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Abstract—Recently there has been an extensive study on
Relative Semi-Dynamical Systems (RSD-Systems). In this paper,
we explore some topological properties of RSD-systems. Here, in
particular, minimal RSD-systems are characterized and transitive
homeomorphisms are investigated. Moreover,α-level relative
topological entropy is extended to RSD-systems. Finally, as a
computational example, we develop an RSD-system over the
polynomial function spaceR[x] based on the derivative operator;
we also calculateα-level relative topological entropy for this
system.

Index Terms—Relative semi-dynamical system, Transitivity,
Relative topological entropy

I. I NTRODUCTION

A NY scientific approach towards studying dynamics on
natural systems relies on modeling (analytical, numer-

ical, or observational). A successful mathematical modeling
requires an awareness of the following alternative approaches:
Synthesis: finding similarities between models that appear
different Analysis:
identifying differences between models which appear similar
A model is accepted or validated by evaluating its accuracy,
i.e., how well the formal system describes the natural system?
This can be done by matching experimental observations
and/or measurements with the theory. The process of math-
ematical modeling has the following steps:

1 Beginning with observations, we start with a question
or hypothesis, which is investigated within a conceptual
framework (the model).

2 We test and validate the model with experimental data.

However all data are not crisp, also getting the facts
through observational process depends on the idea of

observer. So we should add the evaluation of the ”thought of
observer” to the above two main points and extend the fuzzy
version of such a mathematical model. In order to develop a
mathematical model underlying uncertainty and fuzziness in
a dynamical system, any variation and/or approximation on a
system should be identified by an observer. Moreover, we need
a method to compare different perspectives of the observers,
also to measure the complexity and/or the uncertainty of
the system through viewpoint of the observers. So first, we
should mathematically identify the observer. In our approach,
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there is a one to one correspondence between[0, 1]X , the set
of all functions f : X → [0, 1], and the observers where
X denotes the base space of the system. We indicate any
structure or dynamics onX in terms ofµ-qualify or µ-relative
which means from the viewpoint ofµ. For example,µ-relative
topology is the description of the topological notion onX
by eyes of the observerµ. Applying this idea for describing
any other geometrical structures onX such as manifolds [9],
vector fields [7] and metrics [9], [8] has led to theµ-Relativism
Perspective onX.

An extension of the fuzzy dynamical system [2], [4], [12],
which is called relative semi-dynamical system, has been
introduced in [6] to explain the dynamics on the system related
to the observer’s perspective. In this paper first, in section
II, some necessary definitions and terminology are reviewed
from [3], [6], [10], [11]. Then minimal relative semi-dynamical
systems are introduced and characterized in section III. The
concept of transitivity from the viewpoint of the observer
is also discussed in section IV. In section V, some results
regarding topological entropy, as an invariant object under
the conjugate relation [6], are presented in order to classify
relative semi-dynamical systems. Finally we discuss some
computational examples in section VI.

II. D EFINITIONS AND TERMINOLOGY

In this section some necessary definitions and terminology
such as fuzzy set, fuzzy topology and relative semi-dynamical
system are reviewed from [3], [6], [10], [11].

Given any nonempty setX, any functionµ ∈ [0, 1]X is
said to be afuzzy subsetof X. Given the fuzzy subsetµ, τµ is
said to be aµ-relative topologyon X if τµ is a collection of
members of[0, 1]X satisfying the following conditions [11]:

i) µ, χφ ∈ τµ, whereχ is the characteristic function,
ii) If λ ∈ τµ thenλ ⊆ µ, i.e. λ(x) ≤ µ(x) on X,

iii) If λ1, λ2 ∈ τµ thenλ1 ∩ λ2 ∈ τµ, where(λ1 ∩ λ2)(x) =
inf{λ1(x), λ2(x)},

iv) If {λi : i ∈ Γ } ⊆ τµ then∪i∈Γλi ∈ τµ, where∪i∈Γλi =
sup{λi(x)}i∈Γ.

Note thatτµ is, in some sense, a fuzzy model of the topology
on X from the viewpoint of the observerµ. In fact, for a given
α ∈ (0, 1], if we let

λα = {x ∈ X : λ(x) > α}

and
(τµ)α = {λα : λ ∈ τµ}

then (µα, (τµ)α) can be considered as a crisp topological
space.
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With the above notations, let(X, τµ) denote aµ-relative
topological space; a mappingf : X → X is called (µ, µ)-
continuousif

f−1(η) ∩ µ ∈ τµ

for all η ∈ τµ, wheref−1(η)(x) = η(f(x)). Moreover the
triple (f,X, τµ) is called arelative semi-dynamical systemor
briefly anRSD-system.

III. M INIMALITY ON RSD-SYSTEMS

Given anα ∈ [0, 1], let (f,X, τµ) be an RSD-system. for
any x ∈ X, the set

Of
µ(x) := {fn(x) : n = 0, 1, 2, · · ·}

is called anorbit of x. In this section the so calledµα-
minimal RSD-system(f,X, τµ) is defined so that any real
value functiong on µα is determined by its values on the
µα-minimal.

Definition 1: An RSD-system(f,X, τµ) is called aminimal
relative semi-dynamical systemon µα or briefly µα-minimal
if:

i) f(µα) ⊂ µα,
ii) For all x ∈ µα, the set{fn(x) : n = 0, 1, 2, ...}, Of

µ(x),
is a dense subset ofµα, where the topology ofµα is
(τµ)α.

The following theorem shows how to identify any(f,X, τµ)
as aµα-minimal.

Theorem 2:Given anα ∈ [0, 1], let (f,X, τµ) be an RSD-
system. The following statements are equivalent.

i) f is µα-minimal.
ii) Let f(µα) ⊂ µα. If C is a closed subset of the topological

space(µα, (τµ)α) such thatf(C) ⊂ C, thenC = µα or
C = ∅.

iii) Let f(µα) ⊂ µα. If O ∈ (τµ)α is a nonempty open set,
thenµα = ∪0

n=−∞fn(O), wheref0(O) = O.

Proof:
i)=⇒ii)
Let f(µα) ⊂ µα. Suppose thatC is a nonempty closed subset
of µα andf(C) ⊂ C. There existsx ∈ C such that

µα = {fn(x) : n = 1, 2, · · ·} ⊂ C.

ThereforeC = µα.
ii)=⇒iii)
If f(µα) ⊂ µα and O ∈ (τµ)α, then there existsλ ∈ τµ

such thatO = λα. A straightforward calculation shows that
f−1(O) = (f−1(λ))α. ThereforeC = µα − ∪0

n=−∞fn(O)
is a closed subset ofµα. Moreoverf(C) ⊂ C and C is a
nonempty set.
iii) =⇒i)
Suppose thatx ∈ µα is given andO is a nonempty open subset
of µα; then x ∈ f−n(O) for somen ∈ {0} ∪ N . Therefore
fn(x) ∈ O. Thus we can see that

{fn(x) : n = 1, 2, · · ·} = µα.

ut
We recall from [6] that a subsetD of X is called an invariant

for the RSD-system(f,X, τµ) if f(D) ⊂ D. An invariant

subsetD of µα is called µα-minimal if f : D −→ D is
D-minimal. Given an RSD-system(f,X, τµ), the necessary
conditions for the the existence of aµα-minimal set are
presented in the following theorem.

Theorem 3:Let (f,X, τµ) be an RSD-system. Also letα ∈
[0, 1] be given such thatf(µα) ⊂ µα andµα 6= ∅. Thenf has
a µα-minimal set.
Proof: Let M denote the set of all nonempty closed invariant
subsets off ; then Cantor’s intersection property and Zorn’s
lemma imply thatM as an ordered set under inclusion has a
minimal set which is the requiredµα−minimal set. ut

Theorem 4:let f : X −→ X be a µα−minimal andg :
µα −→ R be a continuous function such thatgof = g, where
the topology ofµα is (τµ)α. Theng must be constant.
Proof: The conditiongof = g implies thatgofn = g for all
n ∈ N. Thus for a givenx ∈ µα, we have

g(Of
µ(x)) = {g(x)},

whereOf
µ(x) is the orbit ofx. Moreover, the continuity ofg

implies that

g(µα) = g(Of
µ(x)) = g(Of

µ(x)) = {g(x)}.

ut

IV. T RANSITIVITY ON RSD-SYSTEMS

The goal of this section is to investigate those RSD-systems
(f,X, τµ) which are invariant only on the dense subsets ofµα.
More precisely,

Definition 5: Any RSD-systemf is calledµα-transitive if
there exists an orbit inX, Of

µ(x), such thatµα ∩Of
µ(x) is a

dense subset ofµα. Such an orbit is calledµα-transitive.
Theorem 6:Let f be a (µ, µ)-homeomorphism. Then the

following statements are equivalent:

i) f is µα-transitive.
ii) If U is a nonempty open subset ofµα, wheref(U) = U ,

thenU is dense inµα.
iii) Let V and W be two nonempty open sets inµα. Then

there exists ann ∈ Z such thatfn(V ) ∩W 6= ∅.
iv) If Oα(x) = Of

µ(x) ∩ µα, then the set

{x ∈ X : Oα(x) is dense inµα} ∩ µα

can be written as an intersection of countable collection
of the open dense subsets ofµα.

Proof:
i)=⇒ii)
f is µα-transitive so there existsx ∈ X such that

Oα(x) = {x, f(x), f2(x), · · · , fn(x), · · ·} ∩ µα

is dense inµα. Thusfn(x) ∈ U for somen ∈ Z. Let fk(x) ∈
Oα(x), then fk(x) ∈ fk(f−n(U)) ⊂ U . So Oα(x) ⊂ U .
Therefore,U is dense inµα.
ii)=⇒iii)
The setU =

⋃
n∈Z fn(V ) is an open subset ofµα andf(U) =

U . SoU is dense inµα. ThusU ∩W 6= ∅. Hence there exists
an n ∈ Z such thatfn(V ) ∩W 6= ∅.
iii) =⇒iv)
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Let {Dn}n∈N be a family of dense subsets inµα. We can see
that:

Oα(x)
⋂

µα =
∞⋂

n=0

∞⋂
k=1

( ∞⋃
l=−∞

f l
(
B(Dn, 1/k)

))
,

whereB(Dn, 1/k) =
{
y ∈ X ∩ µα : d(y, Dn) < 1

k

}
.

iv)=⇒i)
{x ∈ X : Oα(x) is dense inµα}∩µα is a dense subset ofµα

so this set is nonempty. Therefore, there existsOα(x) such
that Oα(x) is dense inµα. ut

V. RELATIVE TOPOLOGICAL ENTROPY

In this section we want to compare the levels of complexity
of any given RSD-system(f,X, τµ) from the viewpoint of
different observers. For this purpose, here theα-level relative
topological entropy is introduced and a method is presented
for calculating the entropy index.

Suppose thatτµ is a µ-relative topology onX. Let α ∈
(0, 1) be given such that(X, µ) is a compact(α, µ)-Hausdorff
space [6]. Moreover, let

Θ =
{
λi

α : λi ∈ τµ, i = 1, · · · , n
}

be an open cover forµα. Regarding the above notations, the
open coverΣ is called asubcoverof Θ if Σ ⊂ Θ.

Definition 7: The relative topological entropy of the open
coverΘ with the levelα is defined to beHα(Θ) := log N(Θ),
whereN(Θ) is the smallest number of open sets which can
be used in any subcover ofΘ.
Let

{
Θr = {(λ1

r)α, · · · , (λNr
r )α} : r = 1, · · · , k

}
be a family

of open covers forµα. An α-refinementof this family is the
open cover

∨k
r=1 Θr, which is defined by:{

(λi1
1 )α ∩ (λi2

2 )α ∩ · · · ∩ (λin

k )α : (λij

j )α ∈ Θj , j ≤ k
}

Lemma 8:Let X be a compact(α, µ)-Hausdorff space
and f : X −→ X be an RSD-system. Moreover, let
Θ = {λ1

α, · · · , λn
α} be an open cover forµα. Then

f−1Θ =
{
(µ ∩ f−1λ1)α, · · · , (µ ∩ f−1λn)α

}
would be an open cover for(µ ∩ f−1µ)α.
Proof: Since Θ is an open cover forµα, we have
µα ⊂

⋃n
i=1 λi

α. Now if x ∈ ((f−1µ) ∩ µ)α, then
min{µ(f(x)), µ(x)} > α. So f(x) ∈ µα. Hence there exists
1 ≤ m ≤ n such thatf(x) ∈ λm

α . Thusλm(f(x)) > α. So
(f−1λm)(x) > α. Moreover we haveµ(x) > α. Therefore
x ∈ (µ∩f−1λm)α. Hencef−1(Θ) is a cover for(µ∩f−1µ)α.
Sincef is (µ, µ)-continuous,µ∩f−1λi, i = 1, · · · , n are open
sets inτµ. So f−1(Θ) is an open cover for(µ ∩ f−1(µ)α. ut

Theorem 9:Let Θ andΣ be two finite open covers forµα.
Then the following inequality holds.

Hα(Θ ∨ Σ) ≤ Hα(Θ) + Hα(Σ).
Proof: Let

Θ ⊇ Θ′ = {λ1
α, · · · , λn

α}

and
Σ ⊇ Σ′ = {γ1

α, · · · , γm
α }

be respectively the subcovers ofΘ andΣ such thatHα(Θ) =
log n and Hα(Σ) = log m. Now Θ′ ∨ Σ′ is a subcover of
Θ ∨ Σ. So

Hα(Θ ∨Σ) ≤ log(nm) = log n + log m = Hα(Θ) + Hα(Σ).

ut
Theorem 10:Let f : X −→ X be an RSD-system andΘ

be a finite open cover forµα. The following inequality holds:

Hα(Θ) ≥ Hα(f−1Θ).

Proof: Let Θ′ = {λ1
α, · · · , λn

α} ⊆ Θ be an open over such
that Hα(Θ) = log n. Then

f−1Θ′ =
{
(µ ∩ f−1λ1)α, · · · , (µ ∩ f−1λn)α

}
is an open cover for(µ ∩ f−1µ)α. Thus

N(f−1Θ) ≤ N(f−1Θ′) ≤ n = N(Θ).

Therefore,Hα(Θ) ≥ Hα(f−1Θ). ut
Theorem 11:Given a compact(α, µ)-Hausdorff spaceX,

let f : X −→ X be an RSD-system. Moreover, letΘ be
an open cover forµα, whereα ∈ (0, 1). The following limit
exists.

lim
n→∞

1
n

Hα

( n−1∨
i=0

f−i(Θ)
)

Proof: Let xn := Hα

( ∨n−1
i=0 f−i(Θ)

)
. Then for alln, m ∈ N

we have:

xn+m = Hα

( n+m−1∨
i=0

f−i(Θ)
)

≤ Hα

( n−1∨
i=0

f−i(Θ)
)

+ Hα

(
f−n

( m−1∨
j=0

f−j(Θ)
))

≤ Hα

( n−1∨
i=0

f−i(Θ)
)

+ Hα

( m−1∨
j=0

f−j(Θ)
)

= xn + xm.

Thus limn→∞
xn

n exists, since{xn}n∈N is a sub-additive
sequence. ut

Regarding the above theorem, theα-level relative topolog-
ical entropy for the RSD-systemf : X −→ X associated to
the open coverΘ is defined by:

hα(f,Θ) = lim
n→∞

1
n

Hα(
n−1∨
i=0

f−iΘ)·

whereX is a compact(α, µ)-Hausdorff space.
Definition 12: The α-level relative topological entropy for

f is defined by:
hα(f) = sup{hα(f,Θ) : Θ is a finite cover ofµα}

Referring to [6], two RSD-systems(f,X, τµ) and(g,X, τµ)
are calledµ-conjugate if there exists aµ-homeomorphismϕ :
X −→ X such thatϕof = goϕ. The next theorem shows that
the relative topological entropy is invariant underµ-conjugate
relation.

Theorem 13:If f : X −→ X and g : X −→ X are µ-
conjugate thenhα(f) = hα(g) for all α ∈ (0, 1).
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Proof: Because of theµ-conjugate relation, there exists aµ-
homeomorphismϕ : X −→ X such thatϕ ◦ f = g ◦ ϕ. Now,
let α ∈ (0, 1) andΘ be a finite open cover forµα, then:

hα(g,Θ) = lim
n→∞

1
n

Hα

( n−1∨
i=0

g−i(Θ)
)

= lim
n→∞

1
n

Hα

( n−1∨
i=0

g−i
(
ϕ−1(Θ)

))
= hα(f, ϕ−1Θ).

So hα(g) = hα(f) Sinceϕ is a µ-homeomorphism. ut

VI. COMPUTATIONAL EXAMPLE

Recently progress has been made in the development of
algorithms for optimizing polynomials on an arbitrary semi-
algebraic set, which is the set defined by Boolean combination
of polynomial equations and inequalities.. The main idea being
stressed is that reducing problem to an easier problem in-
volving semi-definite programming. Lesserre, in [5], describes
an extension of the method for minimizing a polynomial
on an arbitrary semi-algebraic set. However, the study of
semi-algebraic sets is based mainly on the slicing technique,
which makes it possible to decompose them into the finite
number of subsets semi-algebraically homomorphic to an open
hypercube. This composition allows us to investigate semi-
algebraically connected components for every semi-algebraic
set with finite cover. That is just one of the reasons to care
the notion of connectedness and compactness for polynomial
function spaces.

Our approach to the above problem is to develop theµ-
relative semi-dynamical system over one variable polynomial
function spaceR[x] based on the derivative operator. we are
going to use orbits as theµ-open sets to decomposeR[x].
This topic may be interesting for further independent research
subject on semi-definite programming. But here, we have just
looked over it as an example.

Let X = R[x] and defineµ : X −→ [0, 1] by:

µ(f) =
{ 1

deg(f) if deg(f) 6= 0
0 otherwise

Also let λi : X −→ [0, 1] be defined by:

λi(f) =
{

1
i if deg(f) = i
0 otherwise

Sinceλi∩λj = χ∅ for i 6= j and
⋃
i∈N

λi = µ, we can consider

τµ as theµ-topology generated by{λi : i ∈ N}. We also have
the following results:
α = 1 ⇒ µ1 = χ∅
α = 0 ⇒ µ0 = {f ∈ R[x] : deg(f) ≥ 1}
If α ∈ (0, 1) then

µα =
{
{f ∈ R[x] : deg(f) ≤ [ 1

α ]} if 1
α /∈ N

{f ∈ R[x] : deg(f) ≤ [ 1
α ]− 1} if 1

α ∈ N
Suppose thatF : X −→ X is the derivation map, i.e.

F (f) = f ′. ThenF is (µ, µ)-continuous since:

F−1(λi)(f) = λi(F (f))

= λi(f ′) =
{

1
i if deg(f ′) = i
0 otherwise

(µ ∩ F−1(λi))(f) = min{µ(f), F−1(λi)(f)}

=
{

1
i+1 if deg(f) = i + 1
0 otherwise

= λi+1(f).

So µ ∩ F−1(λi) = λi+1 ∈ τµ. Thus (F,X, τµ) is a relative
semi-dynamical system.
Now for any k ∈ Z we consider the orbit of the element
f(x) = xk in X as follows:

O(f) =
{
Fn(f) : n ∈ {0, 1, 2, . . .}

}
=

{
xk, kxk−1, k(k − 1)xk−2, . . . , k!, 0

}
The structure ofµ-topology onX implies thatO(f) is dense
in µα. Moreover,µα is compact and(F,X, τµ) is µα-minimal
for all α ∈ (0, 1). In fact, the derivation mapF is µα-transitive
whenα 6= 0.
It is easy to see thathα(F ) = 0 for all α 6= 0, but
the presented computational method seems complicated for
calculatingh0(F ). So an alternative method for calculation of
the relative topological entropy is needed; that would be our
next research goal.
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