
 

 

  

Abstract—In [1], A. Pelczar introduced and proved 

the existence and uniqueness of the second order 

iterative ordinary differential equations. The proof 

of the existence and uniqueness theorem of the 

general equation of iterative ordinary differential 

equation was given by M. Podisuk in [2]. In [3],  

M. Podisuk introduced and proved the existence and 

uniqueness of the simple iterative ordinary 

differential equations. In [4], M. Podisuk and  

W. Sanprasert introduced the integration method for 

finding the numerical solution of the initial value 

problem of ordinary differential equation with the 

help of Taylor series expansion. This integration 

method gives the way of solving for the numerical 

solution of the iterative ordinary differential 

equation. However the method of finding the 

analytical solution of the iterative ordinary 

differential equation is not known.  

 

Keywords—Iterative-ordinary-differential-equation 

Integration-method Initial-value-problem Taylor-

series-expansion Gauss-Legendre-Quadrature-

formula.  

 

I. INTRODUCTION  

The general form of the iterative ordinary 

differential equation of order m is in the form 

]a,0[x

)),x(y),...,x(y),x(y,x(f)x('y m2

∈

=
   (1) 

 
 

 

 

with the initial condition  

c)0(y =                 (2) 

where 

)),x(y(y)x(y2 =  

))x(y(y)x(y
23 = , 

…  

)).x(y(y)x(y
1mm −=  

 The simple iterative ordinary differential equation 

of order m is in the form 

   
),0[x

),x(y)x(y m

∞∈

=′
             (3) 

with the initial condition  

   0c)0(y ≠= .              (4)  

     In this paper, we will use the integration method 

to find the numerical solution of the equation of the 

type of equations (1)-(2) and (3)-(4). 

 

II. FORMULATION 

The numerical formula for finding the 

numerical solution of the equations 

       
]b,a[x

),y,x(f)x(y

∈

=′
             (5) 

with the initial condition 

   c)a(y =                  (6) 

which is given in [4] is in the form  

∫
+
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= ++

1m

m

x

x

m

1m1m

dx)x(f)x(y

y)x(y

             (7) 

and  
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+≅+ m1m yy                                  

       ))hsx(y,hsx(fA
2

h n

1k

kmkmk∑
=

++         (9) 

where the values 
kA  and 

ks  are the values of 

weights and points of the Gauss-Legendre 

Quadrature formula. 

  The value of )hsx(y km +  is obtained by the 

Taylor series expansion that is  

  
)x(ysh

!n

1
...)x(ysh

2

1

)x(yhs)x(y)hsx(y

m

nn

k

n

m

2

k

2

mkmkm

++′′

+′+≅+
    (10) 

In this paper, we will use n=3 and we will solve for 

the value of ))x(y(y m  from the formula 

         ),x(yh)x(y)hx(y mmm
′+=+         (11) 

We will solve for the value of )))x(y(y(y m  

from the formula 

       
),x(ysh

2

1

)x(yhs)x(y)hx(y

m

22

mmm

′′+

′+=+
         (12) 

and we solve for the value of ))))x(y(y(y(y m from 

the formula 

           
).x(ysh

6

1
)x(ysh

2

1

)x(yhs)x(y)hx(y

m

33

m

22

mmm

′′′+′′

+′+=+
     (13) 

 

III. EXAMPLE 

     The following examples will illustrate our idea 

of finding numerical solution of the iterative 

ordinary differential equations. All examples use 

Gauss-Legendre Quadrature formula of 1 point, 2 

points, 3 points, 4 points, 5 points and 6 points. 

 

Example1. 

Given 

]1,0[x

)),x(y(y
9

x
)x(y

∈

−=′
  

and  

2

1
)0(y = .  

 

Find the numerical value of )x(y  at x = 0.0001, x = 

0.001, x = 0.01, x = 0.1 and x = 1. The analytical 

solution of the above equations is
3

x

2

1
)x(y −= .  

We have   ))x(y(y
9

x
)x(y −=′                (14) 

thus                           

         






 −′−=′′ )))x(y(y(y)x(y
9

1
)x(y

9

1
)x(y (15) 

and 

         

.

))))x(y(y(y(y))x(y(y
9

1

)x(y)x(y))x(y(y
9

1
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x

)x(y)x(y)x(y
9

1
)))x(y(y(y)x(y


























 −
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′−′′






 −=′′′

  

                                   (16)                                                               

      We may approximate the value of ))x(y(y m  

by letting mm x)x(yp −=  then px)x(y mm +=  and 

by the formula (14) we obtain 

         
))x(y(pypx

9

1
y

)x(yp)x(y)px(y

mmm

mmm

−+=

′+≅+
  

then 

))x(y(pypx
9

1
)x(y))x(y(y mmmm −+≅  

thus  

p1
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9

1
)x(y

)x(y(y
mm

m +

+
≅ . 

     We may approximate the value of )))x(y(y(y m  

by letting  

        mm x))x(y(yq −=   

then  

         qx))x(y(y mm +=  and by the formula (15), 

we obtain 

     )x(yq5.0)x(yq)x(y)qx(y m

2

mmm
′′+′+≅+  

then 
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thus 

INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

Issue 2, Volume 5, 2011 388



 

 

         ( )
.

q5.01

)x(y)x(y1q
9

5.0
)x(yq)x(y

)))x(y(y(y

2

mm

2

mm

m

+

′−+′+

≡

. 

         We may approximate the value of 

))))x(y(y(y(y m  by letting 

          mm x)))x(y(y(yr −=   

then  

          rx)))x(y(y(y mm +=   

and by the formula (16) we obtain 
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        We will do the same manner for the second 

example. 

      Now we have the value )x(y m  and the 

approximated  

values of  

))x(y(y m , )))x(y(y(y m and ))))x(y(y(y(y m   

then we may find the values of  

)
2

xx
s

2

h
(y 1mm

k
++

+ , n,...,3,2,1k =   

and put in the formula (9) to obtain the value of 

1my + .  

We will do the same manner for the second 

example. 

         The results of this example are as follow; 

 

         One point formula  

1.0h =  

       24668762682.0)1.0(y =   

with the absolute error  

            0.0002096015528 

       01644405222.0)0.1(y =   

with the absolute error  

           0.0022261444647 

01.0h =  

      64966711189.0)01.0(y =  

with the absolute error  

  0.0000044522967 

      31662842615.0)0.1(y =   

with the absolute error  

  0.0003824051323 

001.0h =  

     14996669427.0)001.0(y =   

with the absolute error  

 0.0000002760457 

     81665067815.0)0.1(y =   

with the absolute error  

 0.0001598850336 

0001.0h =  

 84999666925.0)0001.0(y =  

with the absolute error 0.0000000259088 

      9999878011.0)0.1(y =   

with the absolute error 0.0001372636846. 

 

Two point formula  

1.0h =  

       74668749058.0)1.0(y =   

with the absolute error  

 0.000208039201 

       81643745359.0)0.1(y =   

with the absolute error  

 0.002292130689 

01.0h =  

       44966711174.0)01.0(y =   
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with the absolute error  

 0.000004450771 

      91662834656.0)0.1(y =   

with the absolute error  

 0.000383200972 

001.0h =  

      14996669427.0)001.0(y =   

with the absolute error  

 0.000000276044 

       81665067734.0)0.1(y =   

with the absolute error 0.000159893137 

0001.0h =  

       4999666926.0)0001.0(y =  

with the absolute error  

 0.000000025909 

       11665294024.0)0.1(y =   

with the absolute error  

 0.000137263765. 

 

Three point formula  

1.0h =  

      44668747058.0)1.0(y =   

with the absolute error  

     0.000208039141 

      11643744883.0)0.1(y =   

with the absolute error  

 0.002292178352 

01.0h =  

      44966711174.0)01.0(y =   

with the absolute error  

 0.0000044507719 

      81662834656.0)0.1(y =   

with the absolute error  

 0.0003832009809 

001.0h =  

      14996669427.0)001.0(y =   

with the absolute error  

 0.0000002760439 

      81665067734.0)0.1(y =   

with the absolute error  

 0.0001598931367 

0001.0h =  

      4999666926.0)0001.0(y =   

with the absolute error  

 0.0000000259088 

      11665294022.0)0.1(y =   

 

with the absolute error  

 0.0001372637657. 

 

Four point formula  

1.0h =  

      14668747058.0)1.0(y =   

with the absolute error  

 0.0002080391414 

      61643744882.0)0.1(y =   

with the absolute error  

 0.0022921784021 

01.0h =  

      44966711174.0)01.0(y =   

with the absolute error  

 0.0000044507719 

      81662834656.0)0.1(y =   

with the absolute error  

     0.0003832009809 

001.0h =  

      14996669427.0)001.0(y =   

with the absolute error  

 0.0000002760439 

      81665067734.0)0.1(y =   

with the absolute error  

 0.0001598931367 

0001.0h =  

     84999666925.0)0001.0(y =  

with the absolute error   

 0.0000000259088 

     11665294024.0)0.1(y =   

with the absolute error  

 0.0001372637655. 

 

Five point formula  

1.0h =  

     14668747058.0)1.0(y =   

with the absolute error  

 0.0002080391414 

     61643744882.0)0.1(y =   

with the absolute error  

 0.0022921784021 

01.0h =  

     44966711174.0)01.0(y =   

with the absolute error  

 0.0000044507719 

     81662834656.0)0.1(y =   
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 with the absolute error  

 0.0003832000809 

001.0h =  

     14996669427.0)001.0(y =   

with the absolute error  

 0.0000002760439 

     81665067734.0)0.1(y =   

with the absolute error  

 0.0001598931367 

0001.0h =  

     4999666926.0)0001.0(y =   

with the absolute error  

 0.0000000259088 

     11665294024.0)0.1(y =   

 with the absolute error  

 0.0001372637657. 

 

Six point formula  

1.0h =  

     14668747058.0)1.0(y =   

with the absolute error 0.0002080391414 

      61643744882.0)0.1(y =   

with the absolute error 0.0022921784018 

01.0h =  

      44966711174.0)01.0(y =   

with the absolute error 0.0000044507719 

      81662834656.0)0.1(y =   

with the absolute error 0.0003832009809 

001.0h =  

      14996669427.0)001.0(y =   

with the absolute error 0.0000002760439 

      81665067734.0)0.1(y =   

with the absolute error  

 0.00012192912 

0001.0h =  

      4999666926.0)0001.0(y =   

with the absolute error  

 0.0000000259088 

      11665294024.0)0.1(y =   

with the absolute error 

 0.0001372637657. 

 

 Since we know the values of )x(y m
, 

))x(y(y m , )))x(y(y(y m  and  

))))x(y(y(y(y m then we may compute  

the approximate value of )x(yy 1m1m ++ ≈   

by the Taylor series expansion and the results  

are as follow; 

1.0h =  

        85551734386.0)1.0(y =   

with the absolute error  

 0.0025879796458 

        51366292483.0)0.1(y =   

with the absolute error  

   0.0071515695763 

01.0h =  

        75054984548.0)01.0(y =   

with the absolute error  

   0.0004733713267 

        61405769021.0)0.1(y =   

with the absolute error  

 0.0466281073700 

001.0h =  

        65005496014.0)001.0(y =   

with the absolute error  

 0.0000493513771 

        71408974710.0)0.1(y =   

with the absolute error  

 0.0498338022350 

0001.0h =  

       5000549577.0)0001.0(y =   

with the absolute error  

  0.0000049551536 

       21409283696.0)0.1(y =   

with the absolute error  

 0.0501427860100. 

 

 We will do the same manner for the  

second example. 

 We can see that the Integral method  

give the better results than the Taylor  

series expansion. 

 

Example 2. 

Given  

),0[x

,))x(y(y)x(y

∞∈

=′
 

and  

            25.0)0(y = .  

Find the values of  

)1.0(y),01.0(y),001.0(y),0001.0(y and )1(y .  

The solution of the given problem is not known. 
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We have  

                ))x(y(y)x(y =′   

thus  

                ))x(y(yy))x(y(y)x(y ⋅=′′   

and 

          ))))x(y(y(y(y))x(y(yy))x(y(y)x(y ⋅⋅=′′′ . 

Now let 

mm x)x(yp −=          

and  

   )x(ypx mm =+   

thus 

   ))x(y(y)px(y mm =+  

then 

          )px(y))x(y(y mm +=  

                  )x(yp)x(y mm
′+=  

        ))x((pyy)x(y mm +=  

thus  

    
p1

)x(y
))x(y(y m

m −
= . 

Now let 

   mm x))x(y(yq −=  

and   

           ))x(y(yqx mm =+  

then 

    )))x(y(y(y)qx(y mm ++  

thus 

          
)x(y

2

q

)x(yq)x(y)))x(y(y(y

m

2

mmm

′′+

′+≅
     

and 

 
)))x(y(y(y

6

q
))x(y(y

2

q

)x(qyy)x(y)))x(y(y(y

m

3

m

2

mmm

++

+≅
 

and 

         

))x(y(yq
2

1
1

))x(y(qy)x(y
)))x(y(y(y

m

2

mm
m

−

+
≅ . 

 Now let 

   mm x)))x(y(y(yr −=  

and 

     )))x(y(y(yrx mm =+  

then 

       ))))x(y(y(y(y)rx(y mm =+  

thus  

      
)x(yr

6

1
)x(yr

2

1

)x(yr)x(y))))x(y(y(y(y

m

3

m

2

mmm

′′′+′′+

′+≅
 

and 

    

))))x(y(y(y(y)))x(y(y(y))x(y(yr
6

1

)))x(y(y(y))x(y(yr
2

1

)x(yr)x(y))))x(y(y(y(y

mmm

3

mm

2

mmm

+

+

′′+≅

 

then 

)))x(y(y(y))x(y(yr
2

1
)x(yr)x(y

)))))x(y(y(y(y)))x(y(y(y))x(y(yr
6

1
))))x(y(y(y(y(

mm

2

mm

mmm

3

m

+′′+≅

−

thus  

.

)))x(y(y(y))x(y(yr
6

1
1

)))x(y(y(y))x(y(yr
2

1
))x(y(ry)x(y

))))x(y(y(y(y(

mm

3

mm

2

mm

m

−

++
=

 

       The results of this example are as follow; 

 

One point formula  

1.0h =  

 12845720520.0)1.0(y =   

 96651047619.0)0.1(y =   

01.0h =  

 52533813700.0)01.0(y =       

 26648369999.0)0.1(y =   

001.0h =  

 2503373321.0)001.0(y =      

 46648725023.0)0.1(y =   

0001.0h =   

     212500337733.0)0001.0(y =  

 56648767055.0)0.1(y = . 

 

Two point formula  

1.0h =  

 22845826138.0)1.0(y =    

 96652924820.0)0.1(y =  

01.0h =  

 52533813796.0)01.0(y =       

 06648388091.0)0.1(y =   

001.0h =  

 52503374050.0)001.0(y =     

 76648725203.0)0.1(y =   
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0001.0h =   

    25003321.0)0001.0(y =   

 56648767057.0)0.1(y = . 

 

Three point formula  

1.0h =  

 52845826195.0)1.0(y =    

 76652925388.0)0.1(y =  

01.0h =  

 52533813796.0)01.0(y =       

 06648388091.0)0.1(y =   

001.0=h  

 52503374050.0)001.0(y =     

 76648725203.0)0.1(y =   

0001.0h =   

     12500337332.0)0001.0(y =           

     56648767057.0)0.1(y = . 

 

Four point formula  

 1.0h =  

 82845826175.0)1.0(y =    

 86652925388.0)0.1(y =  

01.0=h  

 52533813796.0)01.0(y =       

 06648388091.0)0.1(y =   

001.0h =  

 652503381379.0)001.0(y =     

 76648725203.0)0.1(y =   

0001.0h =   

           52503374050.0)0001.0(y =   

 56648767057.0)0.1(y = . 

 

Five point formula  

 1.0h =  

            82845826175.0)1.0(y =    

 86652925388.0)0.1(y =  

01.0=h  

 52533813796.0)01.0(y =       

 06648388001.0)0.1(y =   

001.0h =  

 52503374050.0)001.0(y =     

 56648767057.0)0.1(y =   

0001.0h =   

           12500337332.0)0001.0(y =   

 56648767057.0)0.1(y = . 

 

Six point formula  

 1.0h =  

 62845826175.0)1.0(y =    

 86652925388.0)0.1(y =  

01.0h =  

 52533813796.0)01.0(y =       

 06648388091.0)0.1(y =   

001.0h =   

     52503374050.0)001.0(y =           

     76648725203.0)0.1(y =  

0001.0h =   

           12500337332.0)0001.0(y =  

           56648767057.0)0.1(y = . 

 

 M. Podisuk, in [3], obtained the power series 

solution of this problem as follws; 

 

2x14890589145962.0

x9153358287413.025.0)x(y

+

+=

4

3

x73630011335537.0

x16110081464305.0

+

+
    

65

5

x10574933363155028.1

x1073481337930206.1
4

−

−

×+

×+

87

76

x102914868707169.1

x10661464401575002.1

−

−

×+

×+

109

98

x108090011010115114.5

x10773331759345596.2

−

−

×+

×+

1211

119

x108475642215.2

x10645462808685474.1

−

−

×+

×+

1412

1311

x10714299405539435.7

x10615392339234474.5

−

−

×+

×+

1513

1412

x10500013984578187.9

x10333334054611073.7

−

−

×+

×+

1715

1614

x10333338353033333.8

x10705899505081764.9

−

−

×+

×+

1917

1816

x1012905.4

x10368425777578947.6

−

−

×+

×+

2119

2018

x100.1

x10142861857142857.2

−

−

×+

×+
 

2221x10739146086956521.2 −×+ .               
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     When we use the above power series then  

we obtain the following results; 

 

  62500335834.0)0001.0(y =  

  62503358876.0)001.0(y =  

  32533641870.0)01.0(y =  

  32841802810.0)1.0(y =  

  46541516814.0)0.1(y = . 

 

 We can see that the value of y(x) from the  

power series is less than the value of y(x)  

from the numerical computation. The reason  

is that the power series that we used is only  

of degree twenty two. 

 

IV. CONCLUSION 

        The numerical results of integration method 

are satisfied. However if we improve the formulas 

(10), (11) and (12) of the integration method then 

we would obtain the better results and we may use 

other Gauss Quadrature formulas instead of the 

Gauss Legendre Quadrature formulas.. We strongly 

recommend the integration method with the help of 

the Taylor series expansion to approximate the 

numerical solution of the iterative ordinary 

differential equation. 
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