

 

Input from the fuzzy aggregate production planning model 

itlx  production level of product family i  in line l  in 

 period t  

ith  inventory level of product family i  in period t  

itb  backorder level of product family i  in period t  

ts  time consumed in set-up activities in period t , 

itl

N

i

L

l it Gs φ∑ ∑= =
=

1 1  
 

Parameters 

tlQ̂  production capacity available for production line l  in 

 period t   

kitD̂  demand for item k  of product family i  in period t   

tSC  maximum storage capacity in period t  

tRT̂  total regular time available in period t  

min

kiP  minimum batch size of item k  of product family i  

max

kiP  maximum batch size of item k  of product family i  

kilBĤ  processing hours per batch of item k  of product 

family i  in line l  
 

Decision variables 

kitlx  production level of item k  of product family i  in 

 line l  in period t  
kith  inventory level of item k  of product family i  in 

 period t  

kitb  backorder level of item k  of product family i  in 

 period t  

kitlη  integer variable denoting the number of batches of 

 item k of product family i  produced in line l  in 
 period t  

ts  time consumed in set-up activities in period t , 

itl

N

i

L

l it Gs η∑ ∑= =
=

1 1
 

tw  time consumed in production activities in period t , 

∑ ∑= =
=

N

i

L

l itlit xAw
1 1

ˆ
 

 

Objective function 

Min   ( )∑ ∑ ∑ ∑= = = =
++

K

k

N

i

T

t

L

l kitlkitkitlkit VXZ
1 1 1 1

η  

( )∑ ∑ ∑= = =
+

K

k

N

i

T

t kitkitkitkit bCBhH
1 1 1

  (1) 

 

Subject to: 

li

T

t

K

k kitl xx 11 1

~∑ ∑= =
=   li,∀

  
(2) 

il

T

t

K

k kit hh∑ ∑= =
=

1 1

~   i∀    
(3) 

il

T

t

K

k kit bb∑ ∑= =
=

1 1

~   i∀   (4) 

∑ = −− ≅+−−+
L

l kitkitkittkitkikitl Dbhbhx
1 1,1,

ˆ
tik ,,∀ (5) 

∑ ∑= =
≤

K

k

N

i tkit SCh
1 1

  t∀   (6) 

tl

K

k

N

i kitl Qx ˆ~

1 1
≤∑ ∑= =

  lt,∀   (7) 

kitlikitl Px ηmin≥    lti ,,∀   (8) 

kitlikitl Mx η≤    ltik ,,,∀   (9) 

( )∑ ∑ ∑= = =
≤+

K

k

N

i

L

l ttkitlkil RTsHB
1 1 1

ˆ~η  t∀  (10) 

0=kitlx  for 1=l  and 3>i , 18>k  t∀  (11) 

0, ,, ≥kitkitkitkitl bhx η     (12) 
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 The objective function of the model is to minimize the 
total production, setup, inventory and backorder costs. 
Contrasting with the fuzzy aggregate production planning, all 
the cost coefficients in the objective function are assumed to be 
crisp values. This notion is applicable for disaggregation level 
since it is possible to determine the related cost parameter 
precisely in a short planning horizon. Equations (2), (3) and (4) 
represent the addition for each of the productions; inventory 
and backorder level at the detailed plan should be essentially 
equal to the planned aggregate quantities. These fuzzy 
constraints imply that all parameters in the left-hand side could 
be greater than or less than the right-hand side within an 
identified tolerance limit. Equation (5) is the sum of 
production, inventory and backorder levels is essentially equal 
to the imprecise demand. Equation (6) enforces the available 
storage capacity. Equation (7) ensures the production level for 
each production line essentially less than or equal to the total 
production capacity available. Equations (8) and (9) determine 
the number of batches and ensure that the monthly production 
quantities of the end items are within minimum and maximum 
batch size. Equation (10) ensures that the total batch processing 
time, and the setup time incurred essentially less than or equal 
to total available time. Equation (11) makes sure that items in 
family 4 and 5 are not allowed to produce in production line 2. 
Similarly, as FAPP formulation, the production capacity and 
total regular time available in right-hand sides of equation (7) 
and (10) at this detailed level are still assumed to be imprecise. 
Finally, equation (12) is the non-negativity constraint. 

III. SOLUTION METHODOLOGY 

In this section of paper, we present the solution procedure 
of the proposed FMILP model to develop the MPS. There are 
two stages for solving the FMILP problem as below: 

1) applying an appropriate approach to transform the 
FMILP model into its equivalent crisp model. 

2) solving the crisp model as an ordinary linear 
programming model. 

A. Transform the soft constraints  

 As indicated in section 2, the FMILP formulation 
consists of six constraints that involve with the soft equalities 
or inequalities relationship. In order to convert these fuzzy 
constraints into a crisp constraint, we first define all imprecise 
parameters with triangular possibility distribution as follows; 

( )o
kit

m
kit

p
kitkit DDDD ,,ˆ =     tik ,,∀  

( )o
tl

m
tl

p
tltl QQQQ ,,ˆ =

     lt,∀  

( )otm
t

p
tt TRTRTRRT ,,ˆ =

      t∀  

where parameter with superscript p signify the most pessimistic 

value, m  is the most possible value and o  is the most 

optimistic value. This type of possibility distribution is adopted 
due to ease in defining the maximum and minimum limit of 
deviation of an imprecise value from its central value [11]. 
Besides, the linear membership function is used to represent 
the fuzzy constraint. Among the various types of membership 

function, linear membership function is the most applied in the 
literature. The linear membership function for fuzzy constraints 

( ) ii bAX ≤
~

 and ( ) ii bAX =~  are given as follows. 

( )

( )
( ) ( )

( )








+≥

+≤≤
−

−

≤

=

iii

iiii
i

ii

ii

i

pbAXif

pbAXbif
p

bAX

pAXif

AX

0

1

1

µ  (13) 

 

( )

( )
( ) ( )

( ) ( )

( )













+≥

+≤≤
−

−

≤≤−
−

−

−≤

=

iii

iiii
i

ii

iiii
i

ii

iii

i

pbAXif

pbAXbif
p

bAX

bAXpbif
p

AXb

pbAXif

AX

0

1

1

0

µ (14) 

where ip  is maximum allowable violation from the aspiration 

level ib . 

Let α be the minimal acceptable level of satisfaction of 
fuzzy constraint, thus, the equation (2) to (4) are converted into 
crisp constraints as follows: 

( ) 1
111 1

1 lili

T

t

K

k kitl pxx α−+≤∑ ∑= =
 li,∀  (15a) 

( ) 1
111 1

1 lili

T

t

K

k kitl pxx α−−≥∑ ∑= =
 li,∀  (15b) 

( ) 2

1 1
1 ilil

T

t

K

k kit phh α−+≤∑ ∑= =
  i∀  (16a) 

( ) 2

1 1
1 ilil

T

t

K

k kit phh α−−≥∑ ∑= =
  i∀  (16b) 

( ) 3

1 1
1

ilil

T

t

K

k kit pbb α−+≤∑ ∑= =
  i∀  (17a) 

( ) 3

1 1
1

ilil

T

t

K

k kit pbb α−−≥∑ ∑= =
  i∀  (17b) 

In equation (5), (7) and (10), there are fuzzy constraints 
with imprecise right-hand side. The weighted average method 
proposed by Lai and Hwang [12] is adopted to convert these 
fuzzy constraints into their crisp ones. Let β  be the minimal 
acceptable possibility level of occurrence of imprecise 

ttlkit RTQD ˆ,ˆ,ˆ , so, the equivalent crisp constraints are now 

represented in the following way. 

∑ = −− +−−+
L

l kitkittkitkikitl bhbhx
1 1,1,

 

( ) 4
,3,2,1 1 kit

o
kit

m
kit

p
kit

pDwDwDw αβββ −−++≥  ti,∀
 

       (18a) 

∑ = −− +−−+
L

l kitkittkitkikitl bhbhx
1 1,1,

( ) 4
,3,2,1 1 kit

o
kit

m
kit

p
kit

pDwDwDw αβββ −+++≤
        

ti,∀
 (18b) 
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( ) 5
,3,2,11 1

1
tl

o
tl

m
tl

p
tl

K

k

N

i kitl pQwQwQwx αβββ −+++≤∑ ∑= =

   lt ,∀
 

(19) 

( )∑ ∑ ∑= = =
+

K

k

N

i

L

l tkitlkil
t

sHB
1 1 1

η  

( ) 6
,,3,2,1 1 ββββ α
t

o
t

m
t

p
t

pTRwTRwTRw −+++≤ t∀  
(20) 

where 1321 =++ www , 321 ,, www
 
represent the weights of 

pessimistic, possible and optimistic values, respectively. 

 

B. Solving the auxiliary mixed integer linear programming 

 In the previous section, the FMILP model has been 
transformed into a mixed integer linear programming (MILP) 
model.  Therefore, the MILP model can be directly solved as a 
linear programming model. LINGO 11.0 was used to develop 
the code and solved the model, while Microsoft Excel was used 
to export and import input data and solutions. In our 
experiments, tolerance of each fuzzy constraint is assumed to 
be 25%, and the lower and upper bound values of the fuzzy 
parameters are agreed at 75% and 125% of particular crisp 
value, respectively. The weights of possible, pessimistic and 
optimistic value were fixed by way of Lai and Hwang [12]. 

61,32,61 321 === www
 

Then, a computational experiment was conducted with the 
aim to develop an MPS with numbers of optimal batches.  

IV. RESULTS AND DISCUSSIONS 

This paper focuses on disaggregation of an aggregate 
production planning model to create a master production 
schedule for a resin manufacturing plant under uncertain 
environment. The MPS was formulated as fuzzy mixed integer 
linear programing (FMILP) model that consists of fuzzy 
constraints and fuzzy parameters as part of the model. To 
investigate the benefits of using the FMILP approach to 
develop MPS, we compared the results of the FMILP with the 
mixed integer goal linear programming (MIGLP) previously 
reported by Omar and Teo [13]. Both models were run for 6 
months and compared the FMILP, MIGILP and the company 
results. It is worth mentioning that originally the company had 
no formal planning and completely rely on non-optimization 
tools to develop their MPS. Table I was created to show the 
results of the comparison based on the cost and using monetary 
units (MU). Table I reveal that the previously used approach 
(MIGLP) could  reduce the production cost by about 9.2%, the 
inventory cost by about 86.9% and eliminate  the backorder 
costs completely. On the other hand, using the FMILP 
approach to develop the MPS a further reduction of the costs is 
achieved. As seen in Table I, the costs of production and 
inventory are reduced by 28.7% and 95% respectively 
compared with the company costs. In addition, the FMILP also 
completely eliminates the backorders by fulfilment of the all 
the demand from production and inventory. Another important 
issue is revealed by studying Table I is the fact that the FMILP 
over performed the MIGLP in terms of cost savings. This is 
true since a reduction of about 21% and 61% are the 

differences for the production and inventory costs if the FMILP 
approach is used instead of the MIGLP. Therefore, the FMILP 
can provide smoother MPS plans and accurately utilize the 
resources to fulfil the demands required by the customers. 

Comparing the optimal results from both models (Table II 
and III), we see that FHPP produced very small percentage of 
differences for each the decision variables (production, 
inventory and backorder). However, the disaggregate 
production planning (DPP) model for the HPP obtained high 
percentage of differences in the inventory variable of about 
57%. In terms of consistency of decision in a two-level 
structure, the FHPP gives significantly better results than HPP 
model..  

Determining the number of batches for the production run 
to satisfy customers’ demands is a complicated task. As seen in 
Table IV the FMILP has successfully converted the production 
quantities into a workable number of optimal batches that the 
planners can easily understand and work with. 

In addition, we developed Table V that shows the 
performance of the proposed FMILP. The data was collected 
for a six-month MPS and as seen in Table V it takes very little 
time to find an optimal solution. Having said that, it is worth 
noting that infeasibility problem may occur when attempting to 
solve the MPS. This is due to constraints 2, 3 and 4 in which 
the right hand sides of these constraints are obtained from an 
optimal aggregate production planning. Bitran and Tirupati 
[14] recommended several ways to methods that can be used to 
solve the infeasibility. 

V. CONCLUSIONS 

This paper considers the results reported by Omar et al. [1] 
in which a fuzzy aggregate production planning model as 
developed and tested. The developed FAPP is disaggregated 
using FMILP approach to create a MPS. The paper provided 
details of the formulation and the solution approach for 
developing the MPS. Our formulation considers fuzzy 
constraints and fuzzy parameter that modeled by linear 
membership function and triangular possibility distribution. 
Assuming values of 55.0=α and 5.0=β , the FMILP model is 

transformed into an ordinary linear programming problem. To 
validate the proposed model, we test on different scenarios 
until the feasible and optimal solution is obtained. Although 
disaggregate level having harder  constraints than the aggregate 
level, the FMILP managed to generate an optimal production 
plan. The performance of the FMILP was tested by comparing 
its results with a previously reported approach in [13]. The 
results of the comparison indicate that using the FMILP to 
develop the MPS have resulted in substantial savings indicating 
the benefits of adopting the fuzzy modeling approach. In 
addition, the authors highlighted the infeasibility issue a 
common problem when using the hierarchical approach.  

The authors recommend the developing of a three-level FHPP 

model by adding the job sequencing model with earliness and 

tardiness penalties and set-up time constraint as a future 

research. Also the consideration of studying the effectiveness 

of other types of membership functions could be an interesting 

future research. 
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TABLE I.  COST COMPARISON OF MIGLP (DETERMINISTIC) AND FMILP (FUZZY) MODEL’S RESULTS  

WITH THE COMPANY’S ACTUAL PERFORMANCE 

 

Model 

 

Production Cost 

(MU) 

 

Inventory Cost 

(MU) 

 

Backorder Cost 

(MU) 

 

Total Cost  

(MU) 

 

Company 16,579,818 1,016,170 57,069 17,653,057 

 

MIGLP 15,054,869 132,674 0 15,187,543 

 

FMILP 11,819,293 51,249 0 11,870,541 

 

% difference of MIGLP 9.2% 86.9% 100.0% 14.0% 

 

% difference of FMILP 28.7% 95.0% 100.0% 32.8% 

 

TABLE II.  FUZZY HIERARCHICAL PRODUCTION PLANNING RESULTS 

  

Total demand 

(Kg) 

 

Total production 

(Kg) 

Total inventory 

(Kg) 

Total backorder 

(Kg) 

 

FAPP 5,550,905 4,014,129 131,455 

 

0 

 

 

FDPP 

 

5,550,905 3,994,515 136,607 0 

 

 

% of differences 

 

0% 0.50% 3.80% 
 
0% 
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TABLE III.  HIERARCHICAL PRODUCTION PLANNING RESULTS 

  

 
 

Total demand 

(Kg) 

Total production 

(Kg) 

Total inventory 

(Kg) 

Total backorder 

(Kg) 

 

APP 

 

5,550,905 

 

4,640,001 176,082 0 

DPP 

 

5,550,905 

 

4,631,880 412,117 0 

% of differences 

 
0% 

 

0.20% 57.00% 0% 

 

TABLE IV.  NUMBER OF BATCHES FOR MONTH JAN - JUNE 

    Jan Feb Mar Apr May Jun 

Family Item L1 L2 L1 L2 L1 L2 L1 L2 L1 L2 L1 L2 

Family 1 1 0 0 8 0 17 8 11 0 4 0 1 0 

  2 0 0 3 0 5 0 5 3 6 0 8 0 

  3 0 0 3 0 3 0 2 0 2 0 3 0 

  4 0 0 3 0 5 0 3 0 5 0 2 0 

  5 0 0 2 0 3 0 4 0 3 0 3 0 

  6 1 0 0 0 0 0 0 0 0 0 3 0 

  7 0 0 0 0 0 0 3 0 2 0 2 0 

  8 0 0 1 0 1 0 1 0 2 0 1 0 

  9 0 0 1 0 1 0 1 0 1 0 1 0 

  10 0 0 5 0 4 0 14 0 6 0 6 0 

Family 2 11 0 0 2 0 0 2 0 1 0 2 0 2 

  12 0 0 0 0 0 0 0 0 0 0 0 0 

  13 0 0 2 0 0 2 0 1 0 1 0 1 

  14 0 0 1 0 0 1 0 1 0 1 0 1 

  15 0 0 2 0 0 3 0 4 0 5 0 3 

  16 0 0 0 0 0 3 0 3 0 3 0 4 

Family 3 17 0 0 3 0 0 2 2 0 0 1 2 0 

  18 5 0 1 0 0 1 1 0 0 2 1 0 

Family 4 19 0 2 0 0 0 2 0 0 0 2 0 0 

Family 5 20 0 0 0 1 0 0 0 3 0 0 0 2 

 
Total of 
batches 6 2 36 1 40 24 46 18 32 16 34 13 

 

TABLE V.  COMPUTATIONAL EFFICIENCY OF FMILP MODEL 

 

Model 

 

Variables 

 

Integer 

 

Constraint 

 

Non-zero 

 

Time (seconds) 

 

FMILP 

 

1924 

 

280 

 

955 

 

4368 

 

0.05 
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