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Abstract—The aim of this paper is to introduce the new
techniques of modulus function involving the sequences of Riesz
nature. Some of its basic properties has been established.

Index Terms—Modulus function, paranormed sequence, infi-
nite matrices.

I. INTRODUCTION

We denote the set of all sequences with complex terms
by w. It is a routine verification that ) is a linear space
with respect to the coordinate wise addition and scalar
multiplication of sequences which are defined, as usual, by

C+n=(C)+ (m) = (C +nx)

and

B¢ = B(Ck) = (BC),

respectively; with ¢ = ({x), n = (k) € Q and § € C. By a
sequence space we define a linear subspace of w i.e., the
sequence space is the set of scalar sequences(real or complex)
which is closed under co-ordinate wise addition and scalar
multiplication. Throughout the paper N and C denotes the
set of non-negative integers and the set of complex numbers,
respectively. Let £, ¢ and c¢g, respectively, denotes the space
of all bounded sequences , the space of convergent sequences
and the sequences converging to zero. Also, by ¢1, £(p), cs
and bs we denote the spaces of all absolutely, p-absolutely
convergent, convergent and bounded series, respectively.

We call a sequence space is as a function space whose
elements are functions from natural numbers N to the field
R of real numbers or C the complex numbers. The set of
every sequences (real or complex) will be abbreviated by W.
The bounded sequences, p-absolutely sequence, convergent
sequences and null sequences will be abbreviated by (., 5,
c and c( respectively as defined in [8], [24].

For an infinite matrix 7' = (¢; ;) and v = (v}) € U, the
T-transform of v is Tv = {(Tv);} provided it exists V i € N,
where (Tv); = 272 ti jvj.

For an infinite matrix T = (¢, ;), the set Gp, where

Gr={v=(v;) eV : Tv e G}, (1)
is known as the matrix domain of T in G [13].
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A infinite matrix G = (gn) is said to be regular if and
only if the following conditions hold:

(1) Jim D ow =1,
k=0
(i) nh_}rrgo ont =0, (k=0,1,2,...),
oo
(i) Y lonkl <M, (M >0, n=0,1,2,...).

k=0
Let (gr) be a sequence of positive numbers and let us
n

write, @, = > qi for n€ N. Then the matrix R? = (r!,)

k=0
of the Riesz mean (R, g,) is given by

9k
Qn ’

if0<k<n,

Tnk

0 ifk>n

The Riesz mean (R, ¢,,) is regular if and only if @), — oo
as n — oo (see, [18], [22]).

Quite recently, in (see, [21]) the author has introduced the
following:

Pk
k
1
ri(u,p) = ¢ =(G) €Ew: Y Q*ZUJQJCJ' <0
& L
where, 0 < pp, < H < o0.

In [10], the author had given the difference sequence spaces
W (A) as follows

W(A)={C=(G) Ew: (AG) e W}
where, W € {{,c,co} and Ak = (i — Ct1-

In [2], the author has studied the sequence space as

bv,,{(( }’

where 1 < p < oo. With the notation of (1), the space bv,
can be redefined as

Ck) Gw:Z|Azk\p < 00

k

bup = (Ip)n, 1 <p < oo
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where, A denotes the matrix A = (A,y) defined as

(=1)n=k, if n—1<k<n,
Ank =

0, if k<n—1lork>n.

In [14], the author introduced the concept of modulus
function. We call a function F : [0,00) — [0,00) to be

modulus function if
() F(¢)=0if and only if ¢ =0,

(i) F(C+n) <{Q+{n)v{=0,7=>0
(#91) F is increasing, and
(iv) F is continuous from the right at 0.

One can easily see that if F; and F5 are modulus functions
then so is F; + F»; and the function F7 (j € N), the
composition of a modulus function F with itself j times is
also modulus function.

Recently, in [19] the new space was introduced by using
notion of modulus function as follows:

L(F) = {C =(G): Y IFEGDI< oo}

The approach of constructing a new sequence space by
means of matrix domain of a particular limitation method has
been studied by several authors. ({s) N, and cy, (see, [23]),
(lp)e, = Xp and (leo)e, = Xoo(see, [17]), (loo)pe = Thos
(€)ge =71l and (co) e = rh(see, [9D), (bp) 5o = r; (see, [1]),
(p)gr = €, and (Ioo) pr = €l (see, [3]), (co),» = ap and
car = al(see, [41), [co(u,p)] 4 = a5(u.p) and [c(u,p)] ;. =
ar(u,p) (see, [5], r%(u,p) = {I(p)}re (see, [21])and etc.

II. THE SEQUENCE SPACE 7% (AP) OF NON-ABSOLUTE
TYPE

In this section, we define the Riesz sequence space r}(Ag )
,.and prove that the spa.ce‘rq]_-.(Ag) is. a complgte paranormed
linear space and show it is linearly isomorphic to the space

{(p).

Let A be a real or complex linear space, define the
function 7 : A — R with R as set of real numbers. Then, the
paranormed space is a pair (A;7) and 7 is a paranorm for A,
if the following axioms are satisfied for all {, n € A and for
all scalars f3:

(i) 7(0) =0,
(i1) 7(=¢) =T7(¢),
(it) 7T(C+mn) <7(¢)+7(n),and
(iv)  scalar multiplication is continuous, that is,
|Bn — B = 0 and h(Cy — ¢) — 0 imply 7(5,,(n — BC) — 0

for all §’s in R and ¢’s in A , where 0 is a zero vector in the

linear space A. Assume here and after that (py) be a bounded

sequence of strictly positive real numbers with sup py = Hand
k
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M = maz{1, H}. Then, the linear space ¢, (p) was defined
by Maddox [13] as follows :

loo(p) ={C = (G) : Sl}ip\Cklpk < oo}

which is complete space paranormed by

1/M
{sgpléklp’“] :

71(¢)

We shall assume throughout that p; " + {p,} " provided
1 < infpr< H < oo, and we denote the collection of all
finite subsets of N by F', where N={0, 1, 2, ... }.

Following Altay (see, [1]- [3]), Basarir and Oztiirk (see,
[6]), Choudhary and Mishra (see, [7]), Ganie and Neyaz (see,
[8]), Mursaleen (see, [15]), Ganie [21], Ruckle [19], Sengoniil
[20], we define the difference sequence space rflr(Ag) as
follows:

Pk

rE(Ah) = q¢= () ew: Y | F
k

=0
where, 0 < p,, < H < oc.

By (1), it can be redefined as

rH(AD) = {i(p)}rL(A,)-

Define the sequence £ = (&), which will be used, by the
R% A g-transform of a sequence ¢ = ((y), i.e.,

k
1
&= f=D 0006 2)
Qi
j=
Now, we begin with the following theorem which is
essential in the text.

Theorem 7% (AP) is a complete linear metric space para-
normed by ha, defined as

Pk

qk 9k
—Ck
Qx

ha(C)

>

k

k—1
1
Fl 52 (9547 = gj414541)¢ +
Qri=g

with 0 < pp < H < 0.

Proof: The linearity of r%(AP) with respect to the co-
ordinatewise addition and scalar multiplication follows from
from the inequalities which are satisfied for (,§ € r%(AD)(
see [14], p.30] )

K
1
@Z XIS < 00

L
M
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k=1
[% F lQlk > (9505 — 95+14j+1)(G + n5) + L2 (G + k)
. =0
_ P A1
< l% (Ql 2 (9595 — 9j+195+1)G + quk k) ]
= -
k
+ Z 72 9505 — 95+105+1)M; + 777;@
k Qrk =0 Qk
(3)
and for any o € R (see, [13])
lalPr < maz(1,|al™). (4)

It is clear that, ha(0)=0 and ha(Q) ha(—=¢) for all
¢ € r‘jf(Ag). Again the inequality (3) and (4), yield the
subadditivity of h and

alag) <maz(l, |af)ha(C)-

Let {¢"} be any sequence of points of the space 7% (AP)
such that ha (¢"™ — ¢) — 0 and («,,) is a sequence of scalars
such that a,,, — «. Then, since the inequality,

ha(z™) < ha(z) + ha(z”

,z)

holds by subadditivity of ha, {ha(¢™)} is bounded and we
thus have

YAN (ancn - O[C)

Pr

agj)

k
1 n
= 1D 1F | 520 — gin1gia)(and] —
- Qr =
7=0
< lan — a7 ha(C") + || ha(C" = C)
That is to say that
Hence, ha is

which tends to zero as n — oo .
the scalar multiplication is continuous.
paranorm on the space 7% (AD).

It remains to prove the completeness of the space rg_-(Ag).
Let {¢7 } be any Cauchy sequence in the space rE(AD),
where (' = {¢},(},...}. Then , for a given € > 0 there exists
a positive integer ng(e) such that

ha(Ch— () <e (5)

for all 4, 7 > no(€). Using definition of ha and for each fixed
k € N that

Volume 14, 2020

pk{]g 4 Agco)k, (R;Ag<1)k, e } iS

of real numbers for every fixed k£ € IN. Since R is complete,
i converges,say, (RLA,()y — (REA )k as i — oc.
Using these infinitely many limits (REA,C)o, (RIAQ)1, -

a Cauchy sequence

we define the sequence {(R%LAy()o, (REAgC)1, ... }. From
(5) for each m € N and ¢, > ny(e),
PR 37
(B L5 = (BELG ™ < ha(¢h = )M <M.
k=0
(6)

Take any i,j > ng(e). First, let j — oo in (6) and then
m — 0o , we obtain

ha(C"=¢) <e.

Finally, taking € = 1 in (6) and letting i > no(1). we have by
Minkowski’s inequality for each m € N that

m

Z (RE040) |”’“] < ha(C'=0)+ha(¢h) < 1+ha((?)

which implies that ¢ € r%-(A?). Since ha (¢ —¢*) < e for all
i > no(e), it follows that ¢* — ¢ as i — oo, hence we have
shown that r%(AP) is complete, hence the proof .

Note that one can easily see the absolute property does
not hold on the spaces r%-(AP) , that is ha () # ha(|¢]) for
atleast one sequence in the space r%(Alg’) and this says that

q .
1rjf(A’g’) is a sequence space of non-absolute type.
M

III. INCLUSION RELATIONS

In this section, we investigate some of its inclusions prop-
erties .

Theorem If p; and ¢ are bounded sequences of positive
real numbers with 0 < pr < tx < oo for each k € N, then
for any modulus function F, r%(AP) C rf(AY)

Proof: For ¢ € r%-(AP) it is obvious that

Pk

k—1
1 Qi 9k
STIF L 5D 950 — 95114511)G + Gk < oo.
- Qri=g Qr

Consequently, for sufficiently large values of k say k > k for
some fixed ky € N.

1 k—1
; . ) ) 672(9]'% Gj+145+1)Cj + qgﬁC < 00
[(RELGCH R — (RIAC )R] < D I(REAGC)E — (RELGC )i |™ & =0

k

which leads us to the fact that

for Za.] > n0(€)7

ISSN: 1998-0140

But F being increasing and p; < t;, we have

22



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

DOI: 10.46300/9101.2020.14.6

tr
14 qk Ik
> |F ai (9195 — 9j+19j+1)C; + O
k>ko kizo k
= 0 P
Gk
< E Fl =) (9545 — 9j+10j+1)G + ——Ck
E>k Qr iz Qk
Z R0 J=

From this, it is clear that { € r%(A}) and the result
follows.o
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