A subclass of quasi self adjoint lubrication
equations: conservations laws

M.L. Gandarias and M. S. Bruzén

Abstract—In [20] a general theorem on conservation laws
for arbitrary differential equation has been proved. This new
theorem is based on the concept of adjoint equations for non-
linear equations. The notion of self-adjoint equations and quasi
self adjoint has been also extended to non-linear equations. In this
paper we consider a generalized fourth-order nonlinear partial
differential equation which arises in modelling the dynamics
of thin liquid films. We use the free software MAXIMA pro-
gram symmgrp2009.max derived by W. Heremann to calculate
the determining equations for the classical symmetries of the
modified lubrication equation. We determine the subclasses of
this equations which are self-adjoint and quasi-self adjoint and
we find conservation laws for some of these partial differential
equations without classical Lagrangians.

Index Terms—Symmetries, partial differential equation, exact
solutions,Self-adjointness,Conservation laws

I. INTRODUCTION

We consider the fourth order degenerate diffusion equation
w =~V - (f)V - (Au)) (1)

in one space dimension. This equation, derived from a ‘lubrica-
tion approximation’, models surface tension dominated motion
of thin viscous films and spreading droplets. The equation with
f(u) = |u| also models a thin neck of fluid in the Hele-Shaw
cell. The thin-film dynamics if the liquid is uniform in one
direction can be modeled by the one-dimensional equation

u stands by the thickness of the film, the fourth order term
reflects surface tension effects

Uy = _(f(u)uzzz)z (3)

In previous papers [2],[12] we have classified the classical
symmetries admitted by the generalized equation (3) and a
modified version given by

Ut = _f(u)uzzzz- (4)

By using symmetry reductions we found that for some par-
ticular functional forms of f the one-dimensional lubrication
model admits some solutions of physical interest as similarity
solutions, travelling-wave solutions, source and sink solutions,
waiting time solutions and blow-up solutions. We were also
able to characterize those solutions as solutions for some
lower-order ordinary differential equations (ODEs) and more-
over we obtained some particular solutions. In a previous paper
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[8] we have derived the subclasses of equations which are self-
adjoint. For these classes of self-adjoint equations we apply
Lie classical method and determine the functions for which
equations (4) have additional symmetries. We also determine,
by using the notation and techniques of [20], some nontrivial
conservation laws for (4).

Many equations having remarkable symmetry properties and
physical significance are not self-adjoint. Therefore one cannot
eliminate the nonlocal variables from conservation laws of
these equations by setting v = u, [21] generalized the concept
of self-adjoint equations by introducing the definition of quasi-
self-adjoint equations.

The aim of this paper is to determine, for the general-
ized modified equation (4) the subclasses of equations which
are quasi-self-adjoint. For these classes of quasi-self-adjoint
equations we apply Lie classical method and determine the
functions for which Eqs. (4) have additional symmetries.

We show how the free software MAXIMA program sym-
mgrp2009.max, derived by W. Heremann, can be used to cal-
culate the determining equations for the classical symmetries
of the generalized modified equation (4). We also determine,
by using the notation and techniques of [20] and [21] some
nontrivial conservation laws for Egs. (4).

A. Classical symmetries

In a previous work, we have studied equation (4) from
the point of view of the theory of symmetry reductions in
partial differential equations. We have obtained the classical
symmetries admitted by (4) for arbitrary f and the functional
forms of f for which equation (4) admits extra classical
symmetries. We have used the transformations groups to
reduce the equations to ODE:s.

To apply the classical method to equation (4), one looks for
infinitesimal generators of the form

v =E&(x, t,u)0r +n(x, t,u)0 + U(x, t,u)0y,

that leave invariant these equations.

B. Symbolic manipulation programs

In this section we first show how the free software MAX-
IMA program symmgrp2009.max derived by W. Heremann
can be used to calculate the determining equations for the
classical symmetries of the modified lubrication equation (4).
To use symmgrp2009.max, we have to convert (4) into the
appropriate MACSYMA and MAXIMA syntax: z[1] and z[2]
represent the independent variables x and ¢, respectively, u[1]
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represents the dependent variable u, u[1, [1, 0]] represents u,
u[l, [2,0]] represents w,,, u[l,[4,0]] represents uyzq,, and
u[l, [0, 2]] represents ;. Hence (4) is rewritten as

u[1,[0,1]] + f = u[1, [4, 0]

with f = f(u). The infinitesimals &, 7 and ¢ are repre-
sented by etal, eta2 and phil, respectively. The program
symmgrp2009. max automatically computes the determining
equations for the infinitesimals. The batchfile batch containing
the MAXIMA commands to implement the program symm-
grp2009.max, which we have called lubrimo.mac is
kill(all);

batchload("c:\\cla

\\symmgrp2009.max") ;

/* u_t = f(u)u_xxx=*/

batch ("c:\\camb\\lubrimo.dat");

symmetry (1,0,0);

printegn (lode);

for j thru g do
(x[Jj] :=concat (x,73));
for j thru g do
(ulj] :=concat (u, J));
v (lode) $

gnlhode:ev (%, x1=x,x2=t,ul=u);
grind:true$

stringout ("gnlhode",gnlhode) ;
derivabbrev:true;

The first lines of this file are standard to symmgrp.max and
explained in [9]. The last lines are in order to create an output
suitable for solving the determining equations. This changes
z[1], z[2] and u[1] to x, t and u, respectively. The file lubri.mac
in turn batches the file lubrimo.dat which contains the requisite
data about (4).

p:2$

g:1s

m:1$

parameters: [a,bl$
warnings:trues$
sublisteqgs:[all]$

subst_deriv_of_vi:true$
info_given:true$
highest_derivatives:all$

depends ([etal,eta2,phil],
[x[1]1,x[2],ull]]);
depends ([£], [ulll]);
el:ufll,[0,1]1+fxull, [4,0]17];
vi:u[l,[0,1]171;

’

The program symmgrp2009.max generates the system of
twenty eight determining equations. From this system we get
§=¢(x,),
7 =71(t),
¢ = a(z, t)u + B(x,t)

and the following five determining equations

(zosa [t o) ut Brzza f+ 06 =
A féltafuut fri+Bfu
—f (B&ee —20a)

—f (2% 2z —30z2)
—flovae— & +4ape f =

Il
© oo oo

5)
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Solving these equations we find that if f is an arbitrary
function, the only symmetries that are admitted by (3) are

V1 = (91, Vo = (915.
v3 = x0, + 4t0;

The functional forms of f which have extra symmetries and
the corresponding generators are:

f(u) =clu+b)? flu)=ye (6)
We can take in (6) c=1,0=0,a=-1,y=1

Case 1: f(u) =u®, a#§
Vi :az;
ve = 0y,

vy = 0, + 4t0;
vy = —atOy + U0y,

vs = a0, + (4 — ga)t&g + guau

Case 2: f(u) = u®/3,
Vi = 617
V2 = atu

V3 = Iax + 4t8t
V4 = —atd; + u0y,
vy = 220, + 3zud,

Case 3: f(u) =e™ "

Vi = azv

vy = 04,

vy = 20, + 4t0;
vy = 20, — 40,
V5 = t@t + 8u

II. OPTIMAL SYSTEMS AND REDUCTIONS

In order to construct the one-dimensional optimal system,
following Olver, we construct the commutator table and the
adjoint table which shows the separate adjoint actions of each
element in v;, ¢ = 1...5, as it acts on all other elements.
This construction is done easily by summing the Lie series.
An example of these tables, corresponding to f(u) = u?®,

appear in the Appendix.
In [13], reductions of the equation (4) to ODEs were
obtained using the generators of the optimal system.

A. Reductions for f arbitrary
1 Reduction with the generator uvy + va

z=x—ut, u=uw, 7)

and the ODE
f( ) ////_'_'LLw —O (8)

2 Reduction with the generator vy
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and the ODE

3 Reduction with the generator vg

x1/4
==, u=uw,
t
and the ODE
Af(w)w"" + 20" =0
B. Reductions for f =u® a = —s&, 3= -4
1 Reduction with (A + 2 — 3)vs + vy
z=t"%, u=tlw,
and the ODE
w'W"" + azw’ — pw =0
2 Reduction with Avy + (£ — 3)vs + vy
z= £U€_§, U= e%w,
and the ODE
adw®w”’ +azw' — 4w =0
3 Reduction with (2 — 2)v3 + vy
2=t u= x%w,
and the ODE
4 4 4 4
(== 1)(==2)(= = 3wt =0
R e e

4 Reduction with uvy + vg

z=x+Einft], u= tarw,

and the ODE
wozwllll _ ‘LLWI + w= O
5 Reduction with the generator pvy + va

=z —ut, U=w,

and the ODE
waw//// + uw/ — O

6 Reduction with the generator vy

and the ODE
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C. Reductions for f = ub

® Besides the previous reductions we get
7 Reduction with A\2v; + A\ava + Vs
(10) 1 o Lt
z=— —
A1 A X
u=(z+ )\%)%w,
(11)
and the ODE
(12) Dowi W + 10)\%)\2w%w” +uw' + 9)\‘11)\2w% =0
8 Reduction with A\2v; + \av3 + Vs
! atan— + 5 In|t|
z=— —+ —
(13) A At 8A ’
A
u=(x? + /\%)%e%atan%w,
(14)
and the ODE
s 8kw? (W + 4kw" + 2(5)3 + 3k%)w’+
(15) 4k(5X2 + k2)w') — 3¢~ F 2w+
8k(k* + 10A3k% + 9X}) ws =0
(16) 9 Reduction with Avy + v
L1t
(17 r A
u=azw,
and the ODE
(18)
i —w' =0
(19) 10 Reduction with Avs + vs
c= Ly By
(20) r 8\
U = x3e_%w,
and the ODE
(21)
8kw3 (—w"" + 4kw" — 6k2w" + 4k3w')—
357w — 8kSwT =0
(22)
11 Reduction with A\?>vy + v5
z=t, (2%+\2)3w,
(23)
and the ODE
(24) W —ONWE =0
807

(25)

(26)

27)

(28)

(29)

(30)

€1y

(32)

(33)

(34)
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D. Reductions for f =e "

Besides the previous reductions for f arbitrary we get

12 Reduction with vg + Avy

1

z=uxt >,
35
N—4 (35)
u= In|t| + w,
and the ODE
e YW 20 —XN+4=0 (36)
13 Reduction with Avgy + v3
z=e %c,
4t 37
U=w——
)\ b)
and the ODE
e YW 420 +4=0 (38)
14 Reduction with vg
z =1,
(39)
u = —4In|z| + w,
and the ODE
W' =247 =0 (40)
15 Reduction with uvy + vy
z =x — pln|t],
(41)
u = w + Inlt|,
and the ODE
e W 4+’ —1=0 (42)
16 Reduction with puvi + vy
z =x — ut,
(43)
U= w,
and the ODE
e—wwllll + Mw/ — O (44)
17 Reduction with v;
z =1,
(45)
U= w,
and the ODE
Ww=0 46)

In [13] we have discussed some interpretation of the simi-
larity variables in the reductions of the lubrication equation as
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well as in the reductions of the modified lubrication equation
and we have provided some particular solutions.
e For f(u) = u? Eq. (18) is a first order equation that can
be easily solved, in this way we have obtained a family
of waiting-time solutions (if a # 2 or 4) given by

2t [Alto—1)]"F 2>0

u(:v,t)z{ ’

x <0
A=4CHDC -G -9 -3)

o For f(u) = e~ Eq. (40) is a first order equation, solving
it we get that the corresponding similarity solution

(x — x0)?
t) = —In—r 10}
u(@, 1) n24(t+t0)
describes a localized blow-up at = = xg.
o For f(u) = u3, using reduction (33) we get a new

solution with blow-up at ¢ = ¢, given by
3(22 2\4

u(z,t) = 3"+ A7 .
8\ (tg — t)

III. ADJOINT AND SELF-ADJOINT NONLINEAR EQUATIONS

The following definitions of adjoint equations and self-
adjoint equations are applicable to any system of linear and
non-linear differential equations, where the number of equa-
tions is equal to the number of dependent variables (see [20]),
and contain the usual definitions for linear equations as a
particular case. Since we will deal in our paper with scalar
equations, we will formulate these definitions in the case of
one dependent variable only.

Consider an sth-order partial differential equation

F(x7u,U(1),...,U(S)) =0 (47)

with independent variables x = (z!,...,2") and a dependent
variable u, where u(;y = {u;}, w2y = {us;},... denote the
sets of the partial derivatives of the first, second, etc. orders,
w; = Ou/0z’, u;; = 0?u/0x'0x7. The adjoint equation to
47) is

F*(l',U,U,U(l),U(l),...,U(S),U(S)) = 07 (48)
with
X (v F
F (I,U,’U,U(l),’l)(l),...,’LL(S),’U(S)): %7 (49)
where
0 0 > 0
5= g T ;( )'Diy - Digom—  (50)

denotes the variational derivatives (the Euler-Lagrange opera-
tor), and v is a new dependent variable. Here

D 0 + 0 + 0 +
= — U + Ui — - -
ox' ou 7 Ou;
are the total differentiations.
Eq. (47) is said to be self-adjoint if the equation obtained

from the adjoint equation (48) by the substitution v = u :

F*(x7u7u7u(l)7u(1)7 .. '7u(5)7u(5)) =0,
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is identical with the original equation (47). In other words, if

F*(I,U,U(l),U(l), v
(b(zauvu(l)v o

7U(S))U(S)) = 51
.)F(I,U,U(l),...,U(S). ( )

A. General theorem on conservation laws

We use the following theorem on conservation laws proved
in [21].
Theorem Any Lie point, Lie-Bicklund or non-local symmetry

i 0 0

X = g (Ia uvu(l)v .. )% + 77(1:7’“7 u(l)a . )%
of Egs.(47) provides a conservation law D;(C%) = 0 for the
simultaneous system (47), (48). The conserved vector is given

by
oL oL
o, (aT)

(52)

Ci= €L+W

(53)
oL oL
D,(W —D
D0 |5 = D (o) 4+
oL
+ J k(W) |:(9’U,”]g :| + )
where W and L are defined as follows:
W:n—{juj, E:vF(x,u,u(l),...,u(s)). 54)

B. The class of self-adjoint equations

Let us single out quasi-self-adjoint equations from the
equations of the form (4),

Ut = f(u)ummww

The result was given in [8] by the following statement.
Theorem
Eq. (4) is self-adjoint if and only

Proof. Eq. (49) yields

F* = (;iu[v(ut - fummww)]

(55)
=—Dw — D;l (f’U) - flvu;ﬂmw:m
where
+6 [ UpzVaz + 6" (Uz)?Van
! 1"
F4f UpraVe + 12 UpUpr Uy (56)

+4flll(um)3vm + f/ummwwv
+4flluwuzwwv + 3f”(umw)2v
+6f”/(ux)2uxmv + f////(ux)ﬁlv.

By substituting (56) into (55) it follows that the class of adjoint
equations to class of equations (4) is

—Ut — fvzxzz - 4f/uzvxacac - 6f/uzxvxac
_6.]0//(,“1)2,0&” - 4f/uxmxvx

After setting v = w in (57) we obtain that F* =
fugzqe) if and only if f(u) satisfies

—(Ut —

fruf =0,

whose solution is

gle

Many equations having remarkable symmetry properties and
physical significance are not self-adjoint. Therefore one cannot
eliminate the nonlocal variables from conservation laws of
these equations by setting v = wu. In [21] the concept of
self-adjoint equation has been generalized by introducing the
definition of quasi-self-adjoint equations.

Equation (47) is said to be quasi-self-adjoint if the the
adjoint equation (48) is equivalent to the original equation (47)
upon the substitution v = h(u) with a certain function A(u)
such that h'(u) # 0. We consider again (4) and we substitute

v = h(u)
Ve = h’ut
vy = h'ug

Vpz = W gy + h/"u2

Vggr = h/uxxz +3 h" Ug Uy ¢ + n" (UI)

Vgzaxx = hluwwww + 4h/lumu;ﬂmw + 3huu (umm)z
16 huu (Uz)? U + B ()

3

in the adjoint equation (57) and we get

_fh/uwwwz - 2flhummmw - 4fh”u;ﬂ Ug x
_8f”h/u;ﬂummw _4f”humu;ﬂzw

—3fh" (upe)’ =6 F h (ugs)

=3f"h (umm)2 —6fhn" (um)2 Ug o

—18 ' n” (uz)2 Ugz — 18 "R (ux)2 Uy 2
-6 f///h (UI)Q Upy — fh//// (Um)4

4 f/ B (Uz)4 —6 f// NG (Uz)4

—4 " h (ug)t = " h (ug)t — B uy = 0.

Hence
follows

the condition of quasi-self-adjointness is written as

_fh/uxzx:c - 2f/huxx:cac - 4fh”ux Ug x
—8f" W Uz tgre — 4" hugUszs

—3FN (Uas)’ =6 h (tUns)?

3" h (upe)? =6 F R (ug)? sy

18 f' R (u2)? g — 18 7B (up)? Upa
—6f"h (UI)Q Upy — [ (ux)4

4 f/ I (Uz)4 —6 f// B (u1)4

4 f/// 1Y (Uz)4 _ f//// h (Uz)4 — R u; =0
_A[ut - f(u)uzz:c:c] =0

" " 3 i
_125 Ug Uz Vs — 4{ (u$)2 Ve = [l Uazeav (57 where ) is an undetermined coefficient.
_4f UgUggaV — 3f (uww) v
—6f" (uz)?Upav — f" (Ug)*v — fOULzzz = 0. Hence the following conditions must be satisfied
Issue 4, Volume 5, 2011 809
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A+h =0
FA—FfR —2f h=0
fhll+2flhl+fllhzo
fh///+3f/h//+3f//h/+f///h:O
3FR +6f KW +3f h=0
fh/I/I + 4f/ h/l/ + 6fl/ h/l +
4f/l/ hl + fl/l/ h — O
Hence A = —h' and h = ﬁ, namely the adjoint

equation becomes equivalent to the original equation upon the
substitution v = %

C. Conservation laws for a subclass of quasi-self-adjoint
lubrication equations

1 Let us apply the Theorem in conservation-laws to the quasi-
self-adjoint equation (4) with f(u) arbitrary: in this case we
have

ﬁ::@%—fmﬁ%m@)u (58)

We will write generators of point transformation group admit-
ted by Eq. (4) in the form

P a9
_ 1_ 2_ I
X=Cq 8% T,

Lz = z2. The conservation law will be

by setting t = «x
written

Dy(C") + D,(C?*) =0. (59)

Since we will deal with fourth-order equations, we will use
Egs. (53) in the following form:

o eciw[2 b, (L)
8’&1' ;

‘ J (60)
DD, ( oL )]
Ok
oL oL
D D4(W) |:8Uijk — b (8Uijkl>:|

oL
+D; DDy (W) (

Uijkl

Let us find the conservation law provided by the following
obvious scaling symmetry of Eq. (4):

0 0
X =4t— —.
ot + Y ox
In this case we have W = —4tu; — xu, and Egs. (53) yield
the conservation law (59) with

(61)

kg
Ol = - qu_Dz(4kuxxzx)a
s kuizx
C = — ktugpr — Dy (AkUgpna)-

f
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We simplify the conserved vector by transferring the terms of
the form D,(...) from C! to C? and obtain

kugx
ct = ==

f
szkutx—kumw.

f

2 Let us find the conservation law for f(u) = u® provided by
the following obvious symmetry of Eq. (4):

00
ot T ou

In this case we have W = atu; + v and Eqgs. (53) yield the
conservation law (59) with

X = (62)

C' = —ku'""+ D (aktuges),
C? = k(1 — a)uppe — Di(aktuzes).

We simplify the conserved vector by transferring the terms of
the form D,(...) from C' to C? and obtain

cl = —ku'Te

)

2 = k(-

) Uz

3 Let us find the conservation law for f(u) = u® provided by
the following symmetry of Eq. (4):
3 3
In this case we have
3 3
W= U~ TUa — (4 - §a)tut

and Eqgs. (53) yield the conservation law (59) with

kxu 3kul—?
ct = — L _
( u® 2
3
IL;<kt01—»7;)umwm>,
k k
c? = zgt + 5(5 —3a)Uggz—

m(m@—%mma.

We simplify the conserved vector by transferring the terms of
the form D,(...) from C! to C? and obtain

kzu 3kul—e
1T T
o - -(SE-),
k k
o = $”+§@—mmmm

4 Let us find the conservation law for f(u) = w3 provided by
the following symmetry of Eq. (4):

X=x0,+(4—- ga)t&g + guau. (64)
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In this case we have
W = 3zu — 2%u,

and Egs. (53) yield the conservation law (59) with

2 2
o - 3kuI8:v ' D, (3k3€, ),
2us 2u3
o 3kuyx?
C° = ———— —3kugzsx+3kug,

T
2us3

We simplify the conserved vector by transferring the terms of
the form D,(...) from C! to C? and obtain

ol 3k uy 2
2us
o 3kuyx?
s = —2#—3kuzmzx+3kuxz.
us

5 Let us find the conservation law for f(u) = e™* provided
by the following symmetry of Eq. (4):

X =20, — 40,. (65)
In this case we have
W =—4— xu,
and Egs. (53) yield the conservation law (59) with
Cl!' = 3ke“uyx+ D, (—4ke" ),
C? = 3ke*wz—3kupys
—D;(—4ke"x).
We simplify the conserved vector by transferring the terms of
the form D,(...) from C! to C? and obtain
C' = 3ke“uyz,
C? = —-3ke'wuz—3kugys.
IV. CONCLUSIONS
In this work we have considered the class of modified
nonlinear diffusion equations. By using free software Maxima,
we have derived the Lie classical symmetries. If f(u) = u®
or f(u) = e " the equation admits additional classical sym-
metries. We have determined the subclasses of this equations
which are self-adjoint and quasi-self adjoint. By using a
general theorem on conservation laws proved by Nail Ibrag-
imov we found conservation laws for some of these partial
differential equations without classical Lagrangians
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APPENDIX A
APPENDIX

(etal[ul]) = f, (etal[ulul]) = f, (etal{ululul]) * f,
(etal[ulululul]) * f, (eta2[ul]) * f2, (eta2[x1]) * f2,
(eta2[xlzl)) * f2, (eta2[zlxlxl]) * £2,

f# (2% (eta2[ul]) * (flul]) + (eta2[ulul]) * f),

I ((eta2]zl]) = (f[ul]) + (eta2[ulzl]) = f),

I * ((eta2]zlz1]) * (flul]) + (eta2[ulzlzl]) * f),

f = ((eta2]zlzlzl]) * (f[ul]) + (eta2ulzlzlxl]) * f—
etallul]), f * (3 * (eta2[ul]) * (flulul])+

3 x (eta2[ulul]) = (flul])+

(eta2]ululul]) * f),

f = ((eta2][z1]) = (flulul]) 4+ 2 * (eta2[ulzl]) * (f[ul])+
(eta2lululxl]) x f), f * ((eta2[z1lzl]) * (flulul])+

2 x (eta2[ulzlzl]) = (flul]) + (eta2ululzlzl]) * f),

fx (4% (eta2[ul]) * (flululul]) + 6 * (eta2[ulul]) * (flulul])+
4 % (eta2[ululul]) = (f[ul]) + (eta2[ulululul]) * f),

f = ((eta2]zl]) = (flululul]) + 3 * (eta2[ulzl]) * (flulul])+
3 x (eta2[ululzl]) * (ful]) + (eta2[ulululzl]) * f),

(flul]) * phil + (eta2[zlzlzlzl]) * f2 + (eta2]z2]) * f—

4% (etal[zl]) * f, f * (2 % (phil[ulzl]) — 3 * (etal[zlxl])),
f* (3 x (phillulzlzl]) — 2 * (etal[zlzlxl))),

f* (phillulzlalzl]) — (etallxlzlalel]) « f — etallz2],
(phil[ulul] — 4 * (etal[ulxl])),

(2 * (phillululzl])—

(etallulzlxl])), f * (3 % (phillululzlxl])—
(etallulzlzlxl])), f * (phil[ululul] — 4 * (etal[ululzxl])),
(2 * (phillulululzl]) — 3 * (etal[ululzlzl])),
(phillulululul] — 4 x (etal[ulululzl])),

hil[z2] + f * (phil[zlzlzlzl])

*
*
*
*
*
*
*

4
f
f
3
2
f
f
P

TABLE I
COMMUTATOR TABLE FOR THE LIE ALGEBRA Vvj.
Vi V2 V3 Va
Vi 0 0 0 Vi
v | O 0 —avy O
vy | O ava 0 0
va | —V1 3?“ —4)v2 0 0

TABLE 11
ADJOINT TABLE FOR THE LIE ALGEBRA V;.
Vi V2 v3 Va
Vi Vi v2 v3 V4 — €V
vz | V1 V2 V3 +aevey va
V3 0 e%va 0 0
va | e*vi (3 Devy  efvy e‘vy

Issue 4, Volume 5, 2011 812


user
Rectangle




