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Abstract—In the case of integro-differential splines we use the
values of integrals over net intervals. Integro-differential polyno-
mial splines were first used in the works of Kireev V.I. Integro-
differential nonpolynomial splines were used by the author of the
paper. The error of approximation and results of approximation
by the left integro-differential splines are represented in the
paper. We construct implicit numerical methods for solving
Cauchy problems by using polynomial and nonpolynomial left
integro-differential splines. Here we compare the quality of
approximation of different methods used for solving differential
equations.

Index Terms—Splines, Interpolation, Integro-differential
splines, Cauchy problem

I. INTRODUCTION

A large part of scientific computing is concerned with the
solution of differential equations ( [1]–[3]). Polynomial inter-
polation is quite useful for constructing numerical methods
for both ordinary and partial differential equations, especially
boundary-value problems ( [4]–[6]).

As is well known, approximation by splines, in many
cases.is preferable to polynomial approximation. Nowadays,
there are many different splines for solving different problems
( [7]–[16]).

Minimal interpolation polynomial splines were investigated
in detail in ( [17], [18], [20]). The distinctive feature of these
splines is the existence of interpolation basis. The support
of the basis spline contains one or several net intervals.
These splines are convenient for approximation functions and
their derivatives with given error of approximation. Minimal
interpolation splines are suitable for solving the interpolation
problems of Lagrange, Hermit, and Hermit-Birkhoff. The
solution is constructed as the sum of products of the values
of the function in the points of interpolation and the values of
basic functions (and maybe the values of their derivatives) on
every net interval separately.

Integro-differential polynomial splines were suggested in
the works of Kireev V. I. These case splines contain the values
of integrals over net intervals. Integro-differential nonpolyno-
mial splines were used by the author of the paper. Some results
were presented in ( [19], [21]).

Here we construct numerical methods for solving Cauchy
problem by using polynomial and polynomial integro-
differential splines. Numerical methods for solving Cauchy
problems by using minimal splines without values of integrals
were suggested by the author in ( [18]).
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II. ON NON-POLYNOMIAL INTEGRO-DIFFERENTIAL SPLINE
CONSTRUCTION

Let α,m,mα, lα, sα, n, p, q — be integer nonnegative num-
bers, lα ≥ 1, sα ≥ 1, mα = sα+ lα, m0+ . . .+mq + p = m,
{xk} be a net of ordered nodes, a < . . . < xk−1 < xk <
xk+1 . . . < b. Further it will be considered the grid of
equidistant points xk = a + kh, h > 0. Let function u be
such that u ∈ Cm([a, b]).

Suppose that φj , j = 1, . . . ,m, is a Chebyshev system
on [a, b], in which case the functions φj ∈ Cm([a, b]), j =
1, . . . ,m, are nonzero on [a, b]. We construct:

ũ(x) =

q∑
α=0

k+sα∑
j=k−lα+1

u(α)(xj) ωj,α(x)+

+δ

p∑
i=1

(∫ xk

xk−i

u(t)dt

)
ω<−i>
k (x),

for approximating the function u(x) on the interval [xk, xk+1].
Here δ = 1 or δ = 0. If δ = 0 then we put p = 0.
Functions ωk,α(x), ω<−i>

k (x) are such that suppωk,α =
[xk−sα , xk+lα ], α = 0, 1, . . . , q, suppωk,α ⊆ suppωk,β , β <
α, suppω<−i>

k = [xk, xk+1]. Functions ωk,α(x), ω<−i>
k (x),

x ∈ [xk, xk+1], are determined from the system of equations,
which are called the approximation identities:

ũ(x) = u(x), for u(x) = φν(x), ν = 1, . . . ,m.

We introduce the notations:

Φ(x) = (φ1(x), . . . , φm(x))T ,

Φα(x) = (φ
(α)
1 (x), . . . , φ(α)

m (x))T ,

Ψk,α = (Φα(xk−lα+1), . . . ,Φα(xk+sα)),

SΦp =

(∫ xk

xk−1

Φ(t)dt, . . . ,

∫ xk

xk−p

Φ(t)dt

)
.

Then the system determinant takes the form:

∆ = det(Ψk,0, . . . ,Ψk,q, SΦp).

Sometimes a numerical quantity of determinant (if h ̸=
const) may be approximately equal to 0. Suppose that for the
chosen values of parameters, the determinant is nonzero. Then
the basis functions ωj,α(x), ω<−i>

k (x) can be determined by
Cramer’s formulas. In particular, for finding the basis function
ωk,α(x) on the interval [xk, xk+1] the following relation can
be used:

ωk,α(x) = det(Ψk,0, . . . ,Φα(xk−lα+1), . . . ,
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Φα(xk−1),Φ(x),Φα(xk+1), . . .

. . . ,Φα(xk+sα) . . . ,Ψk,q, SΦp)/∆.

Then the constructed splines ωk,α(x), ω<−i>
k (x) and the

approximation ũ(x) have the following properties:
1) at the ends of each interval [xk, xk+1] we have u(α)(xk)=

ũ(α)(xk), u(α)(xk+1) = ũ(α)(xk+1), α = 0, 1, . . . , q, ũ ∈
Cq([a, b]);

2)
∫ xk

xk−i
u(t)dt =

∫ xk

xk−i
ũ(t)dt, i = 1, . . . , p;

3) for polynomial and trigonometrical system {φi} on
equidistant set of nodes with step h, we have |ω<−i>

k (x)| ≤
K̃i/h, |ωk,α(x)| ≤ C̃αh

α, here K̃i > 0, C̃α > 0 are certain
constants.

In general we assume that a nonpolynomial system of
functions {φi} is chosen in such a way that property 3 is
fulfilled.

Let system equations matrix consists of the units:
(Xj ,X (1)

j , . . . ,X (s)
j ), j = 1, . . . ,m, where

X = (1, φ(t), . . . , φm(t))T ,
X (i)

j = (0, (φ(t))(i)|t=tj , . . . , (φ
m(t))(i)|t=tj )

T .
Lemma. Let Ps be such that Ps = 2Ps−1 − Ps−2 + 1,

P0 = 0, P1 = 1. Then the following assertion is true:

det(X1,X (1)
1 , . . . ,X (s)

1 , . . . ,Xm,X (1)
m , . . . ,X (s)

m ) =

= (1! 2! . . . s!)m
∏

1≤j<i≤m

(φ(xi)−φ(xj))
(s+1)2

(
m∏
i=1

φ′(xi)

)Ps

.

Proof. Let us differentiate the Vandermonde determinant:

det(X1,X2, . . . ,Xs+1, . . . ,Xm(s+1))

as follows: once on x2; twice on x3; . . .; s times on xs+1.
After that we put x1 = x2 = . . . = xs+1, etc.

Example 1. Let us take X = (1, et, e2t, e3t)T . Now Xk =
(1, etk , e2tk , e3tk)T , X ′

k = (0, etk , 2e2tk , 3e3tk)T , k = j, j+1.
So we have: det(Xj ,X ′

j ,Xj+1,X ′
j+1) = etjetj+1(etj−etj+1)4.

III. THE ERROR OF APPROXIMATION

First we find the relation for u(x) for computing the approx-
imation error. Construct a homogeneous linear equation, which
has a fundamental system of solutions φ1(x), . . . , φm(x). Let
us find the function u(x) in the form convenient for obtaining
error estimation. First construct a homogeneous linear equation
Lu, which has a fundamental system of functions φi. Let us
construct the next equation for x ∈ [xk, xk+1] ⊂ [a, b]:

Lu =

∣∣∣∣∣∣∣∣
φ1(x), φ2(x), . . . φm(x), u(x)
φ′
1(x), φ′

2(x), . . . φ′
m(x), u′(x)

. . . . . . . . . . . . . . .

φ
(m)
1 (x), φ

(m)
2 (x), . . . φ

(m)
m (x), u(m)(x)

∣∣∣∣∣∣∣∣ = 0.

Here the Wronskian

W (x) =

∣∣∣∣∣∣∣∣
φ1(x), φ2(x), . . . φm(x)
φ′
1(x), φ′

2(x), . . . φ′
m(x)

. . . . . . . . . . . .

φ
(m−1)
1 (x), φ

(m−1)
2 (x), . . . φ

(m−1)
m (x)

∣∣∣∣∣∣∣∣
does not equal zero. Expanding the determinant according to
the elements of the last column and dividing all terms of the

obtained equation by W (x), one can obtain the desired equa-
tion Lu = u(m)(x)+Q1(x)u

(m−1)(x)+. . .+Qm(x)u(x) = 0.
Now construct a general solution of nonhomogeneous equation
Lu = F by the method of variation of the constants. Suppose:

u(x) =
m∑
i=1

Ci(x)φi(x).

Then:

Ci(x) =

∫ x

xk

Wmi(t)F (t)

W (t)
dt+ ci,

where ci are arbitrary constants. Since F = Lu, one has:

u(x) =
m∑
i=1

φi(x)

∫ x

xk

Wmi(t) Lu(t)

W (t)
dt+

m∑
i=1

ciφi(x).

where Wmi(x) are algebraic complements (signed minor) of
the element of i-th column of m-th row of determinant W (x).
Let us estimate |r| = |ũ(x)− u(x)|.

It is easy to show that the following relations

m∑
i=1

ci

(
q∑

α=0

k+sα∑
j=k−lα+1

φ(α)(xj) ωj,α(x)+

+δ

p∑
i=1

(∫ xk

xk−i

φ(t)dt

)
ω<−i>
k (x)

)
=

m∑
i=1

ciφi(x),

m∑
i=1

φ
(α)
i (x)Wmi(x) = 0, α = 0, . . . ,m− 2,

are valid. One has:

u(α)(x) =
m∑
i=1

φ
(α)
i (x)

∫ x

xk

Wmi(t) Lu(t)

W (t)
dt+

m∑
i=1

ciφ
(α)
i (x).

Representing φi(x) by the Taylor formula

φi(x) =

m−1∑
l=1

φ
(l−1)
i (t)

(l − 1)!
(x− t)l−1 + (x− t)m−1φ

(m−1)
i (τi)

(m− 1)!
,

where τi is between x and t, taking into account the similar
relations for the derivatives φi(x) and the previous identities,
one obtains:

ũ(x)− u(x) =

q∑
α=0

k+sα∑
j=k−lα+1

u(α)(xj) ωj,α(x)+

+

p∑
γ=1

∫ xk

xk−γ

u(z)dz ω<−γ>
k (x)− u(x) =

=

q∑
α=0

k+sα∑
j=k−lα+1

m∑
i=1

∫ xj

xk

φ
(m−1)
i (ξj)

(m− 1− α)!
(xj − t)m−α−1×

×Wmi(t) Lu(t)

W (t)
dt ωj,α(x)+

+
m∑
i=1

p∑
γ=1

∫ xk

xk−γ

∫ z

xk

φ
(m−1)
i (ζj)

(m− 1)!
(z − t)m−1×
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×Wmi(t) Lu(t)

W (t)
dtdz ω<−γ>

k (x)−

−
m∑
i=1

∫ x

xk

φ
(m−1)
i (ξ)

(m− 1)!
(x− t)m−1Wmi(t) Lu(t)

W (t)
dt ,

ξj is between xk and xj , ξ is between xk and x, ζi is between
xk and z. We use the theorem of the mean of integrals. In view
of |ω<γ>

k (x)| ≤ K0/h, |ωj,α(x)| ≤ K1,αh
α, K0 > 0,K1,α >

0, and with the notation:

K =

q∑
α=0

k+sα∑
j=k−lα+1

m∑
i=1

K1,α|k − j||φ(m−1)
i (ηj)|

(m− 1− α)!
×

× max
t∈[xk,xk+1]

∣∣∣∣Wmi(t)

W (t)

∣∣∣∣+
+

m∑
i=1

p∑
γ=1

|φ(m−1)
i (µγ)|
(m− 1)!

K0(γ + 1) max
t∈[xk,xk+1]

∣∣∣∣Wmi(t)

W (t)

∣∣∣∣+
+

m∑
i=1

|φ(m−1)
i (η)|
(m− 1)!

max
t∈[xk,xk+1]

∣∣∣∣Wmi(t)

W (t)

∣∣∣∣ ,
ηj is between xk and xj , η is between xk and xk+1, µγ is
between xk−γ and xk+1, we have:

|ũ(x)− u(x)| ≤ hmK∥ Lu∥, x ∈ [xk, xk+1].

Here ∥ f∥ = max
x∈[xk−l0+1,xk+s0

]
|f(x)|.

So, if φi = xi−1, i = 1, 2, . . .m, then:

|ũ(x)− u(x)| ≤ hmK1∥u(m)∥, K1 > 0, x ∈ [xk, xk+1].

A. Examples

Example 2
Here there are some applications of the results representing

above.
a) If φ1 = 1, φ2 = sin(x), φ3 = cos(x), then we have:
Lu = u′(x) + u′′′(x),
u(x) = 2

∫ x

xk
(u′(τ)+ u′′′(τ)) sin2(x/2 − τ/2)dτ + c1 +

c2 sin(x) + c3 cos(x), where ci are arbitrary constants.
b) If φi = xi−1, i = 1, 2, 3, then we have:
Lu = u′′′(x),

u(x) = 1
2

∫ x

xk
(u′′′(τ))(x − τ)2dτ +

3∑
i=1

cix
i, where ci are

arbitrary constants.
c) If φ1 = 1, φ2 = sin(x), φ3 = cos(x), φ4 = sin(2x),

φ5 = cos(2x), then we have:
Lu = 4u′(τ) + 5u′′′(τ) + uV (τ),
u(x) = 2

3

∫ x

xk
(4u′(τ) + 5u′′′(τ) + uV (τ)) sin4(x/2 −

τ/2)dτ + c1+ c2 sin(x)+ c3 cos(x)+ c4 sin(2x)+ c5 cos(2x),
where ci are arbitrary constants.

d) If φi = xi−1, i = 1, 2, 3, 4, 5, then we have:
Lu = uV (x),

u(x) = 1
24

∫ x

xk
(uV (τ))(x − τ)4dτ +

5∑
i=1

cix
i, where ci are

arbitrary constants.
e) If φ1 = 1, φ2 = exp(x/2), φ3 = exp(−x/2), then we

have:
Lu = 4u′′′(x)− u′(x),

u(x) = 2
∫ x

xk
(4u′′′(τ) − u′(τ))((exp(x/2 − τ/2) − 1) +

(exp(t/2− x/2)− 1))dτ + c1 + c2exp(x/2) + c3exp(−x/2),
where ci are arbitrary constants.

f) If φ1 = 1, φ1 = x, φ2 = exp(x), φ3 = exp(−x), then
we have:
Lu = u′′ − u′′′′,
u(x) =

∫ x

xk
(u′′(τ) − u′′′′(τ))(2τ − 2x + exp(x − τ) −

exp(−x+ τ))dτ + c1 + c2x+ c3exp(x) + c4exp(−x), where
ci are arbitrary constants.

Example 3
Let us take p = 1, q = 0, l0 = s0 = 1. Integro-differential

left spline has the form:

ũ(x) = u(xj)ωj(x) + u(xj+1)ωj+1(x)+

+

∫ xj

xj−1

u(t)dt ω<−1>
j (x), x ∈ [xj , xj+1], (1)

while in polynomial case (φi = xi−1) we have:

ωj(x) =
A1

(xj − xj+1)(xj − 3xj+1 + 2xj−1)(xj − xj−1)
,

A1 = (−xj+1+x)(3xj−1x+3xxj−6xj+1x−2x2
j −2x2

j−1−
2xjxj−1 + 3xj+1xj−1 + 3xj+1xj),

ωj+1(x) =
(−xj + x)(3x− xj − 2xj−1)

(−xj+1 + xj)(xj − 3xj+1 + 2xj−1)
,

ω<−1>
j (x) = −6

(−xj+1 + x)(−xj + x)

(xj − xj−1)2(xj − 3xj+1 + 2xj−1)
.∫ xj+1

xj

ωj(t)dt =
A2

B2(xj − xj−1)
,

A2 = (xjx
2
j−1 + x2

j+1xj − 2xj+1xjxj−1 − x3
j+1 −

xj+1x
2
j−1 + 2x2

j+1xj−1),
B2 = (xj − 3xj+1 + 2xj−1),∫ xj+1

xj
ωj+1(t)dt = −(xjxj−1 − xj+1xj − xj+1xj−1 +

x2
j+1)/(xj − 3xj+1 + 2xj−1),∫ xj+1

xj

ω<−1>
j (t)dt = − A3

(xj − xj−1)2B3
.

A3 = (−x3
j+1 + x3

j − 3xj+1x
2
j + 3x2

j+1xj),
B3 = (xj − 3xj+1 + 2xj−1),
If xj+1 −xj = xj −xj−1 = h > 0, x = xj + th, t ∈ [0, 1],

then:

ωj(xj + th) = −(9t+5)(t− 1)/5,

∫ xj+1

xj

ωj(x)dx = 4h/5,

ωj+1(xj + th) = (3t+ 2)t/5,

∫ xj+1

xj

ωj+1(x)dx = 2h/5,

ω<−1>
j (xj+ th) =

6t

5h
(t−1),

∫ xj+1

xj

ω<−1>
j (x)dx = −1/5.

Representing u(x), u(xj+1), u(xj−1) using the Taylor
formula in xj , we obtain in polynomial case:

|ũ(x)− u(x)| ≤ Kh3∥u′′′∥[xj ,xj+2], K > 0, x ∈ [xj , xj+1].
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In trigonometrical case (φ1 = 1, φ2 = sin(x), φ3 =
cos(x),) we have:

ωj(x) = (− cos(−xj+1 + xj−1) + cos(−xj+1 + xj) +
xj sin(x − xj+1) − xj−1 sin(x − xj+1) + cos(x − xj−1) −
cos(x − xj))/(− cos(−xj+1 + xj−1) + cos(−xj+1 + xj) +
xj sin(−xj+1+xj)−xj−1 sin(−xj+1+xj)+cos(xj−xj−1)−
1),∫ xj+1

xj
ωj(t)dt = (−xj +xj−1− cos(−xj+1+xj−1)xj+1+

cos(−xj+1 + xj)xj+1 + cos(−xj+1 + xj−1)xj −
xj−1 cos(−xj+1 + xj) + sin(−xj+1 + xj) − sin(xj −
xj−1) − sin(−xj+1 + xj−1))/(− cos(−xj+1 + xj−1) +
cos(−xj+1 + xj) + xj sin(−xj+1 + xj)− xj−1 sin(−xj+1 +
xj) + cos(xj − xj−1)− 1),

ωj+1(x) = (cos(x−xj−1)−cos(x−xj)+xj sin(x−xj)−
xj−1 sin(x−xj)−cos(xj−xj−1)+1)/(cos(−xj+1+xj−1)−
cos(−xj+1 + xj)− xj sin(−xj+1 + xj) + xj−1 sin(−xj+1 +
xj)− cos(xj − xj−1) + 1),∫ xj+1

xj
ωj+1(t)dt = (−xj+1+xj−1+cos(xj−xj−1)xj+1−

cos(xj − xj−1)xj +cos(−xj+1 + xj)xj − xj−1 cos(−xj+1 +
xj) − sin(−xj+1 + xj) + sin(xj − xj−1) + sin(−xj+1 +
xj−1))/(− cos(−xj+1 + xj−1) + cos(−xj+1 + xj) +
xj sin(−xj+1+xj)−xj−1 sin(−xj+1+xj)+cos(xj−xj−1)−
1),

ω<−1>
j (x) = (sin(x− xj+1)− sin(−xj+1 + xj)− sin(x−

xj))/(cos(−xj+1+xj−1)−cos(−xj+1+xj)−xj sin(−xj+1+
xj) + xj−1 sin(−xj+1 + xj)− cos(xj − xj−1) + 1),∫ xj+1

xj
ω<−1>
j (t)dt = (2 cos(−xj+1+xj)+xj sin(−xj+1+

xj) − 2 − sin(−xj+1 + xj)xj+1)/(cos(−xj+1 + xj−1) −
cos(−xj+1 + xj)− xj sin(−xj+1 + xj) +
xj−1 sin(−xj+1 + xj)− cos(xj − xj−1) + 1).

If xj+1 −xj = xj −xj−1 = h > 0, x = xj + th, t ∈ [0, 1],
then:

ωj(xj + th) = (cos(h + th) − cos(2h) + h sin(th − h) +
cos(h)− cos(th))/(−1− h sin(h)− cos(2h) + 2 cos(h)),

xj+1∫
xj

ωj+1(x)dx = 2((cos(h))2 + h sin(h) cos(h) −

1)/(2 cos(h) sin(h)− h cos(h)− h),
ωj+1(xj + th) = (− cos(h+ th) + cos(th) + cos(h)− 1−

sin(th)h)/(−1− h sin(h)− cos(2h) + 2 cos(h)),
xj+1∫
xj

ωj+1(x)dx = −2((cos(h))2 + h sin(h) −

1)/(2 cos(h) sin(h)− h cos(h)− h),
ω<−1>
j (xj+th) = (− sin(th−h)+sin(th)−sin(h))/(−1−

h sin(h)− cos(2h) + 2 cos(h)).
xj+1∫
xj

ω<−1>
j (x)dx = −(h cos(h) − 2 sin(h) +

h)/(2 cos(h) sin(h)− h cos(h)− h),
It can be shown, that next relations are fullfilled:
ωj(xj + th) = −(9t+ 5)(t− 1)/5 +O(h),
ωj+1(xj + th) = t(2 + 3t)/5 +O(h),
ω<−1>
j (xj + th) = (6/5)t(t− 1)/h+O(1).

xj+1∫
xj

ω<−1>
j (x)dx = −1/5 +O(h2),

xj+1∫
xj

ωj+1(x)dx = (2/5)h+O(h3),

xj+1∫
xj

ωj(x)dx = (4/5)h+O(h3),

The relations above determine correlations between the
trigonometrical and the polynomial splines.

We have in the trigonometrical case:

|ũ(x)−u(x)| ≤ Kh3∥u′+u′′′∥[xj ,xj+2],K > 0, x ∈ [xj , xj+1].

In exponential case (φ1 = 1, φ2 = exp(x/2), φ3 =
exp(−x/2)), if xj+1−xj = xj−xj−1 = h > 0, x = xj+ th,
t ∈ [0, 1], then we have:
ωj(xj + th) = (2 exp(2h) − 2 exp(3h/2) + 2 −

2 exp(h/2) + h exp(h/2 + th/2) − 2 exp(3h/2 + th/2) +
2 exp(h + th/2) − 2 exp(h/2 − th/2) + 2exp(h − th/2) −
h exp(3h/2 − th/2))/(2exp(2h) − 4exp(3h/2) + 2 −
4exp(h/2) + h exp(h/2) + 4exp(h)− h exp(3h/2)),
ωj+1(xj + th) = (2exp(3h/2 + th/2) − 2exp(h +

th/2) + 2exp(h/2 − th/2) − 2exp(h − th/2) + hexp(h −
th/2) − 2exp(3h/2) + 4exp(h) − 2exp(h/2) − h exp(h +
th/2))/(2exp(2h) − 4exp(3h/2) + 2 − 4exp(h/2) +
h exp(h/2) + 4exp(h)− h exp(3h/2)),
ω<−1>
j (xj + th) = −(−exp(3h/2 − th/2) + exp(h/2 +

th/2) − exp(h/2) + exp(h − th/2) − exp(h + th/2) +
exp(3h/2))/(2exp(2h) − 4exp(3h/2) + 2 − 4exp(h/2) +
h exp(h/2) + 4exp(h)− h exp(3h/2)).

It can be shown, that:
ωj(xj + th) = −(9t+ 5)(t− 1)/5 +O(h);
ωj+1(xj + th) = t(2 + 3t)/5 +O(h),
ω<−1>
j (xj + th) = (6/5)t(t− 1)/h+O(h),

We have in the exponential case:

|ũ(x)−u(x)| ≤ Kh3∥u′−4u′′′∥[xj ,xj+2],K > 0, x ∈ [xj , xj+1].

Let us take u(x) = 1/(1+25x2). We calculate: ũ(x)−u(x)
on [−1, 1], n = 10, h = 0.5. The error of the approximation by
the polynomial integro-differential splines (1) is represented on
Figure 1a. The error of the approximation of 1/(1+25x2) by
the trigonometric integro-differential splines (1) is represented
on Figure 1b.

(a)
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(b)
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0

0.01

–0.8 –0.6 –0.4 –0.2 0.2 0.4 0.6 0.8 1

Fig. 1. Plots of the error of approximation 1/(1 + 25x2) by polynomial
integro-differential splines (a), and trigonometric integro-differential splines
(b)

Let us take u(x) = sin(x) + sin(3x). We calculate: ũ(x)−
u(x) on [−1, 1], n = 10, h = 0.5. The error of approximation
by the polynomial integro-differential splines (1) is represented
on Figure 2a. The error of approximation of sin(x) sin(3x) by
the trigonometric integro-differential splines (1) is represented
on Figure 2b.

Table 1 shows the actual errors R = max(ũ − u) of
approximation of the functions. Here RP is the actual error of
approximation by the polynomial splines (1); RT is the actual
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Fig. 2. Plots of the error of approximation sin(x) sin(3x) by polynomial
integro-differential splines (a), and trigonometric integro-differential splines
(b)

error of the approximation by the trigonometrical splines (1),
RE is the actual error of the approximation by the exponential
splines (1), when h = 0.1. Calculations were done in Maple,
Digits=15.

Table 1. Actual error of the approximation by the trigono-
metrical spline (1), the polynomial spline (1) and the expo-
nential spline (1).

u(x) RP RT RE

1/(1 + 25x2) 0.0253 0.0251 0.0253
sin(x) + sin(3x) 0.00145 0.00124 0.00150
exp(x/2) + exp(3x) 0.0224 0.0250 0.0222

IV. SOLUTION OF A CAUCHY PROBLEM FOR ONE
EQUATION

We shall solve a Cauchy problem:

y′ = f (x, y(x)), y(x0) = y0, x ∈ [x0, X].

Consider the integral identity:

y(xj+1) = y(xj) +

∫ xj+1

xj

y′(x)dx.

We replace y′(x) by the integro-differential spline ũ(x). Now
we have:

y(xj+1) = y(xj) +

∫ xj+1

xj

ũ(x)dx+R,

where R =
∫ xj+1

xj
(u(x) − ũ(x))dx, taking into account the

error of approximation by the integro-differential spline, we
have:

|R| ≤ hm+1K3∥ Lu∥, K3 > 0.

V. NUMERICAL METHODS FOR q = 0

We have for q = 0 and x ∈ [xj , xj+1] (here ωk(x) =
ωk,0(x)):

ũ(x) =

j+s∑
k=j−l+1

u(xk) ωk(x)+

p∑
i=1

(∫ xj

xj−i

u(t)dt

)
ω<−i>
j (x).

A. Numerical method 1
Let us take p = 1. We put u(x) = y′(x). We replace the

integrand in

y(xj+1) = y(xj) +

∫ xj+1

xj

y′(x)dx

with ũ(x), x ∈ [xj , xj+1]:

ũ(x) = u(xj)ωj(x) + u(xj+1)ωj+1(x)+

+

(∫ xj

xj−1

u(x)dx

)
ω<−1>
j (x).

We have:

y(xj+1) = y(xj) +

∫ xj+1

xj

ũ(x)dx+R.

We obtain:

y(xj+1) = y(xj) + u(xj)

∫ xj+1

xj

ωj(x)dx+

u(xj+1)

∫ xj+1

xj

ωj+1(x)dx+

+

(∫ xj

xj−1

u(x)dx

)∫ xj+1

xj

ω<−1>
j (x)dx+R.

Now we have the next implicit method:

yj+1 = yj(1 + I<−1>)− yj−1(I
<−1>)+

+f(xj , yj)I0 + f(xj+1, yj+1)I1,

where

I<−1> =

∫ xj+1

xj

ω<−1>
j (x)dx, I0 =

∫ xj+1

xj

ωj(x)dx,

I1 =

∫ xj+1

xj

ωj+1(x)dx.

Now we construct I<−1>, I0, I1 for polynomial and non-
polynomial cases.

a) Let us take φ1(x) = 1, φ2(x) = e(x/2), φ3(x) = e(−x/2),
h = const.

We easily receive: I0 = −2(2hexp(h/2) + 4exp(h/2) +
2hexp(3h/2)−4exp(3h/2)−h−exp(2h)h−2−2hexp(h)+
2exp(2h))/(2exp(2h) − 4exp(3h/2) + 2 − 4exp(h/2) +
hexp(h/2) + 4exp(h)− hexp(3h/2)),
I1 = −4(2exp(3h/2)−2hexp(h)−2exp(h/2)−exp(2h)+

1+hexp(h/2)+hexp(3h/2))/(2exp(2h)−4exp(3h/2)+2−
4exp(h/2) + hexp(h/2) + 4exp(h)− hexp(3h/2)),
I<−1> = (4exp(3h/2) + 4exp(h/2) − 8exp(h) −

hexp(3h/2) + hexp(h/2))/(2exp(2h) − 4exp(3h/2) + 2 −
4exp(h/2) + hexp(h/2) + 4exp(h)− hexp(3h/2)),

We have:

|R| ≤ Kh4∥4yIV − yII∥[xj−1,xj+1], K > 0.

b) In case φ1(x) = 1, φ2(x) = x, φ3(x) = x2, we have:

yj+1 =
4

5
yj +

1

5
yj−1 + f(xj , yj)

4h

5
+

2h

5
f(xj+1, yj+1),

|R| ≤ Kh4∥yIV∥[xj−1,xj+1], K > 0.
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c) In case φ1(x) = 1, φ2(x) = sin(x), φ3(x) = cos(x), we
have:

I0 = 2
(cos2(h) + h sin(h) cos(h)− 1)

(2 sin(h) cos(h)− h cos(h)− h)
,

I1 = −2
(cos2(h) + h sin(h)− 1)

(2 sin(h) cos(h)− h cos(h)− h)
,

I<−1> =
(−h cos(h) + 2 sin(h)− h)

(2 sin(h) cos(h)− h cos(h)− h)
.

Let us solve the problem:

y′ = −150(y − cos(x)), y(0) = 0, x ∈ [0, 1].

The exact solution is the following:

y(x) =
22500

22501
cos(x) +

150

22501
sin(x)− 22500

22501
exp(−150x).

Let us take h = 0.001. The errors of the solution of the
Cauchy problem by methods (b) and (c) are represented in
Figures 3 and 4.

0

5e–06

1e–05

1.5e–05

2e–05

2.5e–05

3e–05

0.02 0.04 0.06 0.08 0.1

Fig. 3. Graph of the error of the solution of the problem y′ = −150(y −
cos(x)) by the method (b), h=0.001

0

5e–06

1e–05

1.5e–05

2e–05

2.5e–05

3e–05

0.02 0.04 0.06 0.08 0.1

Fig. 4. Graph of the error of the solution of the problem y′ = −150(y −
cos(x)) by the method (c), h=0.001

Table 2 shows the actual errors R = |yk − y(kh)|, h =
0.001. Calculations were done in Maple, Digits=25.

Table 2.

k method b method c method a
10 0.29408 ·10−4 0.29409 ·10−4 0.29405 ·10−4

20 0.13693 ·10−4 0.13694 ·10−4 0.13692 ·10−4

100 0.43470 ·10−9 0.43490 ·10−9 0.43529 ·10−9

Let us solve the problem:

y′ = −2(y − sin(x)) + cos(x), y(0) = 0, x ∈ [0, 100].

The errors of the solution of the Cauchy problem by the
method 1 are represented in Figures 5, 6.
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Fig. 5. Graph of the error of the solution of the problem y′ = −2(y −
sin(x)) + cos(x), y(0) = 0, h = 0.01, method b.
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Fig. 6. Graph of the error of the solution of the problem y′ = −2(y −
sin(x)) + cos(x), y(0) = 0, h = 0.01, method c.

B. Numerical method 2
Now let us approximate function u(x) by

ũ(x) = u(xj)ωj(x) + u(xj+1)ωj+1(x)+(∫ xj

xj−1

u(x)dx

)
ω<−1>
j (x)+

+

(∫ xj

xj−2

u(x)dx

)
ω<−2>
j (x)

on [xj , xj+1]. Here ωj(x), ωj+1(x), ω<−1>
j (x), ω<−2>

j (x)
we determine from the equations:

ũ(x) = u(x), u(x) = φ1(x), φ2(x), φ3(x), φ4(x).

So we have:

yj+1 = yj
(
1 + I<−1> + I<−2>

)
− yj−1I

<−1>

−yj−2I
<−2> + f(xj , yj)I0 + f(xj+1, yj+1)I1.
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a) In the polynomial case φ1(x) = 1, φ2(x) = x, φ3(x) =
x2, φ4(x) = x3, we have:

I<−2> =

∫ xj+1

xj

ω<−2>
j (x)dx = 1/17,

I<−1> =

∫ xj+1

xj

ω<−1>
j (x)dx = −9/17,

I0 =

∫ xj+1

xj

ωj(x)dx = 18h/17,

I1 =

∫ xj+1

xj

ωj+1(x)dx = 6h/17,

yj+1 = yj

(
9

17

)
− yj−1

(
−9

17

)
− yj−2

(
1

17

)
+

+f(xj , yj)

(
18h

17

)
+ f(xj+1, yj+1)

(
6h

17

)
.

The error has the form:

|R| ≤ Kh5∥yV∥[xj−2,xj+1],K > 0.

Let us solve the problem:

y′ = −150(y − cos(x)), y(0) = 0, x ∈ [0, 1].

The errors of the solution of the Cauchy problem by the
method 2 are represented in Figures 7 and 8.
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Fig. 7. Graph of the error of the solution of the problem y′ = −150(y −
cos(x)) (h = 0.001)
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Fig. 8. Graph of the error of the solution of the problem y′ = −150(y −
cos(x)) (h = 0.0001)

b) In the case φ1(x) = 1, φ2(x) = x, φ3(x) = exp(x),
φ4(x) = exp(−x), we have:

I<−2> =
∫ xj+1

xj
ω<−2>
j (x)dx = (−hexp(5h)+2exp(5h)−

2hexp(4h) − 13exp(3h)h − 2exp(3h) + 6exp(3h)h2 +
13hexp(2h) − 2exp(2h) + 6exp(2h)h2 + 2hexp(h) + h +
2)/(hexp(5h) − 6hexp(4h) + 2exp(4h) + 2exp(3h)h2 +

5exp(3h)h − 2exp(3h) − 5hexp(2h) + 2exp(2h)h2 −
2exp(2h) + 2exp(h) + 6hexp(h)− h),
I<−1> =

∫ xj+1

xj
ω<−1>
j (x)dx = −(−exp(3h)h +

2exp(3h) − 2exp(2h) − 5hexp(2h) + 2exp(2h)h2 +
5hexp(h)−2exp(h)+2exp(h)h2+h+2)exp(h)/(hexp(5h)−
6hexp(4h) + 2exp(4h) + 2exp(3h)h2 + 5exp(3h)h −
2exp(3h)−5hexp(2h)+2exp(2h)h2−2exp(2h)+2exp(h)+
6hexp(h)− h),
I0 =

∫ xj+1

xj
ωj(x)dx = −(3exp(5h) − 2hexp(5h) −

9exp(4h)+4hexp(4h)−2exp(3h)h+6exp(3h)+2hexp(2h)+
6exp(2h) − 9exp(h) − 4hexp(h) + 3 + 2h)h/(hexp(5h) −
6hexp(4h) + 2exp(4h) + 2exp(3h)h2 + 5exp(3h)h −
2exp(3h)−5hexp(2h)+2exp(2h)h2−2exp(2h)+2exp(h)+
6hexp(h)− h),
I1 =

∫ xj+1

xj
ωj+1(x)dx = −(−exp(5h) + 3exp(4h) +

2hexp(4h)−2exp(3h)−6exp(3h)h+6hexp(2h)−2exp(2h)+
3exp(h) − 2hexp(h) − 1)h/(hexp(5h) − 6hexp(4h) +
2exp(4h) + 2exp(3h)h2 + 5exp(3h)h − 2exp(3h) −
5hexp(2h)+2exp(2h)h2−2exp(2h)+2exp(h)+6hexp(h)−
h),

The error has the form:

|R| ≤ Kh5∥yIII − yV∥[xj−2,xj+1],K > 0.

We solve the problem: y′ = −150(y − cos(x)), y(0) = 0,
x ∈ [0, 1], h ≤ 0.001.

Table 3 shows the actual errors R = |yk − y(kh)|, h =
0.001. Calculations were done in Maple, Digits = 45.

Table 3.
k method a method b

h = 0.001 h = 0.001
10 0.186087 ·10−5 0.186079 ·10−5

20 0.191919 ·10−6 0.919144 ·10−6

1000 0.69494 ·10−16 0.13899 ·10−15

Table 4 shows the actual errors R = |yk − y(kh)|, h =
0.0001. Calculations were done in Maple, Digits = 45.

Table 4.
k method a method b

h = 0.0001 h = 0.0001
10 0.678129 ·10−10 0.678099 ·10−10

20 0.129152 ·10−9 0.129146 ·10−9

10000 0.69511 ·10−20 0.13738 ·10−19

Now let us solve the next problem:
y′ = −2(y − sin(x)) + cos(x), y(0) = 0.
The exact solution is y = sin(x). The error of solution of

the Cauchy problem by the method a is represented on Figure
9. The error of solution of the Cauchy problem by the method
b is represented on Figure 10.

VI. CONCLUSION

The results explained in the previous sections show that the
numerical methods for a Cauchy problem could be used on
practical calculations. The approximation by the nonpolyno-
mial splines and numerical methods for Cauchy problem by
the nonpolynomial splines may be better then by polynomial
splines, but the values of Digits must be large enough.
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Fig. 9. Graph of the error of the solution of the problem y′ = −2(y −
sin(x)) + cos(x), y(0) = 0 (h = 0.01) method a
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Fig. 10. Graph of the error of the solution of the problem y′ = −2(y −
sin(x)) + cos(x), y(0) = 0 (h = 0.01), method b
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