
 

 

 
Abstract— Beekeepers are faced with q u i t e  a  number of 

challenges such as selection of fields and enhancement of honey 

production. In this paper crisp deterministic honey bee 

production model was formulated in an attempt to optimize the 

distribution of beehives in the  apiary  in order to maximize 

production  of honey and  minimize unhealthy  competition  

among foraging bees which often arises as a result of 

overcrowding. The model was characterized us i ng  Weighted 

sum model (WSM) and Analytic Hierarchical Model (AHM). 

Finally the validity of the model was tested with the real life 

data and the results obtained shows that   proper distribution 

of the bee hives in the apiary is important to maximize 

production and minimize unpleasant fields. 
 

Keywords—Beehive, Field, Honey bee production, 

Mathematical Model, Optimization, Optimal spatial 

distribution. 

 
  I  INTRODUCTION 
    Honey bees are social insects that  belong to the family of 
Apidae, Apis and Apis melifera and are considered  to  be 
one of the  most  highly  developed  social insects  among 
the  invertebrate animals due to their  social life which 
involves exhibiting  very well adapted  collective behaviors. 
These social insects visit approximately two million flowers 
to make one pound of honey for human use, [5]. Honey bees 
live in colonies made of only one queen, some few drones 
and thousands of workers. The strength of the bee colonies 
basically depends on the availability of nectar and pollen 
which are the major needs of honey bees. Honey bee 
production (honey beekeeping) is the rearing of honey bee 
for honey and other by-products. It is the maintenance of 
honey bee colonies, commonly in hives, by humans which 
provides great potential for development in almost all 
countries of the world, [12], [5]. Traditional beekeeping in 
trees is practiced by climbing the tree. The climbing 
involves the use of ladder and ropes.  In some parts of 
Southern and Central States of Nigeria, pots are kept on the 
ground as a means of hives in bee-keeping,[1]. In Eastern 
Nigeria, palm wine is used to attract bees to traditional  

 
hives. In Southern Bauchi, clay or mud hives are used to 
keep bees. The modern and/or scientific method of 
beekeeping is called Apiculture, it is the practice of honey 
bee rearing that  combines the knowledge of the social 
behavior and biology of the bees with that  of the 
environment and the use of apiary equipment to maximize 
honey production  and output of other bee hives 
production,[3]. 
   Bees play significant roles in agricultural sector as honey 
bees are highly needed in crop pollination leading to 
increase i n  national food production and regeneration of 
plant species.   Honey not only tasted good but also 
provides important food nutrients, protein, energy and sugar 
which accounts for 95-99 percent of honey dry matter, [8]. 
   A colony of honey bee is a biological unit or family  that 
consist of three different types of bees. The Queen or 
mother bee which is a fertile, egg laying female, the worker 
bees are infertile female. The drones which are male bees 
are  always  present in the  reproductive  season,  but  may  
be kicked out  by  worker bees during dearth  or food 
scarcity.  The composition is usually one queen to 60,000 
workers and about 100 drones in an average colony, [12] ,  
[15] .  Bee keeping has significant role in ensuring food 
security because honey bee pollination cultivated crop and 
vegetable and enhance productivity (such as fruits, vegetable 
and dairy products, including ice cream),[3]. Optimization 
of production of honey bees is at moment paramount in the 
nation’s economy. 
   Mathematical model is the general characterization of a 
process, object or concept in term of mathematics in order to 
determine behaviors in different situations,[4]. Optimization 
algorithm known as Honey Bee Algorithm are search 
methods where the goal is to find an optimal solution to a 
problem, in order to satisfy one or more objective 
functions, possibly subject to a set of constraints. Studies 
of social animals and social insects have resulted in a 
number of mathematical models and computational models 
of swarm intelligence. A good number of researches have 
been carried out on honey bee algorithm and mathematical 
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models, [2], [4], [6], [10], [11], [13],[14], [18], to mention a 
few. 
   In apiculture, the use of appropriate beekeeping 
equipments such as Movable frame hives, Smoker, Honey 
bee extractor, Hive tool, Gloves, Bee  Veil, Queen cage, Bee 
Brushes and the likes for colony inspection, management 
and  harvesting  of honey makes the  practice to be quick 
and  easy.   
   Determining the optimal placement of bee colonies in a 
large apiary can be regarded as a combinatorial problem 
solvable using mathematical programming tools. 
Formulated mixed -integer linear programs that  can be 
used in determining  the best location of beehives taking 
into account the preferred location of the beekeeper, 
number and strength  of available colonies, carrying capacity  
of the plant clusters, maximum flight distance  that  the 
bees can travel,  and spatial  orientation of the apiary.  Sites 
separated by millimeters present a different spatial problem 
than sites separated by kilometers.  [15] present an Ideal - 
Free Distribution Model that accounts  for the  effects of 
distance  by assuming  that  a forager’s gains gradually 
decrease as its distance  from a site increases. [14] applied 
mixed integer programming in the relocation of bee colonies 
whenever overpopulation occurs in the apiary.  [8] designed 
a model to determine the optimal distribution of beehives 
in location site such that overpopulation is minimized. 
   However, despite the number of researches on honey bee 
which most of them focused on bee algorithm and bee 
foraging, little or less has been done on optimization of honey 
bee production to enhance optimal production of honey. 
Hence, in this paper, the interest is to optimize honey bee 
distribution in apiary to improve production of honey 
which in turn maximize  the profit and  minimize  cost of 
keeping hives in terms  of feeding, labour  and  storage  
while overcrowding is avoided to reduce unhealthy  
competition  among bees.  
 
   II.    MODEL FORMULATION 
In apiculture, the placement of beehives is essential to avoid 
unhealthy competition among bees.  A model for identifying 
the optimal spatial distribution of beehives in an apiary for 
minimizing competition in colonies was designed.   To 
determine  the best  location  site for beehives,  there  is 
need to  consider;  the  distance  of the  hive from the  food 
sources and  the  maximum  flight distance  that  the  bee 
species can travel which is incorporated in the network 
characterizing the spatial orientation of the apiary sample 
as presented.  
    Consider the apiary network in “Fig” 1 

 
 Figure 1: A Sample network characterizing the       
 spatial orientation of an apiary 

 
The circular nodes represent foraging plants, the 
rectangular nodes represent fields within the range of the 
beekeeper and the arrows denote that the foraging plants 
are located in the area of the maximum flight of the 
foragers from the connected fields. The network is used to 
guide the beekeeper on the best field to locate his beehives. 
Preference is given to the availability and richness of the 
nectars in a foraging plant as well as the distance of the 
foraging plant from the field. A beekeeper may have to 
abandon a field located close to a foraging plant with 
disease or beyond the flight strength of the foragers. 
   To determine  the  optimal  distribution of beehives in the  
field using Figure 1, one needs to maximize the  number  
of foraging plants  connected  to the  fields with respect  to  
parameters such as the  priority weight of the  fields, 
large number  used as penalty  weight  and  portion  of 
bees in a field not  accommodated by available nectar  
which must  be subjected  to some constraints. For 
instance,  F1 and F3 are connected  to P1; F2, F3 and F4 
are connected  to P2; F2 and F4 are connected  to P3; F3 
and  F5 are connected  to P 4; F 3; F4 and  F5 are 
connected to  P5; F4 and  F6 are connected  to  P 6; F5 is 
connected to  P7; F5 and  F6 are connected to P8; F6 is 
connected to P 9. 
   The following notations for the decision variables and 
parameters (Table 1) shall be used.  Strength of a hive 
represents the number of bees in the hive and the labour 
capacity of a colony represents the number of labourers 

INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES 
DOI: 10.46300/9101.2020.14.13 Volume 14, 2020

ISSN: 1998-0140 55



 

 

that can be deployed to a particular hive. 
   Let the decision variables: 
yij be the  Portion  of bees in t h e  field i that  can be 
accommodated  by foraging plants j , yij ∈R, iL be the 
portion of bees in field i  that cannot be accommodated by the 
available foraging plants, iL  ∈R 
Zri = 1 if one or more hives are located to field i, 
otherwise 0. 
 
Table 1: Specified Parameters and Definition 
Parameter Description 

  F total  number  of fields 

  M total  number  of hives 

  Q total  number  of forage plants 

   L required labour ability 

  Sc cost of storage 

  C cost of tools 

  E cost of feed 

  Hr strength  of hive r, hr ∈ R 
  Wj carrying capacity  of forage plant j, wj  ∈ R 

  µj mean of wj 

  Σj standard deviation  of wj 

  Vi priority  weight given to field i, vi  ∈ R 

  N large positive number  applied as penalty  
weight to minimize overcrowding 

j ∈ Ci denotes that  forage plant j is connected to 
field i 

 i ∈ Dj denotes that  field i is connected to forage 
plant j 

  Yij portion  of bees in hive i that  can be 
accommodated  by field j 

  Li portion  of bees in field i that cannot be 
accommodated by the available  forage 
plants 

 

 
 
III. CRISP DETERMINISTIC MIXED-INTEGER 
HONEY BEE PRODUCTIVITY MODEL 
   Crisp deterministic mixed integer is an open standard 
process model that describes approaches used by data mining 
expert in many areas of application since any model that 
incorporates discrete phenomena requires the consideration of 
integer variable. Beekeepers sometimes encounter problems, 
such as slowdown in the rate of bee- product production 
due to the competition within  the area where bee colonies 

are located. Thus, crisp deterministic mixed-integer   honey 
bee productivity model was designed to minimize cost of 
keeping hives in terms of labour, feeding, storage and tools 
through proper distribution of beehives wi t h i n  the 
available fields. 
    Let yij, j∈ci be the  total  strength  of all hives to  be 
located  to  field i  that  can be accommodated  by available  
forage plants,  and  let the  variable  Li  represent  the 
amount of bees in field i that  cannot be accommodated  by 
the available forage plants(i.e overcrowd at field i). 
Then the problem is to 
Maximize 
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The  penalty  weight  N  in (1) could be very large and  
could be greater than  the  beekeeper’s desired  weight vi, 
hence, the minimization  of the overcrowd Li  is 
paramount with regard to the maximization  of the  total  
strength  of the  hives at  the  beekeeper’s disposal. The 
beekeeper needs to first maximize the hives with higher 
productivity tendency

 
before considering the maximization 

of the ones with lower productivity tendency.  The hives 
which has moderate feed consumption rate but optimal 
output is maximized. Equation (2)  shows that the  total  
number  of bees accommodated  by a forage plants  j does 
not exceed the availability  nectar  in forage plant j while  
(3) shows that  each bee hive has the exact feed required. 
The implication  of (4)  is that  if hives are located  at  
field i then the  feeds connected  to hive r are forced to 
accommodate  all the  strengths  of these colonies. If the 
feed connected to a  p a r t i c u l a r  hive cannot 
accommodate  all the strengths then overcrowd arises (Li  
is forced to be greater  than  zero)  on the other hand. 
Section III is divided into three subsections i, ii, and iii. 
 
    i. Data Collection 
Real life data,   Tables 2- 4 were obtained   from a 
beekeeper  in  St.  Benedictine Monastery, Ewu-Esan, Edo 
State, Nigeria. 
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               Table 2: Cost of maintaining the hives (cost × 100) 

H ives labour f eed storage tools 

h11 
h2 
h3 

h4 

30 
 

40 
 

20 
 

50 

20 
 

35 
 

40 
 

15 

50 
 

30 
 

35 
 

30 

45 
 

40 
 

30 
 

35 

          
   

      Table 3: Strength  of each hives 
  Strength × 10, 000 

h1 
h2 
h3 

h4 

[2.1, 3.1] 

[0.9, 1.9] 

[3.2, 4.2] 

[0.5, 1.5] 

  

 
                                                 Table 4: Carrying  capacity  of forage plants(×10, 000) 

 w1,j w2,j w3,j w4,j w5,j w6,j w7,j w8,j w9,j w10,j µj σj Φj
−1(0.1

)− 1 
j  (0.1) f p1 1.60 1.08 0.16 1.11 0.20 1.92 0.64 0.31 1.26 1.46 0.97 0.62   0.18 

f p2 1.90 0.52 1.66 1.04 2.08 2.11 0.09 3.16 2.93 1.02 1.65 0.09   1.46 

f p3 2.22 1.83 1.28 0.36 4.16 3.15 2.22 1.75 0.19 1.22 1.84 1.20   0.30 

f p4 3.41 4.70 1.39 5.14 2.90 2.29 6.75 5.04 4.33 5.00 4.10 1.59   2.06 

f p5 0.78 2.00 1.48 3.27 1.77 4.01 5.11 0.46 6.84 3.42 2.91 2.02   0.32 

f p6 1.02 1.96 3.61 2.60 4.68 0.80 2.17 2.58 3.12 2.60 2.51 1.15   1.04 

The Carrying capacity  of forage plants  (×10, 000) values 
are obtained  by determining the number of nectar and 
the number of foragers that  can be accommodated by 
each nectar.  The data obtained from an observation of 10 
weeks carrying capacity. f pj  denotes  forage plants  j and 
Wtj  denotes week t corresponding  to f pj . 

    Tables 3 and 4, gives the values for parameters µj , σj    
and Φ− 1  which is derived using Lingo 17.0 software,  
@PNORMINV(mu, sigma, x), where µ and σ  are mean 
and standard deviation  of the carrying capacity. 
 

ii. The Weighted Sum Model 
The weighted sum model is commonly used in single 
dimensional problems if there are A alternatives (number of 

hives) and B criteria (costs) then, the best alternative is the 
one that satisfies (in the minimization case) the  expression 
 





B

j

jijWSM vhH
1

min
 

Ai ,..,2,1                          5  
 
where  HW SM   is the weighted sum model(W SM ) result  
of the best alternative, B is the number of decision criteria, 

ijh  is the actual  value of the i th alternative in terms of 

the jth  criterion and jv  is the priority weight of the 
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   c1 c2 c3 . .  cB 

  Hives   (V1 V2 V3 . .  VB ) 

 H1 h11 h12 h13 . .  h1B 

 H2 h21 h22 h23 . .  h2B 

 H3 h31 h32 h33 . .  h3B 

.. .
.
.
.
. 

. .
. 

.

. 

. 

. 

. 

 HA   hA1 hA2 hA3 . . 
. 

hAB 

 

jth  criterion. 
The beekeeper matrix is stated as;         

 Criteria 
 
 
 
        
 
 
  
 
 
 
 

 
Minimum value of Hi is obtained by equation (5). 
 
iii. The Analytic Hierarchy Model (AHM) 
In the case of complexity in decision making, Analytic  
Hierarchy  Model acco rd ing  to  [16] and  [6] can b e  
apply to decompose it into a system of hierarchies using A 
× B (where A is the number  of alternatives and B is the 
number  of criteria). The AH M uses relative values instead 
of actual value and can be used in a single or multi-
dimensional  decision making problem. 
Thus we have 

 
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
B

j

jijAHM vhH
1

min , 

   Ai ,...,2,1
  
                     6  

 
  IV NUMERICAL IMPLICATION 
   Numerical implications is presented in this section 
using real life data Tables 2-4 and the results were 
interpreted in section V 
 
Problem 1 

A beekeeper has four costs (criteria), which were 
expressed in exactly the same unit and  four hives 
(alternatives).  If the   priority weights of the four criteria 
were given as v1 = 0.35, v2 = 0.25, v3 = 0.10, and v4 = 0.30 
(where vi is × 10, 000) and the corresponding hij values are 
given as; 





















35301550
30354020
40303540
45502030

H        

Find the best beehive to be chosen by the beekeeper in 
terms of cost optimization. 
 

Solution 
The matrix for the problem is; 

 Criteria 
 

c1 c2 c3 c4 

H ives (0.35 0.25 0.10 0.30) 

H1 30 20 50 45 

H2 40 35 30 40 

H3 20 40 35 30 

H4 50 15 30 35 

By equation (5),  
 
H1 = 34, H2 = 37.75, H3 = 29.5, H4 = 34.75 
 
Since  H3 < H1 < H4  < H2 , hence the best hive is hive 3 

(H3). 
 
Problem 2 
Determine   the best beehive to be chosen by the beekeeper 
in terms of cost optimization if 
the beekeeper has four costs (criteria) which were 
expressed in exactly  the same unit  and  six hives 
(alternatives). The  priority  weights  of the  four criteria 
a r e  given as v1  = 0.15, v2  = 0.30, v3  = 0.20, and v4  = 
0.35 (where vi  × 10, 000) and the corresponding hij 
values are; 

 






















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45351055
45302050
60401545
55251060
50302045
60351550

H

 

        

Solution 
The matrix for the problem is   
          Criteria 
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By equation (5), 
H1 = 40, H2 = 49.75, H3 = 36.25, H4  = 40.25,                 
H5  = 35.25, H6  =33.95 
Also, since H6 < H5 < H3 < H1  < H4  < H2.  Hence  
the   best hive is H6. 
 
Problem 3 
   Using the  data  in (Table  2) to obtain  the  priority  
weights (vi) to be assigned to the fields where the  
beehives are to be located  given the  relative  weights 

)( irw
 

of the four criteria as 

10.0,25.0,35.0 321  rwrwrw , 30.04 rw  

 
 Solution 

Let each entry in the matrix be divided by the 
summation value of that  particular column.  Thus,  

c1 
 

(0.35 

c2 
 

0.25 

c3 
 

0.10 

c4 
 

0.30) 
 30  20  50  45 
140 110 145 150 
 40  35  30  40 
140 110 145 150 
 20  40  35  30 
140 110 145 150 
 50  15  30  35 
140 110 145 150 

 

By equation (6),  
H1 = 0.24, H2 =  0.28, H3 = 0.22, H4 = 0.26 

Thus, vi are; v1 = 0.24, v2 = 0.28, v3 = 0.22, v4 = 0.26 . 
 

 

 

 

 

 

          

          Problem 4 
  

 
 Figure 2:  Network characterizing   the spatial  orientation of  
St. Benedictine Monastery  apiary. 
 

Use “Fig 2” to determine the  fields where  the  beekeeper  
is to  situate his beehives to optimize production  and 
minimize overcrowd where the distance  between two nodes 
is ≤  650m,  the  priority  weight  vi   are given as       
v1= (0.24), v2  = (0.28), v3  = (0.22) and  v4  = (0.26),           
N = 1000, the  strength  of each hive is in Tables  2-3 and 
the  carrying  capacity  of each forage plant is given in 
T able 4. 

 
Solution 
Using “Fig 2” to assign fields to the foraging plants the 

problem becomes; 
 

Maximize 
     0.24(y11 + y12 + y13 ) + 0.28(y22 +  
y24 ) + 0.27(y31 + y33 + y35 )+  
0.26(y43 + y44 + y45 + y46 ) –  

1000(L1+ L2 + L3 + L4)               (7)      
                                               
Subject to 

y11 + y31 ≤  0.18                                (8)   

y12 + y22 ≤  1.46                                (9)   

y13 + y33 + y43 ≤  0.30                   (10)  
 

y24 + y44 ≤  2.06                              (11)  

 
 

H ives 

c1 
 

(0.15 

c2 
 

0.30 

c3 
 

0.20 

c4 
 

0.35) 

H1 50 15 35 60 

H2 45 20 30 50 

H3 60 10 25 55 

H4 45 15 40 60 

H5 50 20 30 45 

H6 55 10 35 45 
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y35 + y45 ≤  0.32                              (12)  

y46 ≤  1.04                                         (13)  

z11 + z12 + z13 + z14  = 1             (14)  

z21 + z22 + z23 + z24  = 1             (15)  

z31 + z32 + z33 + z34  = 1              (16)  

z41 + z42 + z43 + z44  = 1              (17)  

3.1z11 + 1.9z21 + 4.7z31 + 1.5z41    

−  y11 −  y12 −  y13 −  L1  ≤  0         (18) 

 

 

 
 

 
 3.1z12 + 1.9z22 + 4.7z32 + 1.5z42 

−  y22 −  y24 −  L2  ≤  0                     (19) 

 
 

3.1z13 + 1.9z23 + 4.7z33 + 1.5z43  

 −  y31−  y33 −  y35 −  L3  ≤  0         (20) 

 
 

3.1z14 + 1.9z24 + 4.7z34 + 1.5z44  

 −  y43−  y44 −  y45 −  y46 −  L4≤0   (21) 

 
 

 

Using mathematical program Lingo 17.0 software, the result is 
shown in Table 5 
 
 
 
 
 
 
 
 
 
 
 
 

Table 5: Optimal solution obtained using Lingo 17.0 

Decision Variable 
Optimal 
Values 

  

11y  18.0  

22y  46.1  

24y  06.2  

43y  30.0  

45y  32.0  

46y  04.1  

443533311312 ,,,,, yyyyyy  0  

1L  34.5  

432 ,, LLL  0  

12z  46.0  

14z  54.0  

4122 , zz  1  

31z  96.0  

32z  04.0  

44434234332423211311 ,,,,,,,,, zzzzzzzzzz  0  
 
Table 5 shows that the beekeeper has to consider placing 
his beehives in fields1, 2 and 4 only. 
 
 
     

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 V. DISCUSSION OF RESULTS 
The result  obtained  shows that  for optimal  distribution of 
the beehives in other  to optimize production  and reduce 
overcrowding of foraging bees, the beekeeper should locate 
hives 3 and 4 at field 1 ; hive 2 at field 2 ; hive 1 at field 2 or 
4. Furthermore the result shows that no hive should be 
located at field 3. The solution indicated that the 
estimated   overcrowding  is      5.34(×10,000) foragers,  i.e 

34.54321  LLLL  where L2 , L3  and L4  = 0. 
Non satisfaction of equation (18) is as a result of 
overcrowding in field 1 which forced the foraging plants to 
accommodate the foraging bees. Field 3 is not  assigned 
with  any  beehive due to inadequate nectars  within  the  
field location as well as far distance from the source of 
food which is outside the range of the maximum  flight 
strength  of honey bees. Thus  the cost for production  of 
honey is reduced with proper placement of bee- hives in 
the available fields in connection to the foraging plants  as 
well as maximizes outputs  of honey bee products  as there  

INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES 
DOI: 10.46300/9101.2020.14.13 Volume 14, 2020

ISSN: 1998-0140 60



 

 

 

is sufficient nectar  and highly reduced competition  among 
bees which often occur from overcrowding. 
 

    VI. CONCLUSION  
      The major interest of any beekeeper is to enhance 

his honey production. Avoiding overcrowding of bees in the 
apiary which lead to competition for nectar among bees, 
absconding  of bees or swarming  from the  bee farm  are  
essential  to  guide against decline in the number of colonies 
of the beekeeper. In this paper Crisp deterministic mixed 
integer honey bee productivity model was formulated in an 
attempt to meet the interest of the beekeepers. The 
mathematical model formulated was solved using Lingo 17.0 
software.  And the results obtained shows that optimal spatial 
distribution of bee will maximize the production of honey and 
minimize the cost of production as well as overcrowding. In 
other words the adoption of this model by the beekeeper 
will increase the production of honey and consequently its 
availability for human   consumption.     
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