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Abstract—The concept of fuzzy dot B F'—subalgebra
has been introduced. Fuzzy dot product of BF'— subal-
gebras and strong fuzy product in a fuzzy dot BF —
subalgebra has been discused.

Different theorems,Lemmas and propositions has been
proved. We have also investigated different characteriza-
tions.
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I. INTRODUCTION

In [8] the idea of fuzzy set was first introduced by
Zadeh and the concept of B-algebras was introduced
by Neggers and Kim. They defined a B-algebra as an
algebra (X, *,0) of type (2,0) satisfying the following
axioms:

1) xxxz=0.
2) zx0=uz.
3) (zxy)xz=xx*x(z*x(0xy)).

Andrzej Walendziak initaited the idea of a BF-algebra
and characterized different structures in [1] and in [3]
Borumand Saeid and Rezrani investigated Fuzzy BF-
Algebras.

In this paper, we introduced the concept of fuzzy
dot BF-algebras and study its structures. We state
and prove some theorem discussed in fuzzy dot BF-
subalgebras and level subalgebras. Finally some of
results on homomorphic images and inverse images in
fuzzy dot BF-subalgebras are investigated.

II. PRELIMINARIES

A BF-algebra is a nonempty set X with a constant
0’ and a binary operation *x’ satisfying the following
conditions:
1) zxx=0.
2) xx0==x.
3) 0% (z*xy)=(yx*z) Forall z,y € X.
Example 2.1: Let X = [0, 00). Define the binary

operation "x" on X as follows: z x y = |z — y|, for all
x,y € X, Then (X, *,0) is a BF-algebra.
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Let X be a BF-algebra. Then for any  and y in
X, the following hold:

1) 0% (0xx) ==
2) if Oxx=0xythenxz =1y .
3) if x xy = 0,then y *xx = 0.

Any BF-algebra (X, *, 0) that satisfies the identity
(x*2)*(y*2z) =xxyis a B-algebra. A subset I of
X is called an ideal of X if it satisfies:

1) 0el.
2) xxyand y € I imply z € [ for any z,y € X.

A nonempty subset S of X is called a sub

algebra of A if zxy € S for any z,y € X.
Let (X, *,0x) and (Y, *,0y) be BF-algebras. A
mapping ¢ : X — Y is called a homomorphism from
X into YV if ¢p(z *xy) = ¢(z) * ¢(y) for any z,y € X.

Let X be a nonempty set. A fuzzy (sub) set p of
the set X is a mapping 1 : X — [0, 1].

and p is the fuzzy set of a set X. For a fixed
s €[0,1], the set us = {x € X : p(z) > s} is called
an upper level of p or level subset of u. Furthermore
let X be a set. A fuzzy set A in X is characterized by
a membership function py : X — [0,1]. Let f be a
mapping from the set X to the set Y and let B be a
fuzzy set in Y with membership function up.
The inverse image of B, denoted f~!(B), is the
fuzzy set in X with membership function p;-1p
defined by ps-1(py) = up(f(x)) for all z € X.
Conversely, let A be a fuzzy set in X with member-
ship function ;4 Then the image of A, denoted by
f(A), is the fuzzy set in Y such that pga)(y) =

suppa(@)oes-1(y) i fHy) ={z: fla(=y}

0 if otherwise '
A fuzzy set A in the BF -algebra X with the member-
ship function w4 is said to be have the sup property
if for any subset 7' C X there exists xg € T'such that
wa(zo) = suppa(t)ier;and let p be a fuzzy set in a
BF -algebra. Then p is called a fuzzy BF -subalgebra
(algebra) of X if p(z*y) > min{pu(x), u(y)} for all
z,y € X.



A fuzzy set p of a BF-algebra X is called a fuzzy ideal
of X if it satisfies the following conditions.

D p1(0) = p()

2) p(x) = min{u(r +y), n(y)}

III. RESULTS

A. Fuzzy dot BF-Sub algebra

Definition 3.1: Let A be a fuzzy set in BF-
Subalgebra X and p be a fuzzy subset a BF-Subalgebra
of X. Then the fuzzy dot BF-Subalgebra of X is

pa(zxy) > pa(z).paly), forall z,y e X.
Example 3.2: Let X = {0,a,b} be a set with the
table given below

x| 0]|al|b
0[0|a|b
ala|0]0
b|b|0]|O

. Then (X, *,0) is a BF— algebra.

Define p: X — [0,1] by u(0) = 0.8, u(a) = 0.2, and

u(b) = 0.4. Then p is a fuzzy dot BF— Subalgebra

of X. Since pu(a xb) = p(0) = 0.8 > (0.2)(0.4) =

0.08 = p(a).u(b).

Hence p(a*b) > p(a).u(b), for all a,b € X.
Lemma 3.3: Let A be a fuzzy set in BF — algebra.

If ;14 is a fuzzy dot BF-Subalgebra of X, then for all

r € X, u(0) > (u(x))?, for all z € X.

Corollary 3.1: If A is a fuzzy subset
of a BF-algebra X and pu4 is a a fuzzy
dot subalgebra of X, then pua(0" x z) >

(pa(x))?"*1 forall z € X and n € N, where
0" %z =0x(0* (0...(0 % x)...) in which 0 occurs
n—times.

Proof. By Lemma 3.3. we have pus(0) >
(pa(z))? forall x € X. Put n= 1 in 0" x a we
have 0 x z.

pa(0* ) > pa(0).pa(z) > (pa(@))®palz) =
(1a(2))P.

Hence 114(0%2) > (pa(x))?, for all z € X.
Assume the result holds for n= k,ua (0% x z) >
(pa(z))?k*L, for all = € X.

051w ) = pa (0% (0% % 2))
> 4(0)-u(o % )

2 (pa(z)) !
= (pa(a))**T0H
Hence pa(0” * x) >
(pa(x))?"*1, for all z € X and n € N.O

Theorem 3.2: Let A be a fuzzy subset of
BF—Subalgebra and let p4 be a fuzzy dot BF-
Subalgebra of X. If there exists a sequence {z,} in
X such that liim, oopia(z,) = 1. then pa(0) = 1.

Now pua
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Theorem 3.3: Let A; and A; be fuzzy subsets of
BF —Subalgebras and let p4, and p4, be fuzzy dot
BF— Subalgebras of X. Then 14,14, is a fuzzy dot
subalgebras of X.

Proof. Let z,y € A; N As. Then z,y € A; and
x,y € As, since A; and A, are subsets of fuzzy
B F—Subalgebra of X.

HAiNA, (.’E * y) = min{:uAl (3? * y)7 HA; (l‘ * y)}'

= min{pa, (x).p1a, (), 14, (2)-pa, (y)}

> HAINA; (I)'/LAlﬁAz (y)

Hence pia,na,(zxy)

> min{min{pa, (v), pa, (x)}min{pa, (y), pa,(y)}} >

HAiNA;, (:13), HA1NA, (y)D

Corollary 3.4: Let { A;|i € I} be a family of fuzzy
dot BF —Subalgebras of X. Then N;c;A; is also a
fuzzy dot BF —Subalgebras of X.

Proof. Let {A;|i € I} be a family of fuzzy dot BF—
Subalgebra . Then p14, is a fuzzy dot BF —Subalgebra
of X for each i € I.

We have to show pn,.;a, is a fuzzy dot
BF —Subalgebra of X.
Consider Posera (e x b) =

min{pa, (x*y), pa, (@ *y)}
= min{pa, (@).pa, (y), pa; (x).pa, (y)}t
= min{min{pa, (x), pa, (@)} min{pa, (y), pna, ()}
2 Hnier A (x)'umiEIAi (y)-
Hence pn;c; a4, (J) * y) 2 Pier A (x)'lumieIAi (y)l:]
Definition 3.5: Let A be a fuzzy set in X and
6 € [0,1]. Then the level BF — Subalgebra of U (A, 6)
of A and strong level BF—Subalgebra U(A, >,0) of
X are defined as follows:
U(A,6) = {x € X|ua(x) > 0).
U(A,>,0) ={z € X|pa(z) > 0}.
Theorem 3.4:

Let A be a non-empty subset of X.Then A is sub
algebra of X if and only if X 4 is fuzzy dot sub algebra
of X.

Proof. Let A be sub algebra of X and z,y € A.Then
z,y € A, Then we have

XA(CC * y) > XA(x)XA(y)

since 1 > (1).(1) = 1 > 1, because =,y € A then
rxy € A

If x € Aand y ¢ A then we get Xa(z) = 1 or
Xa(y)=0

Xa(z*y) > pa(r).paly)

1> (1).(0) =1 > 0, because A is subset of X and
z,y € X.

If 2 ¢ Aand y € A then we get Xa(z) = 0 or
Xa(y) =1

Xa(xxy) > Xa(x).Xa(y)

1> (0).(1) > 1, because A is subset of X and z € X.
Conversely that X 4 is a fuzzy dot sub algebra of X
and let z,y € A. Then

Xa(zxy) 2 Xa(z).Xa(y)



1> Xp(xxy)>1
Xa(xxy) =1 Then ,x xy € A . Hence A is a sub
algebra of X.J

Theorem 3.5: Let A be a fuzzy set in a fuzzy
BF—Sub algebra of X and 4 be a fuzzy dot BF —sub
algebra of X with least upper bound g € [0, 1]. Then
the following are equivalent.

1) w4 is a fuzzy dot BF —subalgebra of X.

2) For all A € Im(uy), the nonempty level subset
U(A,\) of A is a BF —subalgebra of X.

3) For all A € I'm(ua)/ Mo, the non empty strong
level subset U(A, >, A) of A is a BF — subal-
gebra of X.

4) For all A € [0,1], the nonempty strong level
subset U(A, >, A) of A is a BF —subalgebra of
X.

5) For all A € [0,1], the nonempty level subset
U(A, ) of A is a BF —sub algebra of X.

Proof.

1) 1 = 4, let A be a fuzzy set in a BF —sub
algebra and p 4 be a fuzzy dot BF'—Sub algebra
of X,A € [0,1] and let z,y € U(A, >, \). Then
pa(x *xy) > pa(x).paly) > A Imply that
zxy € U(A, >, N).

Hence U(A, >, \) ie a BF— sub algebra of X.

2) 4 = 3 for each A € [0,1],U(A4,>,)) be a
BF —sub algebra of X.

LetA € Impua/Ao and z,y € U(S,>, ). Then
pa(axb) = pa(x).paly) > A by (4).

We have z xy € U(A, >, \). Hence U(A, >, \)
is a BF —sub algebra of X.

3) 3= 21let \g € Im(pa). Then U(A, X) is non-
empty since U (A, X) = Na>gU(A, >, A), where
B € Im(pa)/Xo. Thenby 3) U(A, \)isa BF—
sub algebra of X.

42 = 5 Let A €
nonempty. Suppose z,y € U(A,N) and let
a = min{pa(z), pa(y)}, since pa(z) >
and pa > A Imply that @ > A, where A=
pa(x).paly).

Thus z,y € U(A,a) and o« € Impys by 2
U(A,a) is a BF—sub algebra of X. Hence
parxy) > pa(z).paly) =\

Thus z xy € U(A, «). Then we have z xy €
U(A,\). Hence U(A, \) is a BF—sub algebra
of X.

5) Assume that the non-empty set U(A,N) is a
BF—sub algebra of X for every A € [0,1].
Suppose xo,y0 € Xsuch that pa(xg *x yo <
A (zo)-pa(yo). Put pa(zo) = B, palyo) = 0
and pa(xo *y,) = 0. Then 0 < min{f,0}.
Consider 01 = 3 (a(zo*yo) + pa(wo)-1a(yo),
we get 6, = 3(0 + B.9).

Therefore 3 > 61 = 3(0 + 8.6) > 6

[0,1] and U(A,\) b
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§> 06, =1(0+B.6) > 0.

Hence 8.0 > 601 > 60 = pa(xo * yo).

Hence zo*yo ¢ U (A, #) which is a contradiction
since pa(xg) =B > .0 > 0.

walbp) = 6 > p.5 > 6. Imply that
Xo, Yo € U(A,H)

Thus  palz  * o) >
pwa(x).paly), forall z,y e X which

completes the proof.

Theorem 3.6: Each BF- Sub algebra of X is a level
BF— sub algebra of a fuzzy dot BF'— sub algebra of
X.

Proof Let B be a BF —sub algebra of X and A be

. v ifzeB
any fuzzy set in X defined byu(z) = 0 ifr¢B
, where v € [0,1] .

Lety € U(A,~) . Then pa(y) > =, for all y € A. So
that y € B.
Hence U(A,v) C B.

Let z € B. Then pa(z) = . Imply that pa(z) > 7.
Hence z € U(A, 7).

Thus B C U(A,~). It follows that U(A,
We consider the following cases:

7) = B.

1) If 2,y € B, then pa(xxy) =1
vy =2 = pa(z).pa(y). Hence zxy € B.

2) If 2,y ¢ B, then pa(x) = 0 = pa(y).
So that pa(z xy) > 0 = min{0,0}
min{pa(x), pa(y)} = pa(@).pay).

Hence fua(2 %) 2 fo(2)-11 (1)

3) If x € Band y ¢ B, then pu(x) = v and
pa(y) = 0.
Thus pa(z xy) > 0 = min{y,0} =

min{pa(x), pa(y)}
= pa(x).pa(y).
Hence 14 (x ) > pa () ua(y)-

4) If y € B and = ¢ B, then by the same argument
as in case 3, we can conclude that ps(x *xy) >
0 = min{0,} = min{ua(e), pa(y)}
> pua(z).paly) . Hence p g is a fuzzy dot BF—
subalgebra of X.

O

Theorem 3.7: Let B be a subset of X and A be a
fuzzy set on X which is given by the proof of theorem
5.6 If pa is a fuzzy dot BF —sub algebra of X, then
B is a BF —sub algebra of X.

Theorem 3.8: Let A be a fuzzy set in BF — sub
algebra X. If p4 is a fuzzy dot BF —sub algebra of

X, then the set X, = {z € X/pa(z) = pna(0)} is a
BF—sub algebra of X.

Proof. Let z,y € X, ,. Then pa(z) = pa(0) =
pa(y) and so pa(x*y) = min{pa(x), pa ( )}

= min{a(0), 1a(0)} = 114(0).114(0).But 114 (0) >
114(0).1.4(0). Hence pa(zxy) > pa(0) and pa(0) >



pa(z*y).
Thus p14 (z*y)
Definition 3.6: Let A = {< z,pa(x) >: 2 € X}
and B = {< x,up(z) >: © € X} be two fuzzy sets
in X.The Cartesian product A x B : X x X — [0, 1]
is defined by
(ka x pp)(@,y) = pa(z).pp(y) for all z,y € X.
Proposition 3.7: Let A and B be two fuzzy dot
sub algebras of X ,then Ax B is a fuzzy dot sub algebra
of X x X.

Proof. Let (x1,y1) and (22,y2) € X x X then
(pa x pp)(T1,y1) * (T2,92)) = (pa x pp)((z1 *

T2), (Y1 * y2)
(haxpp)((z1xx2), (y1%y2)

= 114(0) which means that zxy € X, .

= pa(r1*m2). 1B (Y1+Y2)

pa(z * x2).15 (Y1 * Y2) >
(na(z1).pa(r2)).-(u (Y1) 15 (y2))
(pa(z1).pa(@2).(pe(y1)-pp(y2)) = (pa X

wB)(z1,y1)-(Ha X pB)(T2,y2)
Hence,A x B is fuzzy dot sub algebra of X x X. O

Proposition 3.8: Let A and B be two fuzzy dot
ideals of X, then A x B is a fuzzy dot ideals of X x X.

Proof. Let (x1,y1) and (X2, y2), then

(1a % pp)(z1,y1) = pa(1)-p5 (Y1)

pa(i)pp(yr) > (pa(zr * x2).pa(r2)).(ue(y1 *
Y2)-15(y2))

= (na(ry * z2).up(y1 * y2))-(a(w2).p5(y2))

= (pa X pB) (@1 * T2, y1 * y2)-(pa X pp)(T2,y2)

= (pa x pB)((z1,y1) * (x2,92))-(na X pB)(T2,y2)
Hence A x B is a fuzzy dot ideal of X x X.[J

B. Fuzzy p-dot product Relation of BF-Algebra

In this section, strongest fuzzy p-relation and
fuzzy p-product relation of BF-algebras are defined and
presented some of its properties.

Definition 3.9: Let p be a fuzzy sub set of X. The
strongest fuzzy p-relation on X is the fuzzy subset 1,
of X x X given by p,(z,y) = p(z).p(y) for z,y € X

Theorem 3.9: Let u, be the strongest fuzzy p-
relation on X, where p is a sub set of X, If p is a
fuzzy dot sub algebra of X, then p,, is a fuzzy dot sub
algebra of X x X.

Proof. Suppose that p is fuzzy dot sub algebra of X.
For any (x1,y1) and (22,92) € X x X
We have (p1p(z1,y1) * (22, Y2)) = pp(@1 % T2).f1p(y1 *

y2)
By the definition of strongest fuzzy p-relation of

BF-algebras we get

mu,(z1 % T2).1p(Y1 * y2) = p(x1 * 12).p(Y1 * Y2)
p(1xw2).p(y1 *y2) = p(x1).p(w2).p(y1)-p(y2) (since
a fuzzy dot sub algebra of)

p(z1).p(z2)-p(y1)-p(y2) =
(p(z1)-p(y1))-(p(2)-p(y2))
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(p(21)-p(y1))-(p(2)-p(y2)) = pp(x1,y1)-1p (22, y2)

Hence,u,, is fuzzy dot sub algebra of X * X.[]
Definition 3.10: Let p be a fuzzy subset of X.

A fuzzy relation 4 on X is called a fuzzy p-product

relation p,(x,y) > p(z).p(y) for z,y € X

Let p be a fuzzy subset of X,A fuzzy relation p on

X is called a left fuzzy relationu,(z,y) = p(z) for

z,y € X

Similarly we can define a right fuzzy relation on

pottp(,y) = p(y) for z,y € X.

Note that a left (respectively, right) fuzzy relation on

is a p-product relation.

Theorem 3.10: Let 1 be a left fuzzy relation on a
fuzzy subset p of X.If p is fuzzy dot sub algebra of
X x X then rho is fuzzy dot sub algebra of X.

Theorem 3.11:

Let 1 be a fuzzy relation on X satisfying the
inequality u(x,y) < wp(z,0) for all z,y € X, Given
s € S, let p; be a fuzzy subset of X,defined by
ps(x) = p(z,s), for all x € X. If p is a fuzzy dot
sub algebra of X x X, then p, is a fuzzy dot sub
algebra of X ,for all s € X.

Proof. Let z,y,s € X, Then

ps(z*y) = p(x xy, )

plxxy,s) = p(x *y, s 0)

plxxy, s % 0) = p(x, s) * (y,0)

(e, ) * (4,0) > p(z, 5).(y, 0)

pul, 8)-u(y, 0) = p(, ).u(y, 5)

(. 8)-1(y. ) = po(@).0,(y)

Therefore,ps is fuzzy dot sub algebra of X.[J

Theorem 3.12:

Let ;1 be a fuzzy relation on X and let p,
be a fuzzy sub set of X given by p,(z) =
infyex{p(z,y), n(y,x)} for all z € X. If pis a
fuzzy dot sub algebra X x X satisfying the equality
p(z,0) =1 = p(0,z) for all z €, then p, is a fuzzy
dot sub algebra of X.

Proof. Let x,y,z € X, we have

(@ y, z) = p(@ *y, 2% 0)

u( w2 %0) = (2, 2) * (3,0))

(2, 2) % (3,0)) > p(z, 2).41(3,0)

(@, z).u(y,0) = p(z, 2),

p(z,xxy) = p(z 0,2 xy)

p(z# 0,z % y) = p((z, 2) = (0,y))

ul(2,2) = (0,9)) > (2, 2).41(0, )

w(z,z).p(0,y) = p(z,x), It follows that
w(z*y,z).pu(z, @ xy) > p(w, 2).0(z, )

(@, z).u(z, @) 2 (u(w, 2).p(z, ) (1Y, 2)-1(2,9))
So that p,(z*y) = infzexu(x x 1y, 2). 1z, x % y)
inf.exple oy, z2).ulz,x oxy) =
(infrex (@, 2).u(z, 2)).(infrex p(y, 2)-1(2,y))
(inf.exp(z, 2).pu(z,z)).(infrexply, 2).pu(z,y)) =

Pu(@)pu(y)
Therefore p,, is fuzzy dot sub algebra of X.[]
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Proposition 3.12: Let f be a BF—homomorphism Creative Commons Attribution License 4.0

from X onto Y and D be a fuzzy BF—subalgebra of — (Attribution 4.0 International, CC BY 4.0)
X with the suppropery. Then the image f(D) of D is '

a fuzzy dot BF'—subalgebra of Y . This article is published under the terms of the Creative
Proof. Let f be a BF—homomorphism fron X Commons A_tt“bu“on License 4.0
into Y and let D be a fuzzy dot BF—subalgebra https://creativecommons.org/licenses/by/4.0/deed.en_US

of Y with supproperty and let a,b € Y, let
zo € fHa),yo € fL(b) such that pup(zg) =

suppp (t)ief-1(a)w0(Yo) = suppp(t)ief-1(r)- Then
by the definition pf(p), we have

fip(Dy (T * y) = supup (t)ecf—1 (axb)

> pip (o * Yo)

> min{pp(zo), ko (Yo)}

> pp(xo)-p(Yo)-

Consequentlypyp)(x *y) = po(@o)-1p(Yo)

= suppp (t)ief-1(a)-SuPD (Ve -1 v) = Kp(p)(@)-fip () (b).
Hence pypy(zxy) > pppy(a)-pupny(b).

Thus (D) is a fuzzy dot BF-subalgebra of X. [J

IV. CONCLUSION

The concepts of structure of fuzzy dot BF-Sub
algebras has been introduced. The fuzzy dot product of
BF-sub algebra,Fuzzy dot ideal of BF-sub algebra , p-
product of Fuzzy BF-subalgebras have been discussed.
Finally different characterization of Fuzzy dot BF-
subalgebras have been investigated.
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