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Solution of eddy current testing problems for
multilayer tubes with varying properties

Valentina Koliskina, and Inta Volodko

Abstract—Analytical solution for the change in impedance of a
coil located inside or outside a multilayer conducting tube is obtained
in the present paper. The electric conductivity and magnetic
permeability of conducting cylindrical layers of the tube are assumed
to be power functions of the radial coordinate. The change in
impedance is expressed in terms of improper integral containing
Bessel functions. Other analytical solutions are suggested in the
paper. Three examples are discussed in detail: (a) a coil inside an
infinite cylindrical layer, (b) a coil inside a two-layer tube, and (c) a
coil outside a two-layer tube.
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1. INTRODUCTION

ddy current methods are widely used in practice in order

to control properties of conducting materials. All problems
where eddy current coils are used for inspection of materials
can be divided into the following two categories: (a)
estimation of properties and/or other parameters of conducting
media (for example, electric conductivity of a conducting layer
or thickness of metal coatings) and (b) detection of defects (or
flaws) in a conducting medium (for example, estimation of the
effect of corrosion or presence of voids or other non-metallic
inclusions in the medium). In both cases theoretical models
(with some unknown parameters) are usually compared with
experimental data. Optimization methods (for example, the
least squares method) are then used to estimate unknown
parameters of the medium (see, for example, [1]-[4]).

Thus, a necessary step for the solution of an inverse
problem (determination of unknown parameters of a medium)
is the existence of a mathematical model describing the
interaction of an alternating current in a coil with the
conducting medium (direct problem).

Mathematical models for eddy current testing problems of
conducting media with constant properties are well-known in
the literature [5], [6]. Analytical solutions are presented in [7]
for the case where a coil with alternating current is located
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above a multilayer medium. Similar problems for coils
encircling multiple coaxial conductors or coils inside multiple
coaxial conductors are analyzed in [8]. The properties of all
media in [8] are assumed to be constant.

Some industrial applications (for example, surface
hardening or decarbonization) modify the properties of a
conducting medium (electric conductivity and/or magnetic
permeability) which depend on geometrical coordinates. It is
shown in [9], [10] that a thin layer of reduced magnetic
permeability can exist in a medium which undergoes special
treatment. In the case of a planar medium the magnetic
permeability of the layer depends on the vertical coordinate.

Thus, in order to analyze such cases in practice one needs to
develop mathematical models where electric conductivity and
magnetic permeability of conducting layers depend on
geometrical coordinates. There are at least two methods that
can be used in order to take into account variability of the
properties of the medium with respect to one geometrical
coordinate. Regions where the properties of the medium are
not constant can be divided into sufficiently large number of
sub-layers where the electric conductivity and magnetic
permeability are assumed to be constant. Therefore, in the
whole region of interest the properties of the medium are
piecewise constant functions of, say, depth. For example, up to
50 layers are used in [11] to model the change in electric
conductivity with respect to a vertical coordinate.

Another approach is based on an attempt to use relatively
simple electric conductivity and/or magnetic permeability
profiles in order to model the variation of the properties of the
medium with respect to one spatial coordinate. Some
analytical solutions for the case where the properties of the
medium depend on the vertical or radial coordinates are
presented in [6].

In the present paper we follow the second approach.
Analytical solutions are constructed for the case where a coil is
located inside or outside a multilayer tube with varying
properties. The electric conductivity and magnetic
permeability are assumed to be power functions of the radial
coordinate. The solution procedure is described for an
arbitrary number of conducting layers with varying electric
conductivity and magnetic permeability. Three cases are
analyzed in detail: (a) the case of a coil inside one infinite
outer layer, (b) the case of a coil inside a two-layer tube, and
(c) the case of a coil outside a two-layer tube.
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II. A COIL INSIDE A MULTILAYER TUBE WITH VARYING
PROPERTIES

Consider a single-turn coil of radius r, with alternating
current located inside a multilayer tube where each coaxial
layer (region R,) is described by the inequalities:
R, ={r,<r<r,, 089 <27,-0<z<+o0},i=12,..n
Here », and , are the inner and outer radii of the
cylindrical layer, respectively. Regions R, and R
free space. In

0 =10<r<r,0<p<27,—0<z<+oo}and

Rn+] :{}"Z}"

n+l>

represent

particular,

0<p<27,-w<z<+w}. The coil is
located in the plane z =z, perpendicular to the axes of the

tubes.
Due to axial symmetry the vector potential has only one
nonzero component in each region R.,i=0,1,2,.n + 1 which

is the function of r and z only. We assume that the electric
conductivity &,and magnetic permeability z,in region R, is

modeled by the followmg relations
H,=popr®, 0, =ocr?, i=12,..n, (D

where ¢ and f are given constants and 4 is the magnetic

constant.
The system of equations for the amplitudes of the vector
potential in regions R,,R,,.., Rwhas the form (see, for

example, [6]):

0’4, 104, A, 0°4,
— -—+ =—u,lo(r—ry)o(z—z,),
S = [6(r = 1)8(2 ~ 2,)
(2)
(1 a;) 04, (l+a, T+ oprretho g,
8r2 r o\ 2 ! ! 3)
0’4
+—=0,
0z
a2An+1 laAnH _ An+1 T a2An+1 =0, (4)
or? r or r? 0z?
where p, = / JOO o, j is the imaginary unit and @ is

the frequency of the current in the coil.
Applying the Fourier transform of the form

A, )= [A,(r,2)e Fdz, =0, n+1 )

to (2)-(4) we obtain
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d*4, 1dd, A4, .~
+—— - VA, =—pu le S (r —1y),
dr? rodr r’ 0 #o ( o)
(6)
d*4, (1-a,)dd, ~
21 + ( az)fz_ lZAi
dr r dr @)
1+ .
- (rza+ plreh jA =0, i=12,.,n
,~ ~ ~
d A;1+l l dAn+l _ An+l 12 _ 0 (8)
dr rodr r?
The boundary conditions are (see [6]):
- ~ dA 1 d4
AO |r:r| = Al ‘r:n 4 . ‘r:q = . r=n " (9)
dr M, dr
~ ~ 1 d4, 1 dd,,
Ai |r:r = Ai+1 ‘r:r, > — r=ry = l |1:r,1 >
;ui d}" :ui+l dl”
i=12,.n, (10)
~ dA dA
An ‘r:r,,” = n+l |r:r,,‘1 > 1 - = - ' (1 1)

U, dr =Ty dr ‘V='"n<1

In addition, ZO is bounded at » = 0 and Z”H is bounded as

r— .

In order to find the solution to (6) we consider two sub-
regions, R and R, , of region R, namely,
Ry ={0<r<7,,0<p<27,—0<z<+ow}and
Ry =1{r,<r<r,0<@p<2z,-0<z<+o}, respectively.

The solutions in regions R, and R are denoted by Z and

A o1 » Tespectively. The bounded solution to (6) in region R

Ay (r,2) = B\1, (Ar). (12)
The general solution to (6) in R, has the form
Ay, (r, A) = B,1,(Ar) + B K (Ar). (13)

Here ,(Ar)and K, (Ar)are the modified Bessel functions of
order 1 of the first and second kind, respectively.
The functions ZOO (r,A)and 4, (r, A) satisfy the following

conditions at = Ty

5 dd,, dd,

01 ‘r:rﬂ 4 dr ‘r:rﬂ d}" ‘r:rﬂ

—ildzg |

=—p,le

AOO |r:rﬂ

(14
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The first condition in (14) reflects the fact that the function
ZO (r, A) is continuous at = ,, while the second condition in

(14) is obtained integrating (6) with respect to r from , — ¢
to r, + ¢ and considering the limit in the resulting expression

as & > +0.
The bounded solution to (8) is

A (r,A)=D, K, (Ar). (15)

n+l

The solution to (7) can be expressed in terms of different
special functions. For example, the solution to (7) for the case
ai = —1’ ﬂi = —1 iS

1,0r) ) K,(r)
Jr Jr

where v =,/ p? +1/4 (see [12]).

Arbitrary constants B,,B,,B,,C,,D,(i =1,2,., n) and
D, ., can be found from conditions (9)-(11) and (14). Then the

solution in each region R ,i=0,

D (16)

~ K
A, (r,A)=C, ;

s

n + 1 can be found by

gerey

means of the inverse Fourier transform of the form

4,(r,2)= i [4,(r, )¢ dA. (17)

It can be shown that the induced vector potential in free space
due to multilayer conducting tubes has the form

4" (1 2) = == [ B,1,(Ar)e™ da. (18)
2z =,

Three applications of the theory presented in this section are
considered in detail in the next two sections: (a) a coil inside
an unbounded cylindrical layer, (b) a coil inside a two-layer
tube and (c) a coil outside a two-layer tube.

III. A COIL INSIDE A CYLINDRICAL REGION
Suppose that a single-turn coil with alternating current is
located inside a cylindrical region
R ={r2r,0<p<27,—w<z<+mn}(see [13]). The
radius of the coil, 7, is chosen as the measure of length
(7, < r,)- The solution in region R is given by (12) and (13).
The solution to (7) in region R, that is bounded at infinity has

the form

K, (Ar)

(19)
Jr

Zl(raﬂ'):Dl

The unknown constants B , B,,B,and D, in (12), (13) and
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(19) are determined using conditions (9) and (14). In
particular,

_ M Il 1(A) 7y

, (20)
2 V2

B

2

where

7, =2nAK (An)K,"(Ar)
=K, (Ar)[K,(Ar) + 2r,p AK " (An))],

7y =2nAp, K, (A1, (Ary)
+ 1, (Ar)[K, (Ar) = 2 AK, " (Anr)].

The induced vector potential in free space due to the presence
of a cylindrical region is given by (18) and (20). The induced
change in impedance of the coil is given by the formula (the
case z, =0 is considered below)

Zind :%§A(l)}’ld (V,Z)dl, (21)
L

where L is the contour of the coil. Substituting (18) and (20)
into (21) we obtain

z" =2arf pZ, (22)
where
z = [ L2 ayda. (23)

072

Formula (23) is used to compute the change in impedance of
the coil. Calculations are performed with “Mathematica” since
it has built-in functions to evaluate modified Bessel functions
of complex order. “Mathematica” program which is used to
compute the change in impedance (23) is shown in Fig. 1. The
results of computations are shown in Fig. 2. The calculated
points (from top to bottom) for each curve correspond to the
following values of 7 :1,2,..,10.The parameter 7 is defined

by n=r,Joo, u,pu, (in this case p, :77\/7). The three

curves in Fig. 2 (from right to left) correspond to the cases
r=12;1.4 and 1.6, respectively.
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2 XK {*— 3 : o . ,
N . Fig. 2. The change in impedance of a coil for different values of 7, .
. r
L, x Ir2; IV. A COIL INSIDE A TWO-LAYER TUBE
Consider a single-turn coil of radius 7, located inside a two-
+ 7 iy —MaxRecpsien (1 50 L layer tube (see [14]). The electric conductivity and magnetic
datal = = permeability of the inner layer are given by formula (1) while
data? 4T a1 110 the electric conductivity o, and magnetic permeability 4, of
data £l i 13 d:tal. the outer layer are constants. The outer layer is unbounded in
1ol [1 |2 the radial direction. The solution in region R, is given by (12)
grl  zh by Plotstyle and (13). The solution to (7) in region R is
yEBize D ; 1 [
hism] ayFunction (| Identity | d(ay=c 4D KGN (24)
gr2 h I dl Ju Axe: Jr Jr
i Frue, Finally, the bounded solution to (8) in region R, is
Di i o= 2
e Wl T . 4,(r,.2) = DK (4r), (25)
Show b qr2 gL qr2 grl R
gr2 D layFurﬂT $DisplayFunction where ¢ = m _
Remove [ T

Fig. 1. “Mathematica” program for numerical calculation of the
change in impedance given by formula (23).

It is seen that the modulus of the change in impedance
increases as the parameter 7 increases (that is, if the frequency

increases). In addition, the change in impedance is larger when
the coil is closer to the cylindrical region.
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It is convenient to choose the radius of the inner coil, r,, as the
measure of length. In this case r, represents the ratio of the
radii of  the tube. The unknown constants
B,,B,,B,,C,,D,and D, in (12), (13), (24) and (25) are
determined from the boundary conditions (14) and (9)-(11)
with »# =1 . In particular,

B, =~y u dr’r 1, (Ar,), (26)
where V=775 and

7o =K (DIAU,(A)=1,(A)/2-y(AK," (1) 27)
- K, (A)/2] =, AK, (DL, (1) = 7K, (D],

vs =1 (DAL, ()= 1,(A)/2 -y (2K, " (1) (28)

=K, () 2] = w AL (A, () = 76K, (D)]-
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The parameter yin (27) and (28) is defined by

Ve =V1/7s
where

77 :ﬁqu’(qrz)lv(/irz)_/uzKl(qrz)[ﬂ[v'(/lrz)
=1, (Ary) (2r,)],

vs = HgK | '(qry))K, (Ary) — 1, K (gry)[AK ' (Ary)
=K, (Ar,) (2r,)].

Using formulas (18), (21) and (26) we obtain the change in
impedance of the coil in the form

7 ind

where

=-2ou (,rlzroZ,

Z:J.J-73[12(/1ro)d/1~ (29)
0

Formula (29) is used to compute the change in impedance of
the coil for different values of the parameters of the problem.
In order to minimize the number of the parameters of the
problem we introduce the following dimensionless variables:

0, = oo uu, ad  s=Jo,u, (o) so  that

po=mAlj» p,=n,Jj and 5, =sn,. Fig. 3 plots the
real and imaginary parts of the change in impedance for three
different values of r,:1.1,1.2 and 1.3 (from right to left). The

curves correspond to the following values of
7, =3,4,..,10 (from top to bottom). The other parameters are

.

u=Lu,=4r,=09,5s=15.

m bkl [

0.25 0.3 0.35

-0.1

-0.2

Fig. 3. The change in impedance computed by formula (29) for three
different values of r, .
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It is seen from Fig. 3 that for higher frequencies (larger values
of 7,) the modulus of the change in impedance decreases. The
decrease is related to smaller values of the real part of the
change in impedance.

The values of Z for three different values of 4, , namely,
1, = 2;4;6 (from left to right) are plotted in Fig. 4. The points

on each curve correspond to the following values of
n, =3,4,.,10 (from top to bottom). The other parameters are

setat 4, =1,r, =1.1,1,, =0.9,s=1.5.
w bl L] D
AV

0.25 0.3 0.35 0.4

Fig. 4. The change in impedance computed by formula (29) for three
different values of 4, .

It follows from Fig. 4 that for high frequencies (large values of
n,) the calculated points are very close to one another as the

parameter g, increases.

V. A COIL OUTSIDE A MULTILAYER TUBE

There are many different types of eddy current probes that
are used to control the properties of objects with cylindrical
symmetry. Encircling coils are widely used for inspecting
cylinders, rods or tubes. Mathematical models described in the
previous sections can also be applied for the case of encircling
coils. Consider a multilayer tube described in Section I1I. We
assume that a single-turn coil of radius 7 is located outside the

tube ( ro > 1 ). The axis of the coil coincides with the axis of

the tube.

The system of equations for the amplitudes of the vector
potential in each region
R, ={r,<r<r, ,0<p<2r,—0<z<+0},i=12..nis
given by (2)-(4) where r, (the radius of the coil) is larger than
r, (the radius of the inner cylinder of the tube). The solution
procedure is essentially the same as in Section II with minor
modifications. Applying the Fourier transform to (2)-(4) we
obtain the system of equations in the form (6)-(8). The
boundary conditions (9)-(11) are the same. For the case of an
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encircling coil we have to assume that ZO is bounded as
7 — oo and Z”H is bounded at » = 0 . As a result, the solution
in regions R 0and R, has to be modified. We consider two

sub-regions of region R, namely, R and R, which are

0°

defined as follows:

Ry={rn<r<r,0<p<2r,—ow<z<40},
Ry ={r>r,0<p<27,—0<z<+wo}. The solutions in
R, and R are denoted, as before, by ZOO and Zm,

respectively. Solving (6) in regions R ,and R we obtain

Ay (r,A)= B, 1,(Ar) + B,K,(Ar) 30)
and
Ay (r,A) = B,K (A7) 31
The bounded solution to (8) in region R is
A, (r, ) =D, 1,Gr). (32)

where g = /1% + pr .

It is assumed here that the electric conductivity and magnetic
permeability of the layer that contains the point r =0 are
constant.

The solution in other conducting layers can be constructed as
in Section II. For example, if a, = —land B, =-1, the

solution is

~ 1,(4 K, (4
A= W) K0 (33)
7 3
where V:Jp/_z +1/4.
The constants B ,B,,B,,C,,D,,i=12,.nand D  can

be determined from the boundary conditions (9)-(11) and (14).
It can be shown that the induced vector potential in this case is
given by

A" (r,2) = B,K,(Ar). (34)
Applying the inverse Fourier transform (17) to (34) we

obtain the induced vector potential due to a multilayer tube in
the following form

A, (r,z) = 1 IBZKI(lr)eMZdl. (35)
2 °,

As an example we consider the case where a single-turn coil of
radius y, is located outside a two-layer coaxial conducting
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tube. The inner radius of the tube, 7, is chosen as the measure
of length. The conducting layer (region R ) is defined by the
inequalities: R ={1<r<r,,08p<27,-0<z<+w0}.
The electric conductivity and magnetic permeability of region
R,are given by (1). The properties of region
R,={0<r<r,,0<p<27,-0<z<+w}(o,andy,) are
assumed to be constant.

It can be shown that the change in impedance of the coil
due to a two-layer tube is given by

Z"™ =201 r 1,2, (36)
where
7= j[ Lok} (ar)da @37
0 710
and

Vo =— AL (DK, (A)+ 1, (2)]
+ 1, (D[AK (1) -0.5-K,(A)
+ 1 ALL(A) = 0.5 7,1, (A)],

Vio = —HAK, (DK, (A) + 7,1, (A)]
+ K, (AD[AK(1)-0.5-K,(A)
+ 73ﬂ“[v/ (A)=05-y,1,(A)]

Here

/4
7 =-—2,
713

712 =2r2,t7q11/(qr2)Kv(/1r2)
_ﬂzll(qrz)[zrz/?“]{uj(ﬂrz)_Kv(/irz)]a

A = 2rzﬁq[1/(qr2)lv (Ary)
_ﬂzll(q"z)[zrz/uli(ﬂrz)_[v(ﬂrz)l

Results of numerical calculations using formula (37) are
shown in Fig. 5. The following values of the parameters are
used for calculations: 4, =1,4, =5,7, =0.9,5=1.3.The
points on each curve correspond to the values of
n, = 3,4,...,10 (from top to bottom). The graphs in Fig. 5 are
shown for the following three values of 7, : 1.1, 1.3 and 1.5

(from right to left). It is seen from Fig. 5 that for larger values
of 7, the induced change in impedance is weaker: the modulus

of Z decreases as the distance from the coil to the tube
increases.
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w bl L

0.05 O

U

O.i5 O.‘2 0.25 O.‘3
-0.1¢
-0.2 ¢t
-0.3¢
-0.4

-0.5

Fig. 5. The change in impedance computed by formula (37) for three
different values of s, .

VI.  OTHER ANALYTICAL SOLUTIONS

Equation (7) is the second order ordinary differential
equation with variable coefficients that depend on two
parameters ¢, and f,. As it is shown in the previous sections

the solution to (7) for the case o, = —1, B, = —11s expressed

in terms of the modified Bessel functions (see (16)). It is
possible to construct closed-form solutions to (7) for other

combinations of the parameters a, and B If
a,=-2, B, =0 the solution to (7) can be written in the form
(see [12]):
~ I (Ar K (Ar
A,(r,2)=C, n{ )+D,, n{ ).
r r

A one-parameter family of analytical solutions is obtained for
the case a, 21, a, + B, =-2. The solution to (7) in this case

is (see [12])

A,(r,A)=Cr“"*I_(Ar)+ D,r*"*K (ir),

aZ
where ~ = 1+05,-+4i+l7f2'
In addition, if ¢, # 1, «, + B, = —1¢equation (7) reduces to
d*4, (1-a,)dd, ~
i +( ar) i —/’LZAi
dr’? r dr
1+a, 2
—[ i +1”JA,.=0, i=1.2,.m,
r r

Issue 4, Volume 5, 2011

787

which is a particular form of the confluent hypergeometric
equation

2
d f+(a+bjdy+[c+d+ijy:0
dx x ) dx X x

with

a=0,b=1-a,,c=-A",d=-p],e=1+a,(see
[15]). In this case the solution to (7) can be expressed in terms
of Whittaker functions (see [15]).

Probably, other analytical solutions of equation (7) can be
constructed for other combinations of the parameters aiand

ﬁi'

In summary, the idea of using relatively simple model one-
parameter electric conductivity and magnetic permeability
profiles allows one to obtain different analytical solutions that
can be used in eddy current testing of objects of cylindrical
shapes with varying electric conductivity and magnetic
permeability.

VII. CONCLUSION

The change in impedance of a single-turn coil with
alternating current located inside or outside a multilayer tube
with arbitrary number of conducting layers is obtained in the
present paper. The electric conductivity and/or magnetic
permeability of each conducting layer are assumed to be power
functions of the radial coordinate. The closed-form solution is
expressed in terms of improper integral containing Bessel
functions. It is shown that for some combinations of the
parameters the solution in a conducting layer with variable
properties can be expressed in terms of different special
functions (Bessel functions and Whittaker functions).
Theoretical model is developed for an arbitrary number of
concentric conducting layers. Three examples are considered
in detail. The first two examples correspond to the case where
a coil is located inside a multilayer tube: (a) the case of an
infinite outer conducting layer with varying properties and (b)
the case of a two-layer tube where the electric conductivity and
magnetic permeability depend on the radial coordinate. In
addition, the case of a coil located outside a two-layer tube
with varying properties considered as well.

Results of numerical calculations for all three examples are
presented. Calculations are performed with “Mathematica”.

There are at least two cases where analytical solutions for
eddy current testing problems can be helpful. First, analytical
solutions suggested in the present paper can be used to solve
inverse problems in cylindrical geometry where the electric
conductivity and magnetic permeability of each conducting
layer depend on the radial coordinate. Second, analytical
solutions are often used to test numerical algorithms developed
for more complicated cases (examples include equations with
variable coefficients where the coefficients depend on more
than one variable or nonlinear equations).
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