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Stability, Permanence and Positive Periodicity
in a Model of Bone Remodeling under
Impulsive PTH Control

Mantana Chudtong, Yongwimon Lenbury and Chontita Rattanakul

Abstract—In this paper, a mathematical model of bone
remodeling process, which incorporates the effect of impulsive
hormone supplementary treatments, is investigated both numerically
and theoretically. A three dimensional model proposed in our earlier
work in 2003 is first extended to incorporate impulsive treatment of
estrogen supplement. It is illustrated that it is possible for the
treatment to be interrupted with no apparent drop in its desirable
effect on maintaining a normal bone mass. When the parathyroid
hormone is assumed to have a very fast dynamics, the model in its
reduced two dimensional form is then analyzed in terms of the
boundedness, asymptotic stability, permanence, and oscillatory
behavior. We show that there is a stable periodic solution, at the
vanishing level of osteoclastic cells, when the impulsive period is
less than some critical value. The conditions for permanence of the
system are then given. Finally, it is shown that as the impulsive
period increases beyond a certain critical value, the emergence of
stable positive periodic solution may be observed under appropriate
conditions on the system parameters. Thus, dynamic behavior of the
system is sensitive to the period and amplitude of the hormone
supplements so that the variation of these parameters are crucial for
the proper management and control of this complex system.

Keywords—asymptotic stability, bone remodeling, impulsive
differential equation models, permanence.

1. INTRODUCTION

ANY systems exhibit impulsive jumps or drops in

one or more state variables. For example, predator-prey
systems with periodic harvesting, pest management practice
where natural enemies are released periodically to control
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insect pest, cancer growth under pulsatile effects of drug
treatments, or physiological control systems such as bone
remodeling process impacted by periodic hormone
supplement protocols. Such external disturbances can
stimulate irregular responses that may become difficult to
control. Therefore, the stability and permanence of such
systems are of great interest in the clinical point of view.

The skeleton is the hard structural system that not only
protects internal organs but also supports body locomotion.
Damage to the human skeletal system can lead to serious
problems including pain, reduced mobility, morbidity and may
culminate into life threatening medical conditions. Bone is
under a continuous process of development and renewal called
remodelling.

Thus, the skeleton undergoes changes continuously and
never attains a permanent state [1]. Loss of bone mass
together with progressive architectural alterations in fact
continues throughout life, while the rate of alteration
increasing with age. The severe loss of bone and the
spontaneous fracturing of the remaining bone characterize the
condition called osteoporosis [2], a major disorder
susceptibility to fracture characterized by low bone mineral
density, deterioration of bone tissue, and consequently
resulting in bone fragility.

Bone plays an important role in the human body. Apart
from providing mechanical integrity and protection, it is the
major calcium of the body reservoir since over 99% of the
total body calcium is stored in the skeleton. Prevention and
reversal of bone loss require an in depth understanding of the
remodeling process, namely bone resorption and formation
including the action of hormones such as estrogen and
parathyroid hormone (PTH).

The Basic Multicellular Unit (BMU) in bone remodeling is
a team of cells whose activity results in the local resorption
and rebuilding of the bone tissues. It is a generally accepted
concept of the Basic Multicellular Unit (BMU) that it is
comprised of two cell types; osteoclasts and osteoblasts.

The dynamical system of the bone tissue can be explained
by the levels of the osteoclastic cells, which resorp bone, and
osteoblastic cells which refill the resorption cavities created
by the osteoclastic cells.

Osteoclasts, osteoblasts and their precursors are regulated
by a number of systemic factors, including hormones like
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parathyroid hormone, and sex hormones such as estrogens. It
was shown that PTH stimulates osteoclasts formation.
However, PTH affects osteoclasts only in an indirect way
since PTH receptors are located on osteoblasts but are not
discovered on the surface of osteoclasts.

In 2003, Rattanakul et al. [3] proposed and analyzed a
mathematical model of the bone remodeling process
consisting of the following nonlinear differential equations.
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where P is the level of the parathyroid hormone above the
basal level at time t, C is the density of the active osteoclastic
cells at time t , and B is the density of the active osteoblastic
cells at time t. The first term on the right of (1) is the rate of
increase of PTH which is inhibited by the osteoclastic cells.
The first term on the right of (2) is the rate of osteoclastic
production which is initially stimulated by PTH at low levels
of the hormone, but is eventually inhibited at higher levels of
PTH, hence the square term in the denominator of this term.
The first term on the right of (3) is the rate of osteoblastic
production stimulated by PTH, while the second term here is
the rate of osteoblastic cells which saturates at higher level of
PTH. The last terms in all these three equations are the
respective removal rates of the corresponding state variables.
More detail of the derivation of the above model may be
found in the work of Rattanakul et al. [3].

II. MODEL EXTENSION FOR ESTROGEN EFFECT

In this work, we shall first illustrate how the nonlinearity of
the model by Rattanakul and Lenbury et al. [3] can predict the
efficacy of estrogen interrupted treatments which a linear
model would not be able to simulate.

Traditionally, estrogen has been used to supplement the
reduced hormone production which could lead to osteoporosis
[4]. Tt has been later discovered that prolonged use of estrogen
could lead to the development of cancerous tumor [5]. In
order to investigate the possibility of interrupted estrogen
treatment to reduce the risk of cancer, the model is extended
to incorporate estrogen level which is known to help curtail
the loss of bone mass [4], by reducing the rate of production
of osteoclastic cells. The extended model investigated in [3]
consists of the following pulsatile system.
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Fig. 1 Computer simulation of (4)-(6) with estrogen applied
for 12 days every 28 days.
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Fig. 1 shows a computer simulation of (4)-(6) with

ke if t>10,000 & t mod 25676 <11004
otherwise

Ke =

which is the case in where estrogen is applied for 12 days (=
11004 time steps in our simulation) every month (28 days =

78
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25,676 time steps). We see that when estrogen is interrupted
after 12 days, the density of osteoclasts increases back up to
oscillate at a high level, while the density of osteoblasts drops
to a low level signifying a low bone mass.
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Fig. 2 Computer simulation of (4)-(6) with estrogen applied
for 22 days every 28 days.

Figure 2 shows a computer simulation of (4)-(6) with
{kc if t>10,000 & t mod 25,676 < 20,174

otherwise
which is the case in where estrogen is applied for 22 days
(=20174 time steps). We see that after estrogent treatment is
interrupted at 22 days, the density of osteoclasts remains low,
and that of osteoblasts remain high, signifying continued high
bone mass.

In both the above simulations, we use ¢; = 0.1, ¢, =0.2, C3 =
0.6, Cy = Ol, Cs :0.05, d]_ = 02, d2 = 03, d3 = 01, kl = 01, kz
= 1.5, kg = 0.1, k. = 0.14, ¢ = 0.5, and 3 = 0.6. Such
numerical experiments clearly illustrate the versatility of
nonlinear models in suggesting alternative therapy or drug
protocols. The above experiments suggest that interrupted
hormone supplements could be adopted, for certain patients,

c=
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to reduce the risks of side effects. Of course, theoretical
analyses are also needed to discover the ranges of physical
values that would allow certain required effects to occur in
such a complex nonlinear system.

III. ANALYSIS OF IMPULSIVE SYSTEM

In what follows, we take into consideration the clinical
observation [6] — [7] that PTH has a very fast dynamics so that

it equilibrates relatively quickly to the level where Z—T =0, at

which point
p=__ 9
d,;(k, +C)
We may also assume that the zero order stimulation of
osteoclastic production in the absence of hormonal or
osteoblastic stimulations is neglegible, so that a, = 0.

We next suggest an impulsive system to model the process
subject to periodic PTH supplements and first investigate the
bounded property of the model solutions in the next section.
Then, the periodic behavior asymptotic stability of the system
solutions at vanishing level of active osteoclastic cells density
are investigated in Section 3. The conditions are then given in
Section 4. under which the state variables remain bounded and
non-vanishing and as such the system remains permanent.
Supercritical periodic solutions are shown to exist under
appropriate conditions on the system parameters. Numerical
simulations are given in support of the theoretical predictions
in the discussion and conclusion section.

As reported by Prank et al. [7], [8] pulsatile hormone
secretion is observed in almost every hormonal system. The
frequency of episodic hormone release ranges from
approximately 10 to 100 pulses in 24 hours. This temporal
mode of secretion is an important feature of intercellular
information transfer in addition to a dose-response dependent
regulation. We thus incorporate the pulsatile hormone
stimulus, such as that due periodic PTH supplements. This can
result in an abrupt drop in C in proportion to its level at the
moment, and an abrupt jump in B in the form of a constant
increment.

We now let X, =C, x, =B, for convenience. We also

(7

denote by f(X;) the positive decreasing function representing
the effect of the level of X, onX,, which is taken to be the
function
G
Hoo) d, (ky +x)
in [3] according to (4). We are then led to the following
impulsive model system.

dg [ afx) x X

—L=f| =2 - 8
dt [[k2+f2(X1)J ’ bz] 1 t T ®
o _ asfoo) ), ©)
ot =a,f(x) [k3+f(X1)JX2 byX%
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A% () =—px; (t),t =nT,
A%, (t) = pt=nT
where
AX (1) = X () =X (1), A% () =X (1) = X%, (1)
p is the fraction of osteoclasts inhibited by PTH supplements,
0<p<l, and u>0 is the increment in osteoblasts due to

(10)
(11)

hormone supplements. The function f(x;) may be any non-
increasing function of X, . From (4) in our bone model [3] the
function is taken to be
o
f(x)=—=>—
dy (ky +%)
With R, =[0,),R> :{x ER?:X = (%)% 2 0,%, 2 0f

we need the following definition.

Definition 1. We denote by F =(F,,F,) the map defined by
the right hand side of the system (8)-(9) and let
V:R, xR 5>R,.
Then, V is said to belong to class V if
1.V is continuous in (nT,(n+1)T]xR? - R, and for each
X eRineZ,

lim

V(t,Y)=V(nT*,X)
ALY)>(NT*,X)

exists
2.V is locally Lipschitzian in X.

Suppose V €V, Then, for (t,X)e(nT,(n+1)T]xRZ, the
upper right derivative of V(t, X) with respect to (8)-(11) is
defined by

D*V (t,X) = limsup
h—0"

We assume that the solution of (5)-(8), denoted by X (1) =

(X1 (1), x2(1)) on (NT,(n+1)T],neZ,

lim X(t)= X(nT") exists. Then the global existence and
t—nT’

%[\/(t+h,X +hF(t, X))V (t, X)]

is continuous and

uniqueness of solutions to (8)—(11) is guaranteed by the
smoothness properties of F. It is straight forward to prove the
following result and thus it will be stated without proof.

Lemma 1. Suppose (X;(t), X(t)) is a solution of (8) — (11)
with X; (07) > 0. Then x; (t) > 0 for all t > 0.
In what follows, we suppose X, f (X,) is bounded so that
M, =supX T (¥),M, =sup f(X)
We then state and prove the following.

Lemma 2. There exists a constant M > 0 such that, for t large
enough, X; < M ,i =1,2, provided

b3 > a3MI

. (12)
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Proof
Defining v(t)=V (t,x(t)) =x(t)+y(t) and when t=t,, we

choose
} > 0.

X{ () + X5 () +€x, (1) + CX, (1)

M,

c —min{bz,b3 -
2

Then,
D*v +cv

a, f(x) asf(x)
=—2—"7 XX, —b,X +a,f(x)-| ———— |x
kot £20) 0 o) ky +Fx) )
—by X, +CX +0X,
Sa3X1kf(X1)X2_ble+a4f(xl)—b3x2+CX1+CX2
2
S(afsle _b}+c]x2+(—b2+c)xl+a4M2
2
<aM, =b

That is, when t = t,, D*v(t) < —cv+b.
When t =t,,
V(te ) =% (KT ") + %, (KT™)
=X (KT)— px, + X (KT) +p < v(kT) +p
By Lemma 2.2 in the work of Lui et al. [9], we obtain
b, ue

c eCT -1

So, v(t) is uniformly ultimately bounded. Hence, by the
definition of v(t), there exists a constant M > 0 such that
X <M ,i=12.

_ _t “fcd
v(t) <v(0)e ™ +bjle U ds+u x e v
O<t, <t

eC(t-T) _gclt-t)

cT

<v(0)e ™ +9(1 —e® )+ p{
c 1-e

cT

< =M ast— oo

for large t.

IV. STABILITY AT VANISHING ACTIVE OSTEOBLASTS
Putting X, =0, we have a reduced system

e

"I =B At (13)
X (8) = Xy () +p,t =1, (14)
X (07) =%, (15)
where
A=3TO p Boa,t0)
ks + £(0)

Assuming A > 0, a positive periodic solution of (10) — (11) is
%, (t) = LXPCAL=KT) B " e k1))
1—exp(—AT) A
with
_u_®
l—exp(-AT) A
Hence, the positive solution of (10) —(12) is

X (0+) =
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X(t)_ X _E_#
: o A 1-exp(-AT)

for t € (KT,(k+1)T). Thus, we have the following result.

Jexp(—At)+ % (1),

Lemma 3. System (13) — (14) has a periodic solution and for
every solution X(t) = (X,(t), Xx(t)) of (13) — (14) we have
X(t) > (0,%,(t)) ast >

Now, we let

a, f(0)
k, + £2(0)
and state a result on the asymptotic behavior of the
solutions x(t) of (8) —(9).

(16)

C=

Theorem 1. Suppose

¢B
b, < n a7
lnL > o (18)
I-p A
The solution (0,%,(t)) of (8) — (9) is locally asymptotically
stable if
T<Tmi“5(n1_1p_€AMj/(€,f_b2j (19)
Proof
Consider a small perturbation from the point (0, X, (t)) :
X =u(t)
Xy = %y + V(1)

Then, we obtain

[“(t)j — (t)[“(‘)j,o <t<T

v(t) v(t)
where
d o z[—bzwxz 0 jq)’
dt * -D-b,
and @ (0)=1.

Integrating, we arrive at

. (exp 15(=b, +E%,(s)) ds 0

expl§(-D —b3)dsj

*

Linearization of (10) — (11) gives
uty)|_(1-p 0)(uct)
[V(tﬁ)] ( 0 J[V(tk)]
According to the Floquet theory, the stability of (0, X, (t))
depends on the eigenvalues of

MO:(I_p OJG>GW

0 1

which are
Ay =(-pexpl] (=by +@%,(s))ds <1
if (19) holds. The proof is complete.
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V. PERMANENCE

First, we give a definition of a permanent system.
Definition 1. System (8)-(11) is said to be permanent if there
are constants m, M > 0 (independent of the initial values) and
a finite time t; such that for all solutions with all initial values
X0)>0
m<x(t)<M,

forallt>t,,i=12.
We are now in the position to prove the following.
Theorem 2. The system (8)-(11) is permanent if (12), (17),
(18) hold, and

T>T,

min

(20)
Proof
We shall illustrate how this can be proven by considering the
case that
f(x :L

0 by (k; +x)
By Lemma 2, there is an M such that x; < M, for t large
enough. From (6), we know

dx,
—=2>—Ax,,t#t
at 2 k

and so we have
- B
Xz(t)>X2(t)—K—8

for some t large enough and some & > 0. That is,

e AT
Xz(t) >llie7*AT_EE m2
Now, suppose
My = Ko7 (k; +my) + a7,
My = a0k,
M,
gy =tk
M Ak +m;)
for some m; > 0. Then, it follows that
M, <é,
¢B
<
¥ A
Since
B
b, < A
we can choose m; small enough such that
¢B
b2 < ./‘/ls < T,
and
T> ! lanM .
My-b,\ 1-p A
Then,
(1- p)exp((./l/% —b,)T + Mi“j >1
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% (t;)=m;. By

contradiction, if X;(t)<m; for all positive t, then we may

Stepl. We prove that 3t, such that

choose an g > 0 small enough such that
== e (s 5,8 b7+ T2 o,
We observe, from (9) and (11), that

dx as (X)X
—Z=gq,f(x)-2—12 ()% _ 3 Xy
dt ks + F(X)
> 4% Ay iftenT.
by (k; +my)

X, (t7) =X, (1) +p, ift=nT.
On the other hand, we compare with the system

9 __ 33 iprenT @1
dt bk, +my)
(") =z(t)+p, ift =nT.
and
2(0) = %, (0).
Then, we see that, by the comparison theorem,
X, (1) = z(t)
Now, we consider
. a,a;b, (k
¥ = ! 01 ( 1+2X1) =% —b, %
koo (k, + %) +a;
3,330, (k; + X))
= 2 2 .22 =b, 1%
ko (ky +my)” +ay
aashk, .
= Lbll(z(t)_gl)_bz]xl
where, fort [nT,(n+1)T),
8,8 u -At | 5
z2(t) = (2(0)- = e+ (1),
b Ak +my)  1-e AT
—A(t—nT)
S =E A% st
l1-e by ACk, +mj)
Hence, there is a T; > 0 such that, for t > T,
I(H)—g <z() < x,(1).
= A(Hx,
fort=nT,t>T, and
X (1) = (1-p)x (D),
fort=nT,t>T,.Letting NeZ, and NT2>=T,, and

integrating over (nT,(n+1)T],n> N, we obtain

X ((n+1)T) = x (T )(1 - p)exp 1™ At

> XnT)(1- p) exp[(mg — e —b,)T +%}
— %)
Then,

X (N+K)T) = x(NTHN* - 0 ask — oo
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which is a contradiction to the boundedness of X, . Therefore,
there is a t.> 0 such that X (t;) = m;.
Step 2. If X (t) >m;,Vt >t,, then our job is done. Otherwise,
there is a t' >t, such that

X (1) <m;.
Then, let t*:itr>1tf {t:x(t) <my}. There are two possible cases:

Case 2.1: t*=nT,somen; €Z, .
Case2.2: t*=nT,VneZ, .

Case 2.1: t*=n/T,somen, €Z, . This means X (t)>m; for
t e[t t*].
Since there are M >0, and m, >0 such that
X (t) <M, and m, < X,(t) <M for t large enough, we choose
M’>0, and m; >0 such that

X <M, m) <x,(t)<M’,

and
mé < b2‘/M1
bk
such that
a4 n |
X(t*+)_ 194 _ _H<M,
2 b A +my) 1-eAT|
Then, choose n,,n; € Z such that
0T > L MR (22)
A €
and
(1-p)™ exp(nn Tn®™ > (1-p)™ exp((n, + Dy Tn®
>1
where
_aasbkm b, <0.
Let T'=n,T+nT. We claim that there must be a

t, e (t*,t*+T'] such that X, (t,)>m;. Otherwise, considering
(18) with z(t*") =X, (t*"), we have
3y n
2(t) = (2(t*")
bBAK +my) 1
forte(nT,(n+1)T] and n; <n<n +n, +n;.
For n,T <t-t*<T', we have, since ), <0 and I <n, +n;,

) M +7(0),

5 &y u —A(t-t*
2(t)—Z(t)| =|z(t*") —— - e At
|2()-2(t)| =|2(t*") oAk +m) 1e ™

a,a R
= [y *)— 194 ___ K e~ A=t
‘y( ) oAk +m) Toe A

<M +we " < (M e AT <
by (22). Then,
I(t)—g <z(t) < x, (1),
for n,T +t*<t <t*+T'. Therefore, as in Step 1., we have
X (E*+T) =% (0T +n,T +n,T)
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>x (nT +n,T)m™
=X (t*+n,T)n™
From (5), for t > 0, we obtain

X = (—aliizlkl X —sz X

aasbk
Z[Mmg —szx1 = X,t#nT
My

X () =(1-p)x t),t=nT.
Integrating the above over [t*,t*+n,T], we obtain
X (E*+T") > X (t*+n,T)m™
>my(1-p)™ exp(n;n, T)n™ > m,
which contradicts the definition of mj;.
Now, let = %Etf*{xl (t)>m;}. Then, for te(t*f),x (t)<m;,

(23)

and X (f)=m;. We choose | €Z, such that | <n, +n; and
t*+IT =1, and suppose t e (t*+(1-1)T,t*+IT]. From (23),
we then have
X®2%E* 1) expl ~ImT)epin t—E*+1-DT))]

=X (E*)1=p)' exp((l =D T)explry t—(*+1-DT)]

> my(1- p)' exp[n; (t ~t*)]

>my(1-p)™™™ exp(nIT),

>my(1-p)™™ exp(n;(n, +ny)T)

sincen; <0and | <n, +n;. Letting

exp(n; (N, +n3)T),
we then have X,(t) >m/ fort e (t*,f). We can continue with

n,+n,

m=my(1-p)™

the same method by using  instead of t*. Then, we shall
have X (t)>m/ for t >t*.

Case 2.2: t*#nT,VneZ, . Then, x/(t)2m, for t e[t,,t¥).
Suppose t*e (NT,(nf+DT], nf €Z,, then X (t*)=m;, and
there are two possible subcases.

Case 2.2(a): x(t)<m; for all te(t*,(nf+)T]. We claim
that there is a t)e((n+DT,(nf+1DT +T'] such that
X, (t3) > m; . Otherwise, let

z(nf + DT =%, ((nf + DT ).
Then,
2(t) = (2(] +1)T*) - By Mty

bAK +my)  1-e AT
forte[nT,(N+1)T) and nj+l<n<n/+1+n,+n;.
Similarly to Case 2.1, for n,T <t—-t*, we obtain
|z -2(t)| <

Then,

I(t)—g <z(t) < x,(1).
Since n,T <(n/+1+n,)T —t*, we have
X ((nf +141,)T) 2 % (t)(1 = p)™ exp[m; (] +1+n)T ~1¥)]
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>m;(1-p)™ exp[n, (0] +1+n)T =nT)]
>my(1-p)™ exp(n; (n, +1T).
Then,
X ((n] +1+n, +ny)T) = X, (0 +1+n,)T)n™
> my(1-p)™ exp(n, (n, + HT)n™
>m,
which is a contradiction.
Now, lett =inf {x(t) > m,}.
ow, lett =inf {x,(t) > m,]
Then, for te(t*t), x®t)<m;, andx()=m,. For
te(t*t) let I'’eZ, such that I'<n,+n;+1 and suppose
te (T +(1"=DT,nT +1'T]. From (4), we then have
X (02 % )1~ p)' " exp fimyds |
=m;(1-p)" " exp[n, (t-t*)]
since t <nT +1T and n; < 0. Hence,
X (1) = my(1- p)™=™ exp(n, (N, + Ny +DT)
Letting

m, =m;(1-p) exp( (N, +n; +1)T),
we then have x (t)>m, forte(t*,T). For t>1, the same

n,+n,

argument can be continued since X, (t)>m,.

Case 2.2(b): There is a t € (t*,(n; +1)T) such that X, (t) >m;.
Let
L:{Etg{xl(t) >m,}.
Hence, x(t)<m; for te(t*,t), and X (t)=m;. For
te(t*,t), (23) holds and we therefore have
X (1) > X, (%) expl fomyds | =my exp[m, (t—t*)]

=myexpn T >m
sincet <nT+T <t*+T .
For t>1t, the same argument can be continued since
X (1) 2 my. Since m; <m <my, we have X (t)>m, fort>t,.

The proof is complete.

VI. SUSTAINED OSCILLATION

It is now more convenient to exchange the state variables
and consider instead the following system.

dx f

#n
o ((Lafow) ) ), 25
dt [[kﬁfz(xﬂ]x1 bz}&_FZ(X]’XZ) ®

AX, =
1=K }t:krztk,
AXy =—px

Relying on the notations used by Lakmeche and Arino [10],
we let
O, (X, %) =X +1,

O, (X, %) == p)Xy,
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c®) =X (1,007, %) = (%(19),0) ,and 1y =T, .
According to [8],

o %
ot 5 ot W
o, oF, .
—L =expll—(g(r))dr, i=12
o Pl o ((r)
o oF,
o ETHeHr o (e
ol —L(cuye * du
X 2
>0, oF, oF,
=—=exp /s —=(g(r))dr
deon,  ax, Pl (1)
) OF, ) L oF,
0 (D2 o Iu&(@(r))dr 0 F2 ( L»&(G(r))drdu
a)(16)(2 Y 8Xlax2
and
. OF, . OF,
o2, _ tej“i(g(r))dr °F, (Q(U))ejﬂ?xz(g(r))drdu
Xy° Xy°
forall 0<t<rt,.
Also,
00, 0D
b =1-| —L—L (14, %),
EN) [6Xl o, ]( 0:%0)
D [}
6=—[%h+%6 ZJ(TOaXo),
OX| OXy 0%, OX,
00, 0d
dl =1-| =222 |(z,,, .
0 [ax2 OX, j( 0-%)

where 1, is the root of dj= 0. We see that dj> 0 if
T <Thin, and dj <0 if T>Tpin. Also, a;> 0, by> 0, while

B*= 9, 62®2+62CD2 i@% <0
0 \0dx, " Ok 8 0% ot )|
1‘()’&!
Che 0’0, by 00, 0o, |00,
OX 0%\ ay OX  O%X, ) OX,
, 09, (2§ 0’0, _azqaz]
X, | a8y ox0x  ox3 )
>0
provided
asks
a<—233 (26)
Yk + £2(0)

Thus,C*>0 and B¥*C*< 0, and, by Lakmeche and Arino
[10], we are thus able to prove the following result.

Theorem 3. The system (24)-(25) has a positive periodic
solution which is supercritical provided (12), (17), (18), (26)
hold and T > Tpin.

VII. DISCUSSION AND CONCLUSION

We have investigated the boundedness and permanence of
the bone remodeling process under impulsive external
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interferences. We found that oscillatory behavior in the active
osteoblastic cells density can still be observed provided the
period and strength of the hormone supplementary impulses
satisfy certain control conditions.

Many researchers have proposed several improved and
more sophisticated methodologies for the numerical solution
of non-linear systems of differential equations (see for
example [11]-[14]. For our purpose, we wrote our program
using the six point Runge Kutta procedure which satisfactorily
integrates our model systems under study.

Fig. 3 shows a computer simulation of (8) — (11) where
parameters have been chosen to satisfy these control
requirements for the solutions to converge asymptotically to
the oscillatory solution (0, X, (t)) as time progresses. Here, the

period of PTH supplements is T = 2, while T_; =8.005 so
that T <T,;, .The solution trajectory in the phase plane is seen

in Fig. 3(a), while the corresponding time series of the active
osteoblastic cell density is seen in Fig. 3(b) to be periodic
even after the osteoclastic cell density has tended to zero.

X2

0 T T T T
0.044 0.071

3a)

-0.010 0.017 0.088 0.125

.30

x2

50—

19950 19960 18970 19880 19990 20000

3b)
Fig. 3 Numerical simulation of Equations (8) — (11) showing
the solution trajectory approaching the limit cycle as time
progresses. Here, a; := 0.05; a; := 0.0675; a4 :=0.009; as:
0.0045; b; :=0.1; b, :=0.03;b;:=0.009; k;:=0.1; k,:
0.5; k3 :=0.025; p:=009;x (0) =0.1, X, (0)= 0.135, T =

200, p =0.5, p=0.9. (a) The solution trajectory in the phase-

plane. (b) The corresponding time series of the level the
osteoblastic cells exhibiting positive oscillation.



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

wE

xl

Fig. 4 Computer simulation of the impulsive system (8) —
(11) showing the solution trajectory approaching the limit
cycle as time progresses. Here, a; := 0.05; a; :=0.0675; a4
=0.009; as:=0.0045; b, :=0.1; b, :=0.03; bs :=0.009;
ky =0.1; k, =0.5; ky =0.025 p:=0.9;x (O)= 0.1,

X,(0)=0.135,T =200, p =0.5,p=0.9.

Fig. 4 shows the sustained oscillations in both state
variables in the case that the system is permanent, system
parameters chosen to satisfy the conditions given in Theorem
3. Here, the period of hormone supplements is T = 200 >
T.in =8.005. The solution trajectory is seen in Fig. 4 to

approach a stable limit cycle as time passes. The
corresponding time series of both state variables in the case of
positive sustained oscillations are shown in Fig. 5(a) and 5(b),
for the same parameter values as in Fig. 4.

Our analysis suggests a venue for control of the bone
resorption and remodelling process by adjustment of the

1
frequency T of the treatments or the dosages, reflected by the

values of p and p, in order to obtain the desired outcome.

Specifically, our analytical conclusions indicate that we may
expect sustained oscillations in the level of osteoblastic cells
even at the vanishing level of the active osteoclastic cells at a
sufficiently low period of external hormone supplements.

On the other hand, if the period of impulsive supplementary
hormone application is kept at a convenient fixed level, then it
is possible to adjust the strength of the dose p so that T, ,
given by (19), renders the inequality (20) true, in which case
the system is permanent. Both the active osteoclastic and
osteoblastic cells remain positive. Moreover, if (26) also holds
then oscillatory behavior resembling clinical data is the
outcome.
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17000 17750 18500 139250 20000
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Fig. 5 Computer simulation of the impulsive system (8) —
(11) showing the sustained oscillations in the time series of
the levels of osteoclastic cells and osteoblastic cells in 5(a)
and 5(b), respectively, corresponding to the case seen in Fig.
4.

Thus, we see that it is possible to control the system’s
dynamic behavior by fine tuning the period T of the impulsive
inputs, or the impulse strength p or p. According to Prank et

al. [7], recent evidence links osteoporosis, a disease
characterized by loss of bone mass and structure, to changes
in the dynamics of pulsatile parathyroid (PTH) secretion.

Our investigation is therefore expected to contribute to the
better understanding of the different dynamic behavior which
could be expected in the system under investigation, as well as
assist in the decision making process on the choice of
treatment protocols for its management and control.
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