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On some interpolation problems in polynomial
spaces with generalized degree

Dana Simian, Corina Simian

Abstract— The aim of this paper is to study many interpolation
problems in the space of polynomials of w-degree n. In order
to do this, some new results concerning the polynomial spaces
of w-degree are given. In this article, we consider only the case
of functions in two variables. More details are obtained for the
weight w = (1,w2). We found a set of conditions for which,
I1,, v, the space of polynomials of w-degree n is an interpolation
space.
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I. INTRODUCTION

Multivariate polynomial interpolation of functions is usu-
ally used in practical problems in which is required the
approximation of an unknown multivariate function with a
polynomial, matching the initial function on a set of func-
tionals, which represent the interpolation conditions. Let be
A = {A1,..., A} C R? a set of arbitrary linear functionals
and F D II¢ a space of functions which includes polynomials.
The polynomial interpolation problem is to find a polynomial
subspace P such that for an arbitrary function f € F there
exists an unique polynomial p € P such that \;(f) =
Ai(p), Y i€ {1,...,n}. In this case the pair (A, P) is called
correct.

Various interpolation schemes were studied, connected to
various modelling problems:

1) Lagrange interpolation, with the set of conditions
A={ds(f) = f(0)]0 € O}.

(see [11, [2], [3], [4], [5], eto).

2) Hermite interpolation, defined in many ways and in-
volving certain derivatives of the unknown function. A
general way of describing the Hermite conditions is
given in [?]:

A ={X0lAg0(p) = (¢(D)p) (0) },

q € Py; 0 €0; Py CII
Other definition can be found in [7] and uses chains of
derivatives, organized in a tree.

3) An interpolation scheme, for a set of general functionals,
A, named least interpolation scheme, is given in [3]. A
minimal interpolation space for A is

Hyl= span{gl;g € Ha} (1)
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with
Hy = span{\’; A€ A} 2

A\¥ being the generating function of the functional A and
gl the least term of g ( the homogeneous polynomial of
minimal degree from Taylor series of g).

4) Ideal interpolation schemes - are the interpolation
schemes having the property that ker(A) is an ideal
of polynomials. Ideal interpolation schemes represent in
fact Hermite type interpolation schemes (see [9]). Multi-
variate ideal interpolation schemes are deeply connected
with H-bases. Any ideal interpolation space with respect
to a set of conditions A, can be obtained like a space
of reduced polynomials modulo a H-basis of the ideal
ker(A) (see [8]).

We remaind that a finite set of polynomials,

H = {hy,...,hs} C I\ {0},

is a H-basis for the ideal I =< H > if and only if
{p1 |pel} =<pl|p€H >, with p| the upper
term of the polynomial p, that is the maximum degree
homogeneous part of p.

Both in the least interpolation scheme and in ideal in-
terpolation schemes, the definition of the degree notion is
determinant.

In 1994, T. Sauer proposed, in [8], a generalization of the
degree, using a weight w € N9,

Definition 1: (T. Sauer, [8]) The w-degree of the monomial
% is

d
(@) =w- -a= sz 0y
i=1

VaeN, w=(wy,...,wg) € N, € R
We will use the notations:

Ag)w:{aeN‘i|w~a:n}, we (N neN (3)

ru(n) = #(A5 ) )
Ni={neN|3JacA (5)

n,w

A T-grading is defined as follows. Let (I',+) denotes an
orderer monoid, with respect to the total ordering <, such
thatt a < f=>~v+a<vy+0, Vao,58,yel.

Definition 2: (T. Sauer, [10]) A direct sum IT = @ P,(YF) is

ner
called a grading induced by T, or a I'-grading, if V o, 5 € T
FeP®, gePy) = fge Pl (6)
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The total ordering induced by I" gives the notion of degree
for the components in PA(YF). Each polynomial f # 0, has a
unique representation

F=Y Fur P €PL fru #0 (7)
i=1

The terms f,, represent the I'- homogeneous terms of
degree ;.

Assuming that y; < ... < s, the I'- homogeneous term
f+. is called the leading term or the maximal part of f, denoted
by f) 1.

The w - degree induces on the space of polynomials in d
variable a IV 4-grading, in the sense given before, that is:

= P ®)
YENa
Let be
Hn,w = Z Caxa | Cq, S R, o € Nd (9)
w-aln

The polynomial homogeneous subspace of w- degree m can
be rewritten as:

Hg,w: Z Cat® | ca € R, a € N?
acAf ,

We observe that 7,,(n) = d° , is the dimension of the
w-homogeneous subspace 117, .
Will we denote by

SV (@) =

)

D*f)(0)x~
2,( no

the w-homogeneous part of f and by f|,,, the w-least term
of f, that is the term with the lest w-degree in Taylor series
of f.

These type of conditions appear in practical applications in
which we have spatial and temporal interpolation conditions.

The paper is organize as follows. In section II we prove
three new results concerning the bivariate polynomial spaces
of w-degree. In section III we introduce and analyze many
interpolation schemes defined using the w - degree of polyno-
mials.

II. SOME RESULTS CONCERNING THE SPACE OF
POLYNOMIALS OF w - DEGREE

The dimensions of the homogeneous w- space, 7, (n)
and the set A9 , depend of the weight w = (w1, w2) C Z3.In
[12], we found a general expression for r,,(n) and A%,w’ for
arbitrary w;, we and implemented two variants of algorithms
based on this expression. These results are given in theorem
1.

Theorem 1: ([12]) Let w =

consider the functions:

(wi,ws) € (N*)? and let

r:{0,...,w1—1} = {0,...,w1—1}; r(i) = (iw2) mod wy
7:{0,...,we—1} = {0,...,we—1};
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7(i') = ('w1) mod we

Then
1) 7,(0) =1 and (0,0) € Af,.
2) If j = cwy, then 1, (j) = {C] 41, and (a1, a0) €

W

0 .

Aj ., are given by

ag = kwy, with 0 < k < {C} a; =

w

2
C

J — waaa
w1 ’

3) If j = cws, then 7,(j) = [ ] +1, and (aq,9) €

w1
0 .

A7, are given by

a1 = kwsy, with 0 < k < [%] ;

_ J-wion
Qo = 4
w wa

4) For any j, 0 < j < min(wy,ws), r,(j) = 0.
5) If j /w; and j i/ we, with j > min(wy,ws), then

ru(j) = #(My) with Mlz{[o, J =i mv}7

wi1wsz

i =r~Y(s), with s = j mod wy, and (a1, az) € A?)w
M, with ¢; € M; and

are given by oy = o)

_ l—wia
Qg = w .
2

6) If j /w; and j /we, with j > min(w;,ws), then
ru(j) = #(Me) with M = {|o, [ ][ v}, if

, wi1w2
J— v >0, i = 7 1(p), with p = j mod wy, and
wi1W2
(a1, az) € A9, are given by ay =
RS M2 and a1 = %7?(12.

7) If 7 /wy and j i/ wy, with 5 > min(w;,ws) and
min{j —iw;,j—i'we} < 0, 7, i’ defined in the previous
statements of theorem, then r,(j) = 0.

The following theorem proves that for obtaining the values
of ry(n) it is sufficient to apply theorem 1 only for the case
n < wyws and then a recursive calculus can be performed.

Theorem 2: With the notations from theorem 1, if n >

wyws, then

j—(gawa+i")wy ’ with
wo

rw(n) = ry(n mod wiws) + n div wyws, (10)

n
wiwz

with n div wywe = [ } and [] the integer part function.
Proof: Letbe n = wy-ws-q+p, that is ¢ = n div wy -wo
and p = n mod wy - wo.
1) If n = c-wy, then p = wy - ¢y, thatis ¢ = wy(wa-q+cq).
From theorem 1 we obtain :
C1

Tw(n) =q+ <1 + |::|> =q+ T’w(p)
wo
2) If n = c-weo, then p = wy-ca, that is ¢ = wa (w1 -q+c2).
From theorem 1 we obtain :
Co

rw(n) =q+ (1 + [D =q+7uw(p)
w1
3) If n /w; and n i/ ws, than let be n = jwiws + 4,
1 < wiws. and let be m = (j + 1)wiwg +i. We will use
induction on n and the following result proved in [12]:

Tw(m) =ry(n) + 1 (11
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In practical problems, we are first interested in the case
wy; = 1 or wg = 1. Some results related to this case are
presented next.

Theorem 3: If w = (1,w2) € Z2, wy > 1, then the
dimension of the w - homogeneous polynomial space of degree
n and the exponents of the monomials which generate this
space, are given by

rw(n) =14¢q (12)
A =1{0,0), (G — w2, 1), (f — quz,@)},  (13)
with ¢ = [% .
If w=(wy,1) € Zi, wy > 1, then
ro(n)=14g¢q
Ay ={0.9), (Lj —wi), . (@ —qu)}. (14

Proof: Let w = (w1, ws), with wq = 1. Then n = n-w,
and according theorem 1, ry,(n) = [n +1=qg+1, a0 €
w2

{0,...,¢}, a1 =n —woas.
A similar proof can be made for wy, = 1.

Theorem 4: If w = (1,wq) € Zi, we > 1, then the
dimension of the w - polynomial space of degree n is

q+ 1)(w2q + 2r)

dyn = dim(Il, ) = (

15
: . as)
with ¢ = [w%} and r = n mod ws.

Proof:  dim(I1 Zdzm . From (13) we
observe that
dim(113,, .,) = dim(H?iH)w%w) — —
dzm(l_[(Jr _1 ) = ¢+ 1, V¢ > 0. Therefore

1Twsa w2, w

dy = 1~w2+...—|—q-w2—|—(q—|—1)~r:wg-%—l—(q—i—l)-r.

III. THE INTERPOLATION PROBLEMS

We consider, in the space of polynomial of w-degree, many
interpolation problems having the conditions of type

Ak = f (0;1),

0;r €O CR%je{l,...,n}
First, we consider the interpolation problem with the
conditions:

Aow = {A;i(f) =

j €{0,...,n}. We want to find an interpolation polynomial
with minimum w- degree, for these conditions. In order to do
this we generalize least interpolation ( see [3]) for the space
of polynomials with w-degree.

We introduce the following notation:

(16)

fUle(0;),0; € © C R}, (17)

_ _ Dp(0) D f(0)
< f,p>= (p(D)f)(0) = Z - (18)
aEN?
The generating function of the functional A; is :
Ni(2) =< Aj,e; > (19)
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The spaces from (1)-(2) become

0% - x>
Hy,, = span{ pj(x) = Z Ja! ; (20)
aw=j
Hy, w = span{pjle [pj(x) € Hp, ,} 2D

Jj €{0,...,n}. Obviously Hp, , = Hyp, , lw, be cause it is
generated by w- homogeneous polynomials.
For any f € Aj, we have,
N(f) = fUl(0;) =< f,p;

>= (p;(D))(0) (22)

Let Ly, ,, be the interpolation operator for the conditions (17).
Theorem 5: The operator Ly, , has the expression:
<pi, f>
ij bt > = (23)
<pj,Dj >

with p; given in (20).
Proof: We have that < p;,p; ># 0 <= j = 4. The
following equality holds, for all j € {0,...,n} and f € Ap:

< Lp,.,pi >=<[f,pi > (24)

By a simple computation, we obtain:

Nj(La,, () =< La,.,.p; >=< f,pi >= fUl(8;).
Theorem 6: The fundamental interpolation polynomials,

¢i, ¢ € {0,...,n}, for the interpolation scheme
(Ao, HAo,w) are given by
bi
g = ——— 25
14 < Di,Pi > ( )
Di .
Proof: A](¢2) = <pj, W = 5i,j’ where 51',3' 18

the Kronecker symbol.

Next, we will considerate the case w; = 1 or wy = 1.
Proposition 1: If in the interpolation problem with condi-

tions (17) wy = 1 or we = 1, then the maximum degree of

the interpolation polynomial (L, )(f) is n.

Proof: The degree of the interpolation polynomial is
given by the maximum degree of p,,. Taking into account the
theorem 3, p,, is a linear combination of the monomials which
exponents are given in (13) or (14). The maximum degree of
these monomials is n.

Let observe that d,, ., = dim(IL, ) # #(A). So the
interpolation space falls to be II,, ,,.

We want to find a set of conditions for which II,, ,, is
an interpolation space. A necessary condition for this is that
dp.w = #(A). We consider the set of condition:

Awo = {Nu(f) = fU (0,1}, (26)

with j € {0,...,n = q-wa+7r}, k € {1,...d97w}, 0 =
{01} C R? a set of points having the following properties:

1) 6 # 0,1 Vi#k

2)
Aj = [605%] #0, 27)
jef0,...,n}, ke{l,...d},},
aeAl, ={(j—iw,ili=0,...,q},
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Theorem 7: The interpolation problem with conditions A,
given in (26), has an unique solution in the space of polyno-
mials of w-degree n, with w = (1,ws), wy > 1.

Proof: Let be p = Z cqx® the interpolation poly-
OleAn,w
nomial. We look for its coefficients, c,. The interpolation con-

ditions leads to n + 1 Cramer systems, having dg’w equations
and the determinant A; # 0, j € {0,...,n}. Hence, all of
these systems have an unique solution.

ACKNOWLEDGMENT

This work benefits from founding from the research grant
of the Romanian Ministry of Education and Research, cod
CNCSIS 33/2007.

REFERENCES

[1] C. de Boor and A. Ron, On the error in multivariate polynomial
interpolation, Math. Z. 220, pp. 221-230, 1992.

[2] C. de Boor, Polynomial interpolation in several variables, Math. Z, 210,,
pp. 347-378, 1992.

[3] C. de Boor and Ron A. The least solution for the polynomial interpo-
lation problem, Math. Z. 220, pp. 347-378, 1992.

[4] C. de Boor and A. Ron, Computational aspects of polynomial interpo-
lation in several variables, Math. Comp. 58, pp. 705-727, 1992.

[5] J.M. Carnicer and M. Gasca, Classification of bivariate configurations
with simple Lagrange interpolation formulae, Journal in Computational
Mathematics 1-3, Vol. 20, pp. 5-16, 2004.

[6] Z. Chuanlin, A new method for the construction of multivariate min-
imal interpolation polynomial, Journal Approximation Theory and Its
Applications 1, Vol. 17, pp. 10-17, 2001.

[7]1 T. Sauer and Y. Xu, On multivariate Hermite interpolation, Advances in
Computational Mathematics 4, pp. 207-259, 1995.

[8] T. Sauer, Grobner basis, H-basis and interpolation, Transactions of the
American Mathematical Societ., 1994.

[9] T. Sauer Polynomial interpolation of minimal degree and Grobner bases.
Grobner Bases and Applications (Proc. of the Conf. 33 Year of Grobner
Bases), vol. 251 of London Math. Soc, Lecture Notes, pag. 483-494,
Cambridge University Press, 1998.

[10] H.M. Moller and T. Sauer, H-bases for polynomial interpolation and
system solving. Advances in Computational Mathematics, 1999.

[11] D. Simian, Homoheneous Polynomial Interpolation of Multivariate
Functions, Automation, Computers, Applied Mathematics, Scientific
Journal, Vol 11, nr.1, pp. 133-138, 2002.

[12] D. Simian, C. Simian, A. Moiceanu, Computational Aspects in Spaces
of Bivariate Polynomial of w-degree n, Lectures Notes in Computer
Science, Springer Berlin Heildelberg New York, pp. 486-494, 2005.

Issue 3, Volume 1, 2007 150



	Button1: 
	Button3: 
	Button4: 
	Manuscript Received March 3, 2007; Revised received June 15, 2007: 


