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Mathematical model of Plasmodium Vivax
and Plasmodium Falciparum Malaria

P.Pongsumpun and [.M.Tang

Abstract—Malaria is transmitted to the person by the biting of
infectious Anopheles mosquitoes. This infectious disease caused by
the parasite genus Plasmodium. Four species of this parasite cause
human malaria, namely, Plasmodium vivax, Plasmodium falciparum,
Plasmodium ovale and Plasmodium malariae. The difference
between P.vivax and P. falciparum is that a person suffering from P.
vivax infection can suffer relapses of the disease. This is due the
parasite being able to remain dormant in the liver of the cases where
it is able to re-infect the case after a passage of time. During this
stage, the case is classified as being in the dormant class. The model
to describe the transmission between falciparum and vivax malaria
consists of a human population divided into four classes, the
susceptible, the infectious, the dormant and the recovered classes.
The vector population is separated into two classes, the susceptible
and infectious classes. We analyze our model by using standard
dynamic modeling method. Two stable equilibrium states, a disease
free state Ej and an endemic state E;, are found to be possible. It is
found that the E, state is stable when a basic reproductive number R,
is less than one. If R, is greater than one, the endemic state E; is
stable. The conditions for the local stability of each equilibrium state
are established. The numerical simulations are shown to confirm the
results.

Keywords—Basic reproductive number, Equilibrium states, local
stability, Plasmodium Falciparum, Plasmodium Vivax,

I. INTRODUCTION

ALARIA (bad air) is recorded in writing from ancient

times. References to the fever, the well-known warning

sign of malaria, are made in papyri of ancient Egypt
[1]. The malaria disease is caused by the parasite of the genus
Plasmodium Malaria parasite can be found in birds, mammals
and lizards. There are four types of malaria parasites:
Plasmodium falciparum, Plasmodium vivax, Plasmodium
malariae and Plasmodium ovale. There are more than 3
hundred million cases of malaria per year; with between 1 and
1.5 million deaths annually (mostly in children) [2]. Malaria is
a major public health problem in Thailand. It has not been
eradicated for many reasons. First, Thailand has the physical
features of the land that is suitable for mosquitoes’ to breed in.
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Parts of the population are also at a higher risk, for example
the migrant worker and people who work in the forest.
Finally, malaria is developing resistance to the malaria drugs.
Malaria in Thailand is found along the border with Burma,
Cambodia, and Malaysia [3,4]. The infection arising from
Plasmodium falciparum, Plasmodium vivax and Plasmodium
malariae were found to be 50-60%; 40-50% and less than 1%,
respectively. Plasmodium ovale is not found in Thailand.
Plasmodium vivax malaria has become a gargantuan problem.
In 1994, 45,123 from 109,321 cases of malaria reported in
Thailand were due to Plasmodium vivax [5]. Malaria is still
transmitted in the jungle areas of many provinces, such as
Chiang Rai, Lampoon, Petchaboon, Tak, Kanchanaburi, Yala
and Chantaburi [5]. The malarial parasite has a complicated
double life cycle: a sexual reproductive cycle while it lives in
the mosquito and an asexual reproductive cycle while in the
human host. While it was in its asexual, free-swimming stage,
when it is known as a sporozoite, the malarial parasite is
injected into the human bloodstream by a mosquito, passing
through the skin along with the latter's saliva. The sporozoite
eventually enters a red blood cell of its human host, where it
goes through ring-shaped and amoeba-like forms before
fissioning (dividing) into smaller forms called merozoites. The
red blood cell containing these merozoites then ruptures,
releases them into the bloodstream (and also causes the chills
and fever that are typical symptoms of the disease). The
merozoites can then infect other red blood cells and their
cycles of development are repeated. The World Health
Organization estimates that there are over one million child
deaths per year in sub-Saharan Africa and there are 300-500
million cases of malaria per year. More than two billion
people or total 41% of the world’s population throughout the
world (e.g., part of Africa, Asia, the Middle East, Central and
South America, Hispania and Oceania) live in areas where
malaria is transmitted regularly and there are approximately
1.5-2.7 million people who die from malaria each year [6].

The progression of Plasmodium vivax malaria differs from
Plasmodium falciparum in that a patient can breathe his last
breath if he has Plasmodium falciparum malaria but will not
pass away from Plasmodium vivax infection. A person who
suffers from Plasmodium falciparum will recover from his
bad health (if he does not die). An ill patient with a
Plasmodium vivax infection will not die but will suffer
relapses. As a consequence, the mathematical model of
Plasmodium vivax malaria is different from that of
Plasmodium falciparum [7]. The transmission of malaria is
usually described by the Ross-MacDonald (RM) model [7].
Nevertheless, this model is only suitable for the transmission
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of the P. falciparum malaria because it does not contain the
possibility of relapses of the illness.
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Fig 1. Situation of Malaria in Thailand classified
by species of Plasmodium.

The data of Malaria in Thailand during 1965 to 2007
are shown in figure 1. We will see that the most cases of
Malaria are due to P.falciparum and P.vivax. The authors (PP
& IMT) have presented the transmission model of P.vivax
malaria but we did not consider the effect of P.falciparum
malaria [8].

The model for the transmission of Malaria is considered
again. In this study, we consider the transmission of two
species: P.falciparum and P.vivax. We introduce in Section 2,
the modification of the model which would make it applicable
to the transmission of P.falciparum and P.vivax malaria. In
Section 3, we analyze our model to find the conditions for the
local stability of each equilibrium state. The numerical
simulations confirm the local stability of each equilibrium
state.

II. TRANSMISSION MODEL

To study the transmission between two species:
P.falciparum and P.vivax. The population is separated into
human and vector classes. Human population is subdivided
into susceptible, infectious, dormant and recovered subclasses.
The vector population is subdivided into susceptible and
infectious subclasses. The variables are defined as follows:

S, (1) is the number of susceptible human,
I}, (t) is the number of infectious human,
Dy, (t) is the number of dormant human,

Ry, (t) is the number of recovered human,
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S, (t) is the number of susceptible vector,

L, (t) is the number of infectious vector.

An infectious human can recover and re-enter the susceptible
class. Only the recovered humans who were infected with P.
vivax are susceptible to further infections. However, an
infected mosquito cannot recover. In Figure 2, we show a
flow chart describing what is occurring in the human
population and vector populations. ANy is the number of Thais

entering the susceptible class through birth and 15 Iy () and

Is, I}, (t) as, respectively, the numbers of infected human

who were infected with P. falciparum or P. vivax malaria but
have recovered. The rate at which susceptible human are lost
by becoming infected with P. falciparum is

y'h I'v (t)S'h (t) and by becoming infected with P. vivax
Fh

is y 'h ) I'V (t)S‘h (t) . A susceptible human will be infected
v

by the P. falciparum (P. vivax) parasite if bitten by a mosquito
carrying the particular parasite. To take this into account, the

should be proportional to
Vh
the fraction of the infected mosquitoes with the particular type
of parasite. Additional increases in the number of people
infected with P. vivax malaria occur when the members of the
dormant class relapse.
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Fig.2 Flow chart of the model.
2a) For the human population
2b) For the vector population.
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The rate of change of the number of susceptible
members is equal to the number entering minus the number
leaving. This gives us the following differential equation for
the rate of change of the susceptible human population:

d | :
gtsh(t)=7~N1 —0n I (O HpSh(O-Ohg, +7hy, )Iv(t)sh(t](l)
(1 +11, )T (01413, Dy (P14, Ry ()

For the other population classes, we obtain

d \ \
G0 1hO =0 +7hy LOSHO-G +1, )

-y Ip (O- (s +15 )R (D+15, Dy (1)

d
aDh O =orn,Iy1)-(, +13, +up)Dp® G

RO = (15 15, 0 0+ G +RORRO 0

d

a SV (t) =A- MVSV (t) - (YVhF + YVhV )Ih (t)sv (t) (5)

d Al ]
alv(t) = (Yth + YVhV )Ih (t)sv (t) - HVIV(t) (6)

with the conditions
Ny, :Sh +I, + Dy, +Ry, and NV=SV+IV @)

where
Ly is the death rate of human population,
YhFh and y‘hvh are the rates at which the P.falciparum(F)

and P.vivax (V) parasites are transmitted from the mosquito to
the human

rates at which the

1 '

Vv hp and Yy hy are the
P.falciparum(F) and P.vivax (V) parasites are transmitted
from the human to the mosquito
A is the birth rate of human population,

N,  is the total number of human population,

N, is the total number of vector population,

a is the ratio of infected human in whom some hypnozoites
remain dormant in the liver,

ris the rate at which a person who infected with

P falciparum leaves the infected class,

I, is the rate at which a person who infected with P.Vivax
leaves the infected class,

1y, is the rate at which the dormant human relapses back to

the infected human due to P.Vivax,
I3, is the recovery rate of the dormant human due to

P.Vivax,
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1, s the rate at which the recovered human due to P.Vivax

relapses back to the susceptible human, and
Isp. is the rate at which the infected human due to

P.Falciparum recovers,
15 is the rate at which the infected human due to P.Vivax

recovers,
The total human and vector populations are constant, thus
the rate of change for both populations equal to zero. Then

d d

—Ny =0 and —N, =0 8
dt " [ ®
From (8), we obtain A = g, for human population and
Ny =— for vector population.
Hy
We normalize equations (1)-(6) by letting
S 1 D
qoSh g D
Np Np Np
R S I
rh = —h , SV = v , iV = v
Ny (Alpy) (Auy)

then the reduced equations become

d . :

LSOm0 (0)0m - g+, DO
+1 1, (04 GO (1O (0)

d. . . .
gtlh(t):(YhEl F¥yy v (080 (O (5 413 )in (O-Hyin (V)
- (15 15 )i (D)+ 1, dp (1)

(10)

d .
—dp () = on iy (1)-(r, +r3, +pp)d, (0 (11

dt

d. ) ) .
alv(t):(Yth +7th )lh(t)(l'lv(t))_uvlv(t) (12)

with the conditions

Sh -I-ih +dh +13 =1 and SV—i-iV =1

and
Yhe =7i A Yh o =Yi A
hFh hFh MV > th th “’V bl
—v. N —v. N 13
YVhF YVhF haYVhV YVhV h ( )

III. ANALYSIS OF THE MODEL

A. Analytical Results

Finding equilibrium states by setting the right hand side of
all equations (9)-(12) equal to zero, and then we obtain two
equilibrium states:
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i) Disease free equilibrium state: E, = (1,0,0,0) (14)

* %k %k Lk
ii) Endemic equilibrium state: E{ = (sy,,1p,,dp,,1y)  (15)
where

» By tdpn +ip( 4+ (1-0) -1 )1, (1-dp)

S < , (16)
("hp, +thh)1v+Hh +1y,
* SE ok
o dnty *Ohp, +Yny Sk
1y = , 17
Uh +I'1F +I'1V +r5F +r5v
Lk
aipr
d; - $’ (18)

Uh +I'2V +I'3V

Hy(Ro = D(un + 14, ) (1 (i +1123) +1p(0, +13,)
and if; _ +1,(n,(1-0) +13,) + (1, + 13, )55 +15,,))
(Yhpp, + Yy (Gvpp + Yvp (B + 12y 13,00, +
13,) + Wy (Up (0 2345+ pp) oy 1y, + (0, +13,)
(14, + 15 +15,)))

(19)

with
1173 =I'1F +I'1V +I'2V +I'3V +I'5F +r5v ,
Q12345 = Oy, +I'2v +I'3V -|-1'4V +I'5F -l-I'SV

and

(Ynpp Y0y )Y vhp ¥ Vv J(Hh +12y +13,)
O =
(B (p (g +1123) + (1 +13, )1 p + 155 +15,)
+11, (2, (I-0) +13,))

(20
The local stability for each equilibrium state can be
determined by the sign of all eigenvalues. If all eigenvalues
have negative real part, then that equilibrium state is local
stability. The eigenvalues for each equilibrium state are
calculated by setting
det(J-AD=0 (21)
where J is the Jacobian matrix of the right hand side of
equations (9)-(12) evaluated at the equilibrium state.
For the disease free equilibrium state E, the characteristic
equation is
(ot +14 )03 +6507 + 40 +19) =0 (22)
where
ty =2up +Hy 1123,
2
=g, +¥h )i +¥vn, ) T Hh + 23R (2HHI 23)
+hiph, + 1 0, (1=0) + 1, (5p +15, ) + 13, (G + 13, +T5p +15,)
2
to =Ky (1=Ro) Wiy +1nTi 23 +T, 1, (1= 0) +15,83,
+(1, +13,) @ + 5 +15,)
(23)

There are four eigenvalues corresponding to (22). We
represent these four eigenvalues by Aq,A,,A3,A4.
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A1 =—uy —ry4, has negative real part. The other three

eigenvalues can be obtained by solving

W+ 002+t A+ (24)
These three eigenvalues have negative real part if they
satisfy the Routh-Hurwitz criteria [9, 10]:
ty >0 (25)
tg >0 (26)
t2t1_t0 >0 (27)

It can be easily seen that coefficients t,,t;and t satisfy
(25) and (26) forR( <1. Calculating
tat —tg
@up +ry +1123) (O hpy Y hy)Cvnp +HYvny)

~ Fn (i + 200+ (Hy Ry )N 23+ (0 +13, )@ +sp +s ) 9
B 2
+17, (2, (I=0) +13, )+t (1=R)(ey, +1np1123

+(l—0L)r1Vr2V +I'1VI'3V "r(I'ZV +I'3V)(I']F +I'5F +I'5v))

tot; —to is positive for Ry <1. Therefore the disease free
equilibrium state is local stability for Ry <1.
For the endemic equilibrium state E;, the characteristic

equation is

A wsd +worZ 4wl b wy =0 (29)
where
W3 = ypp Vv b + (hpy +Vhyy iy 308 +Hy

+1p3 + 4r4V

Wo =3up (Hp +1y) +(20p TRy +1p +(1=0)n )n,
+(r1F +r1V)r3V +(r1F +r), +13, +r3v)r4V
+(Yyhp +Vvhy i GHn +1123 +14,)
+(I'2v +I'3V +r4v)r5F
+2up +py )1y p +17,, +13, +14, +T55) ’
+(2Hh +p’V +I'2V +I'3V +r4v)r5V
Lk Lk
+(Vhpp FVhyp v (12345 + Py +Vvpy Jin + 201
k  k
+“V)+(YVhF +YVhV)Svsh
2
wi =pp Ry + 20y (g +17,) +Rp Gry +1yp +17,)
Lk Lk
Yy in Grp + 200 +1p )+ 1y 2y dn TRy
o
+2“V)+(YVhV1h + Uy +“’v)rlF)r2v
Lk
+(1_a)((YVhp +YVhV)1h +Up +“’V)r]\/r2v
¥ 2 2
+Yvppih GRy, Ty + 20y (g +17, +120)) + (1)
2
+y (rp +11,) 0y Cpy +1p +11, )03, + (1)
+(r1F +r1v(1—a))r2v I -i-rlv)r3V +pv(r1F +1p,

+I'2V +r3v)+uh(2uv +I'1F +I'1V +I'2V +r3v))r4v
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% 2 \ ' !
Wo =((Yypp * vy in FHy )L +1g )0y +110 (1-0) Thp, »Vhy, > vth Yy, are equal to 0.14, 0.1, 0.15 and
\
+rlv r3V +(r2v +I'3V)( rlF +r5F +r5V)+].,lh(I'1F +r1v 01, respectively.

+1y, +13, +T5p +15 )+ (Yhpy +Vhyy)

1.00
L% L% 2
(IV((YVhF +YVhV)1h +HV)(“’h +(XI‘1VI'4V +(r2v +r3v)

(14, +15p +15, )+ up (ary, +1, +13, +14, +T5p +15,))

+(Yypp +Vvny)Sv(Hn 12y 130 )My +T4,)8p)

Susceptible human proportion
o

(30) .50 —
0.25 —
These four eigenvalues have negative real part if they 4
satisfy the Routh-Hurwitz criteria [9-12] : .00
w3 >0 (€2)) ] I xl} I Ell I 1I2 | 18
“q >'0 (32) Lime (years)
wo >0 (33) 0.00000002
WW,oW3 >W12 +W§W0 (34) .

From our evaluations, we have found that coefficients 0.00000001 —

w3, W, wiand w satisty (31), (32), (33) and (34) when
RO >1.

Thus, the endemic equilibrium state is local stability for
RO >1.

00000001 —

0.00000000 —

Infectious human proportion
[m]

B. Numerical Results

0. 00000000

T | T I T I T
In this section, we present the results of our numerical & e CEE
simulations. The values of the parameters are taken from real time (years)

life observations. We have set up =0.0000421 per day which 0-fonnoLz

corresponds to the real life expectancy of 65 years for human,

and g, =1/30, which corresponds to the life expectancy of wollalellelail oy

30 days for the Anopheline mosquito. The values e =1/20

Dormant humsn proportion
]

per day, I, =1/14 per day correspond to the time it takes -0pannne 7

people who are infected with P. falciparum and P. vivax to |

leave the infected class and become susceptible again, i.e., 20 00000003 7

days for P. falciparum and 14 days for P. vivax. The values .

., =1/365 per day, 1, =1/(2*365) per day correspond to the 0.0000000 — T
time it takes people who are infected with P. vivax to leave the s e = L B
dormant class, i.e., 1 year to enter the infected class and 2 time (years)

years to enter the susceptible class. The value ry = =1/(3*365) 0.0000002

per day corresponds to 3 years for the people who are infected

with P. vivax to relapse. The values Isp =1/30 per day, 0.0000002 —|

Is, =1/25 per day correspond to the time it takes people who

are infected with P. falciparum and P. vivax to recover, i.e., altEIRElEE ey

30 days for P. falciparum and 25 days for P. vivax. a =0.65
To have the disease free equilibrium state as the local stable

0.0000001 —

Infectious vector proportion
o

equilibrium state, we let y'hFh ,yVth , Y'Vh ,ylvh equal to
F v

0. 0000000 T T T T T T T

0.025, 0.024, 0.03 and 0.02, respectively. To have the stable
equilibrium state as the endemic equilibrium state, we set

time [years)
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Fig. 3. Time series of susceptible human, infectious human,
dormant human and infectious vector proportions. The values
of parameters are in the text and R ;=0.5
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Fig.4. Time series of susceptible human, infectious human,
dormant human and infectious vector proportions. The values
of parameters are in the text and R ;=10.96.

Fig.3 and fig.4 show time development of human and vector
classes. Fig.3 shows numerical solutions for R ;< 1. Fig.4

shows numerical solutions for R ;> 1. The solutions converge

to the disease free equilibrium state as shown in fig. 3. Fig. 4,
the solutions oscillate to the endemic equilibrium state
(0.0981393,0.0101401,0.113396,0.0706756).

IV. DISCUSSION AND CONCLUSION

We formulate the transmission model of Malaria by
considering the effect of two species: Plasmodium
Falciparum and Plasmodium Vivax. The basic reproductive

numberis R'=
_ (YhFh +thh)(yVhF +YVhV)(“h +r2v +I'3V)
0=
(by (i (b +1723) + (1, + 13 )T + s +15,)
+1, (0, (1-0)+13,))

R’ represents the number of secondary cases that one case
can produce if introduced into a susceptible person. R, is the

threshold condition. The threshold condition and the stability
of the solutions are shown in fig.5.

R where

(335
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Fig.5. Bifurcation diagrams of equations (9)-(12), demonstrate
the equilibrium solutions of susceptible, infectious, dormant
human and infectious vector populations, respectively. —
represents the stable solutions and --- represents the unstable

solutions. For Rg< 1,E, will be stable. For Ry> 1, E
will be stable.

1

The basic reproductive number for the endemic equilibrium
state will prevail if and only if the basic reproductive number
exceeds one. The disease free equilibrium state exists and is
local stability if the basic reproductive number is less than one
and become unstable when the basic reproductive number is
more than one. The numerical simulations are used to confirm
results in the previous section. The behavior of solutions can
be described in terms of the basic reproductive number; if this
number is less than or equal to one, therefore an infective
replace itself with less than one new infective, the disease die
out. Furthermore, the susceptible fraction approaches one
since everyone is susceptible when the disease has vanished.
If the basic reproductive number is greater than one, the
normalized susceptible human decreases. The normalized
infectious human, dormant human populations increase. These
subsequent behaviors occur because there are enough
susceptible human to be infected from infectious vector.
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