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Dimensional Equations Associated with the
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Abstract—The paper is devoted to the construction and study of
the additive average semi-discrete scheme for two nonlinear multi-
dimensional integro-differential equations of parabolic type. The
studied equation is based on well-known Maxwell’s system arising in
mathematical simulation of electromagnetic field penetration into a
substance. Existence, uniqueness and long-time behavior of solutions
of initial-boundary value problems for nonlinear systems of parabolic
integro-differential equations are fixed too.

Keywords—Nonlinear parabolic multi-dimensional integro-
differential equations, existence and uniqueness of solutions, long-
time behavior, additive averaged semi-discrete schemes.

I. INTRODUCTION

NTEGRO-differential models arise in many engineering and

scientific disciplines as the mathematical modeling of
systems and processes in the fields of physics, chemistry,
aerodynamics, and so forth (see, for example, [7], [8], [13],
[20] and references wherein). Such systems arise for instance
for mathematical modeling of the process of penetrating of
electromagnetic field in the substance. In a quasistationary
case the corresponding system of Maxwell’s equations has the
form [9]:

oH
—— = —rot(v, rotH), 1
p Va ) 1)
00 2
c—= rotH )", 2
— Vo (rotH) )

where H =(H,,H,, H;) is a vector of the magnetic field,

@ is temperature, C, and Vv, characterize the thermal heat
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capacity and electroconductivity of the substance. Equations
(1) defines the process of diffusion of the magnetic field and
equation (2) - change of the temperature at the expense of

Joule’s heating. If C, and v, depend on temperature 0, ie.,

c,=c,(0), v,,=v,(0), then the system (1), (2) can be
rewritten in the following form [6]:

t
oH _ —rot{a{“rotHferrotH J ®)
ot 0

where function @ = a(S) is defined for s €[0,00) .

In [10] some generalization of the system of type (3) is
proposed. Here the same process of penetration of the
magnetic field into the material is simulated by the following
averaged integro-differential model:

t
% = (”|rotH|2dXdz'JAH , 4)
0Q

where €2 is an area occupied by the conductor.

Note that integro-differential parabolic models of (3) and
(4) type are complex and still yields to the investigation only
for special cases (see, for example, [1], [3]-[6], [10]-[12],
[14]-[21], [23]-[28]).

Let us consider the following magnetic field H , with the
form H =(0,0,U), where U =U(X,Y,t) is a scalar
function of time and of two spatial variables. Then

o ouU .
rotH =| —,———,0 | and systems (3) and (4) will take
oy  OX

the forms:
t
A _ v{a{ﬂvu ? erVU J 5)
ot 0
and

t
ol aU.ﬂVUFdT]AU. (6)
at 0Q
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Study of the models of type (3) and (5) have begun in the
work [6]. In this work, in particular, are proved the theorems
of existence of solution of the first boundary value problem for
scalar and one-dimensional space case while a(S) =1+S
and uniqueness for more general cases. One-dimensional
scalar variant for the case a(S)=(1+S)", 0<p<lis

studied in [5]. Investigations for multidimensional space cases
at first are carried out in the work [4] and then have continued
in the following works [1], [3], [10]-[12], [14]-[21], [23]-[28]
and in a number over works as well.

Study of the models of type (4) and (6) have started in the
work [16], where the existence, uniqueness and asymptotic
behavior of the solutions of the first initial-boundary value
problem for the one-dimensional scalar variant with
a(S) = (1+S)", 0< p <1is studied.

The solvability of the initial-boundary value problems for
(3), (4) type models in scalar cases is studied using a modified
version of the Galerkin’s method and compactness arguments
that are used in [13], [29] for investigation elliptic and
parabolic equations.

One must note that for the cylindrical conductors to the
study of modeling of physical process of penetrating of the
electromagnetic field some amounts of works were again
devoted. To the investigation of periodic problem for one-
dimensional (3) type model in cylindrical coordinates was
devoted work [14].

Particular attention should be paid to construction of
numerical solutions and to their importance for integro-
differential models (see, for example, [2], [13], [15], [17]-[23],
[25], [26], [28]).

The paper is devoted to the existence and uniqueness of
solution of the initial-boundary problem for two (5) and (6)
type  nonlinear  multi-dimensional  integro-differential
equations. Construction and study of the additive averaged
Rothe’s type scheme is also given.

Principal characteristic peculiarity of the equations (5) and
(6) is connected with the appearance in the coefficient with
derivative of higher order nonlinear term depended on the
integral of time and space variables. These circumstances
requires different discussions, than it is usually necessary for
the solution of local differential problems.

Many authors study the Rothe’s scheme for a integro-
differential models (see, for example, [13], [17], [23]).

It is very important to study decomposition analogs for
above-mentioned multi-dimensional differential and integro-
differential models as well. At present there are some effective
algorithms for solving the multi-dimensional problems (see,
for example, [13], [30] and references therein).

Our paper is dedicated to the global existence and
uniqueness of solutions of initial-boundary value problem.
Investigations are given in usual Sobolev spaces. Attention is
paid to investigation of semi-discrete additive average
schemes. In this paper we shall focus our attention to the
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particular case of (5), (6) type multi-dimensional integro-
differential equations.

This article is organized as follows. In the Section 2 the
formulation of the problem and some of its properties are
given for so-called not-averaged (5) type equation. Especially
existence and uniqueness of the solution of the stated problem
are fixed there. Main attention is paid to construction and
investigation of semi-discrete additive average scheme. This
question is discussed in Section 3. In Section 4 analogical
results for averaged (6) type equation are fixed. Some
conclusions are given in Section 5.

1. EXISTENCE AND UNIQUENESS FOR NOT-AVERAGED
EQUATION

Let Q) is bounded domain in the N -dimensional Euclidean

space R", with sufficiently smooth boundary OCY. In the
domain Q=Qx(0,T) of the variables

(X,t) = (X, X,,...,X,,t) let us consider the following first
type initial-boundary value problem:

n t 2

GO A P 0 e

ot = OX 5| OX OX; ™
=f(x1), (x1)eQ,

U((x,t)=0, (xt)eaoQx]|0,T], (8)
U(x,00=0, xeQ, 9)

where T is a fixed positive constant, f is a given function of
its arguments.

Using modified version of the Galerkin’s method and
compactness arguments [13], [29] as in [16] the following
statement can be proven for problem (7) - (9).

Theorem 1 If
of of
f, —, —elL , f(x,00=0,
W o €@ 1000

then there exists the unique solution U of problem (7) - (9)
satisfying properties:

Ue L4(01T1V\;41 (Q)]’ %G LZ(Q)’
oU oU
L , AT -t
\/;axiaxj €L,(Q) otox.
i, j=1...n,

€ L,(Q),

where

v eC”(Q), w(xX)>0,xe;

_oy _
l//_av

is outer normal of OoQ
Using the scheme of investigation as in, e.g., [16], [18],
[20], [23], [24], [26], [27] it is not difficult to get the result of

0,x e 0Q,
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exponentially asymptotic behavior of solution as t — oo for
the (7) equation with f(X,t)=0 and homogeneous
boundary (8) and nonhomogeneous initial (9) conditions.

I1l. ROTHE’S TYPE ADDITIVE SCHEME FOR NOT-AVERAGED

EQUATION
On [O,T] let us introduce a net with mesh points denoted
byt;=jz, j=01.J,with 7=1/].

Coming back to problem (7) - (9) and let us construct
additive average Rothe’s type semi-discrete scheme:

Wit —y]
I
2 i1 ( oy 2 oui _
— |1+ R [ e P
OX, T;[ OX, j OX, ' (10)
u’=u’=0,
i=1,..n, j=01.J-1,

with homogeneous boundary conditions, where uJ(X),

j=0,L..J is solution of the problem (10) and following
notations are introduced:

W=D, Y=L 7 >0

n

DA = 1100 = f(xt.),

i=1
where u’ denotes approximation of exact solution U of
problem (7) - (9) at t;.

The object of this section is to prove one main statement of
this paper. Here we use usual scalar product (,) and norm
|||| of the space L, (€2).

Theorem 2 If problem (7) - (9) has sufficiently smooth

solution then functions U™ defined by the solutions of
problems (10) converge to the solution of problem (7) - (9)
and the following estimate is true

um—u|=0¢E"), m=1.J.
Proof. Let us introduce following notations:
z“=U"-u", zf=U"-u’
For the exact solution of problem (7) - (9) we have

U j+l U i
==
T
n 6 j+1 OU k 2 8U j+1
i z_ + TZ( )
=1 OX, o\ OX, oX,

+1,f 17 +0(2).
After subtracting (10) from relation above we get
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Uj+l_uj uijJrl_uj

Ui[ J:
T T

n j+1 Kk \2 j+1
S 1+TZ(6U J U
7= OX, o1\ OX, oX,
j+1 K \2 j+1

o[ Y e

OX; k=1l OX OX;

+1, f 17— £17 1 0(7).
Thus, introducing the notation

Zij+1_Zj »
T = Zth— l’
we have
. EYTL 2 ou it
zit= 1 1+7
i it i ;( 8Xi ] aXi
_0 1+r§ ou* 2 v
OX; o\ OX: OX,;
n j+1 Kk \2 j+l
iyl 1+Tz[au ] ou
=1 OX, o\ OX, oX,
_9o 1+rjz+l: aut *|out
OX; o1\ OX: OX,;

+1, f 177 = £+ 0(7).

Here we add and subtract the first and second terms in the

right side.
Using (7) and (10) we have the following problem:

j+l —
JZ
au_jJrl

i

MLt
ous Y
(EJ OX;

2} =0,

with homogeneous boundary conditions and where:

| 0 o0 ) |au i
() =——|| 1+
vt () OX; T,(Zﬂ:[ OX; OX;

j+1

1+ rz

aXi k=1

aU j+l
OX;

Uk
OX;

0

11

j+1

1+ TZ

k=1

+ Wiﬁl(x)’

n

aU j+1
oX,

+7;

=1 OX,

77
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+7; 7 (x) —

Using assumptions on 1‘-j+1 and 77, we have

(x) =

J+l

_1

0 Hauk 2 ou i+t
—Z— 1+ rz
= 0%, o O X,

n no9 j+1 6Uk 2 ou j+1
+>n)> —I |1+
s o

k=1

+i¢7i f I (x) —ifi"“(x) =0.
So, ) )
Dpi"(x)=0(@).

Multiplying (11) scalarly on 27z)™* we obtain

_ 2 _

+27u1+ rg[i;f} Jagx:*l

! outt ozl

[ kzzl[ j]axi'ﬁxiJ
—21'((,//I ,,“l) 0.

It can be easily checked that
2 .
aU j+l
OX;

j+l k
1+ TZ( v
L OX;
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j+l k
S 1 TZ oU au
2| i3\ ox 8x
ouitY  (auY
ox ) | ox )|

From (13) for the error we get
1,4
2o (21 2%)

(12)

< 27(‘/’ij+1’ ZiHl)'

Using identities:
4+l — 5] j+l
"=+,

o7 (z“l z“l)—”z“l —\\Zj\\z
t 17

after simple transformations we have from the last inequality

e RT)
T3]
155

+7 Hz“l

j+l

+7?|zd

(13)

T
+—
2

2
2 1] G oUuk 0
<nfel+3 TKZHW] (ai ] }H

Jj+l 5 j+l
+22’( A )

I
Summing this equality from 1 to N we arrive at

Zﬂ. (2 e

SERH|

+7 Hz“l

n

22

78
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3] -(2]

+2r2(1//,“1 ‘)+2r2(1//,“1, ™).

Note that,

_j+l) =7z j+1’

iﬁizij+l = Zn:77i o -y
i=1 i=1
n 12 12
Sl =[f"
n S 2
Zﬂi Hzim 2
i=1

Using these relations, identity of sum approximation (12) and
Schwarz’s inequality we get from (14)

e St
: ouy
i 8x

2
iz 1L oU
w3535 H

R sz+l 2

n
7.
i=1

+

1¢ & (eu
Ezrz(ax

i=1|| k=1 i

+Z77. HZ’”

2

+27(0(2), 2 + 7 Ht//”l

Here
Hl//h-l 2 - in_—lul/l_jﬂ 2
— I 1
Using boundedness of Hl//“l we find
o'+
1o a1 aur ou; d
22 (axi ] (8x]

<[z’ H2 + (15)

n j I k
YIS ouf
27| =\ OX 8x

+27(0(7),2') +O(z?).
Summing (15) with respectto j from 0to m—1 we get

—2
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2

(%)

. n | U
A

< 21%(0(7), 7! )+Cr
i=0
< rm24[0(12)+“21“2}+0(r)
=0
<o +cx.
=0

o (16)

rmj[ou )+ 2 }om

j=0

mi-
STZHZ’H +Cr.
j=0

The desired result of Theorem 2 now follows from (16) by
the standard discrete Gronwall’s lemma.

IV. UNIQUE SOLVABILITY AND ROTHE’S SCHEME FOR AN
AVERAGE MODEL

Now let us consider the following first type initial-boundary
value problem for an average equation:

n t 2 2

G 1+H@ dxdz |5

ot =T an|oX OX; 17
= f(x,t), (xt)eQ,

U(x,t)=0, (xt)edQx[0,T], (18)
U(x,0)=0, xeQ. (19)

Since problem (17) - (19) similar to problems considered in
[16], where investigation of (4) type multi-dimensional scalar
equations is given and at first is discussed unique solvability
and asymptotic behavior of (17) type models as well, we can
follow the same procedure used there. Using modified version
of the Galerkin’s method and compactness arguments [13],
[29] the following statement can be proven.

Theorem 3 If

f eWX(Q), f(x,0)=0,
then there exists the unique solution U of problem (17) - (19)
satisfying properties:

Ue L{O,T;V\L1 (Q)jm LZ(O,T;WZ2 (Q)),
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% €L,(Q),

ot
o°U
VT =t L ,
otox e, (Q)

The proof of the formulated theorem is divided into several
steps. One of the basic step is to obtain necessary a priori
estimates.

Using the scheme of investigation as in, e.g., [16] it is not
difficult to get the result of exponentially asymptotic behavior
of solution as t — oo for the (17) equation with f (x,t)=0

and homogeneous boundary (18) and nonhomogeneous initial
(19) conditions.

Coming back to problem (17) - (19) and let us construct
additive averaged Rothe’s type scheme:

i=1,..,n.

Wy
n——=
T
j+1 8U-k| azu_j+1 )
1+t LEdx [ £ 20
kzzlli o, | ox? (20)
u’=u’=0,
i=1,...n, j=01.J-1,

with homogeneous boundary conditions, where uij(X),

j=1,...,J, is solution of the problem (20) and the
following notations are introduced again:

W=D, Y=L 7 >0

n - .

DA = £ 0 = F(xt),

i=1
where u’ denotes approximation of exact solution U of
problem (17) - (19) at tj . We use usual norm |||| of the space

L,(Q).

Theorem 4 If problem (17) - (19) has sufficiently smooth
solution then the solution of problem (20) converges to the
solution of problem (17) - (19) and the following estimate is
true

Hui—uiH=0(¢1’2), i=1,...,J.

V. CONCLUSION

Using early investigated finite difference and finite element
schemes for one-dimensional (7) and (17) type models (see,
for example, [20] and references therein) now we can reduce
numerical resolution of the multi-dimensional integro-
differential models (7) and (17) to one-dimensional ones.
Carried out various numerical experiments agree with
theoretical researches. It is very important to construct and
investigate studied in this note type models for more general
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type nonlinearities and for (7) and (17) type multi-dimensional
systems as well.

Partial integro-differential multi-dimensional equations
associated with the penetration of a magnetic field in a
substance is considered. Existence, uniqueness and long-time
behavior of solution of initial-boundary value problem are
fixed. The semi-discrete Rothe’s type schemes are investigated
as well.
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