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Resolution of time-dependent Navier-Stokes
Equations with a new Boundary Condition

Abdeslam El Akkad, Najib Guessous, and Ahmed Elkhalfi,

Abstract—In this work, a numerical solution of the unsteady

incompressible Navier- Stokes equations with a new boundary con-
dition is proposed. The method suggested is based on an algorithm
of discretization by finite element method in space and the Euler
full-implicit scheme in time. The matrix system is solved at each
iteration with a preconditioned GMRES method. Also, we proposed
two types of a posteriori error indicator, with one being for the time
discretization and the other for the space discretization. We prove the
equivalence between the sum of the two types of error indicators and
the full error.
In order to evaluate the performance of the method, the numerical
results of two-dimensional backward-facing step flow are compared
with some previously published works or with others coming from
commercial code like ADINA (Automatic Dynamic Incremental
Nonlinear Analysis) system.

Keywords—Unsteady Navier-Stokes equations, Finite element
method, Projection operator, Error estimates, Iterative solvers, Adina
system.

I. INTRODUCTION

T is well known that the nonstationary incompressible

Navier-Stokes equations are one of the main equations
studied in mathematical physics and fluid mechanics fields.
Numerous works have been devoted to numerical solutions
of the above equations using finite element methods (FEMs).
For example, Bernardi, and Raugel [7] for the conforming
FEM, He [8] for the fully discrete penalty FEM, John and
Kaya [14] for the variational multiscale method, and we
quote Refs. [15, 19] for the stabilized FEMs. The finite
element method, which is one of the well-known methods
in the theory of partial differential equations, has been used
to prove existence properties and to study the finite element
approximation for the solutions of the equations [20, 21].

This paper presents numerical studies for the Navier-
Stokes equations in the case of two-dimensional laminar
time-dependent flows where the numerical problem is well
posed with boundary conditions and other aspects of the
problem. For the incompressible Navier-Stokes equations, we
use the approximation with Euler fully-implicit scheme, and a
finite element discretizations on a quadrilateral element mesh,
whereas the discrete Navier-Stokes equations require a method
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such as the generalized minimum residual method (GMRES),
which is designed for non symmetric systems [3, 10]. The key
for fast solution lies in the choice of effective preconditioning
strategies. The package offers a range of options, includ-
ing algebraic methods such as incomplete LU factorizations,
as well as more sophisticated and state-of-the-art multigrid
methods designed to take advantage of the structure of the
discrete linearized Navier-Stokes equations. In addition, there
is a choice of iterative strategies, Picard iteration or Newton’s
method, for solving the nonlinear algebraic systems arising
from the latter problem.

There are several ways to define error estimators by using
the residual equation. In particular, for the Navier-Stokes
problem, M. Ainsworth and J. Oden [16] and R. Verfurth [17]
introduced several error estimators and provided that they are
equivalent to the energy norm of the errors.

The paper is organised as follows. Section 2 presents the
model problem used in this paper. The discretization by mixed
finite elements is described in section 3. Section 4 shows the
methods of a posteriori error bounds of the computed solution.
Numerical experiments carried out within the framework of
this publication and their comparisons with other results are
shown in section 5.

II. TIME-DEPENDENT NAVIER-STOKES EQUATIONS

Let  be a bounded simply-connected open domain in R?,
d = 2, 3, with a Lipschitz continuous connected boundary 9.
We consider the unsteady Navier-Stokes equations for the flow
of a Newtonian incompressible viscous fluid with constant
viscosity

O _ 2 4+ VT A+ Vp = F in Qx (0,T],

V.% =0in Qx (0,7],

w(x,0) = Wo(z) in Q,

(D

Where v > 0 is a given constant called the kinematic viscosity,
T > 0 is some final time, % is the fluid velocity, @o(z) is
the initial velocity, p is the pressure field, V is the gradient
and V. is the divergence operator.
The boundary conditions on Jf2 given by:

Cs:wW+BWVT—p)W=7inl =00, (2)

where 7 denote the outward unit normal vector, g € Hz (I

and (3 nonzero defined on 0} verify:

There are two strictly positive constants a; and b; such that:
1

a1 < —— <by forall zeTl. 3)
(x)
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Remark : If 3 is strictly positive constant such that § << 1
then Cj , is the Dirichlet boundary condition and if 8 >~> 1
then the Cj, is the Neumann boundary condition. For this, 3
is called the Neumann coefficient.

We set
X ={% € L*(Q)? :div? =0, T.T|gq = 0}, (4)
Y = {7 € H}(Q)? : divT = 0}, 5)
V = Hy(Q) x Hy(Q), W = L*(Q)*, (6)
and
Q={ge1%(9): / g(x)dz = 0}. )

Let the Stokes operator A = —P A, where P is the L2-
orthogonal projection of W onto X, and D(A4) = H?(Q)?NY.
Let the assumption (B;) on 2 [13]:

(B1): We suppose that €2 is smooth so that the unique solution
(7, q) € (V,Q) of the Stokes problem

VAT +Vqg=7,, divv =0 inQ, Tlpa =0, (8)

exists and satisfies | 7||2+]|gl|1 < C||'d1|lo, forall @, € W,
where C' > 0 is a constant depending on 2 and v.

Let the bilinear forms a: VXV — R, b: V xQ — R,
dy : QxQ — R, and the trilinear form d: VxVxV — R

a(ﬁ,m:u/ﬂwzva/F %7.7,

b(7,q) = /Q (¢V.7)dx, 9)

Let
di(p, q) =/Qp q dz,

D(®,T) = (B.V)T + %(vﬁm 7T eV, (10)

(7,7, W)

=<

<D(7’ 7)’ TU\)VZ
(

(2. V)V, W) + 5((V.ﬁ)7, w) (11)
«mwﬁmyé«ﬁwmﬁ)

forall @, v, W e V.
These inner products induce norms on V and Q denoted by
I.llv and ||.||@ respectively.

1Py = a(?,?): V& eV,

1
2

12)

lallo = di(g:q)® Vg€ Q. (13)

Let the norm [9, 22]

t
[T1t) = (17 (D)2 + V/o IVT (-, 9)1Z2(ds) = (14)

Let (Bs) the assumption:
(By) : f (z,t) € CO(0, T, W)NL2(0, T, H(Q)), T,(x,t) €
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L2(0,T, L%(Q)) and o (x) € D(A).

Given the continuous functional [:V — R
1

(D) = / 77 de +/ 197 da.
Q r B

Then the standard weak formulation of the unsteady Navier-
Stokes problem (1)-(2) is the following:
Find (,p) € V x Q such that

7(,0) = 70 n Q,

15)

(16)

o

5 )+ a(@,T) = b(V,p) +d(W, W, T) = U(T), (17)

_b(7>Q) = 0)
for all (V,q) € V x Q and t € (0,T).

(18)

III. FINITE ELEMENT APPROXIMATION

Our goal here is to consider the unsteady Navier-
Stokes equations with a new boundary conditions in a two
dimensional domain and to approximate them by a finite
element method in space and the Euler full-implicit scheme
in time.

Let 75, h > 0, be a family of triangulations of (2. We denote
by hx the diameter of a simplex K, by hg the diameter of a
face E of K, and we set h = maxger, {hK}-

For any K € 73,, we denote by £(K) and N(K) the set of its
edges and vertices, respectively.

We let e, = Uge,, €(J) denotes the set of all edges split
into interior and boundary edges.

en = enolUenr, where ey 0 = {E € ¢, : E C Q} and
En = {E cep: EC 89}

Let0=tg<t1 < ... <tn=T, 7, =At, =t, —tn_1,
by 7 the N-tuple (74, ...,7n) and 6, = maxo<,<n Aﬁfil the
regularity parameter.

We define the function ¥, on [0, T] which is affine on each
interval [t,,—1;tn], 1 <n < N by

t—1tn—1 t, —1 _
n 7n n ?n 1
At, AR U
forall t € [t,—1,tn], 1 <n < N.
For any Banach space F, and each family (7")0915 N €
FN*1 we denote by W, (F) the space of such functions.
Let the discrete norm on space W, (H{(£2))

7, =

19)

[T Atn) = (1T 13202 +v D Atml[ VT [F20))?, (20)
m=1

foralln, 1 <n < N.

The finite element approximation to (1)-(2) by the Euler’s

scheme is then

Find (W")o<n<ny € W x V¥ and (p")1<n<n € QV, such

that

7° =W, in Q, (1)
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(0" =) + a7, -
b(v,p") +d(u",w", )
- (7" )+ %(?”.mr,

_b(ﬁna q) = 07
for all (7,q) € V x Q.

(22)

(23)

Let V;, and @ the approximation spaces for Q1 — Py
approximation. Using the stabilized (1 — P, method and
a Tra;l)ezmd Rule time stepping [27], we find the pair

+
371 7ph ) € Vi, X Qp, such that

WA T+ vk (VA VT ) +

n n+1 n

kot (WP, TR - )L V) (24)

87 n n n
( h L) — (VTR V) — (TR, ),

n+1

—(V. ) qn) —a Y(ppt gn) =0, (25)
for all (Tpn,qn) € Vi X Qn, where E}Z'H =
1+ Bnymy — Bt and kg o=t — s

the current time step.
The velocity and acceleration at tn+1 are deﬁned by

72-"_1 = h + kn-‘rljh? —h— = 23’” n

« is the stabilization parameter, and the stabilization term
~¥(pn, qr) is defined by [3]

K
Vi (Phs an) _ 1K Z / prlEelan]E (26)
Belk
Ypn.an) =Y vk (Pnan), 27)
KeTx

where I'x is the set consisting of the four interior element
edges in the macroelement K, T} is a macroelement
partitioning of the domain {2, |K| is the mean element area
within the macroelement, [ . |g is the jump across edge E
and hg is the length of E.

Let V,,, CV and @y, C Q. We assume that:
(Bs): (1) X} 1 € Vi such that:

X}Lh ={V, €V VK € 1o, Vil € Po(K)}, (28)

where P5(K) is the space of polynomials of degree < 2, for
K e Tn,h-

(2) for 1 < n < N, there exists a constant 7, , > 0 such
that

(v'?h?q}b)

Volume 14, 2020

Let the space

Yo ={Vn € Vor: (V. T, qn) =0,Yq, € Qnp}. (30)

Let 7, the projection operator from L?(©2) onto Vo .
Let @) € Von and p) = 0. We find (T )o<n<n €
Hn:O Vn,h and (pZ)ISnSN S Hn:O Qn,h such that

WY = m W in Q, (31)
At o (Th =@ ) +d( nT) —
W(Th,p) +a(@Y, )
n 1
= (7", %) + 57" T (32)
(@}, qn) =0, (33)

for all (U, qn) € Van X Qup and 1 <n < N.

We use a set of vector-valued basis functions {@} }i—1,.. n,
so that

(34)

We introduce a set of pressure basis functions {wk}kzl,,,,,np
and set

p
Ph =Y Prt, (35)
k=1
Where n,, and n, are the numbers of velocity and pressure
basis functions, respectively.
We obtain a non linear system of algebraic equations:

DU (1) + N(U(0) + MU() + BP() = L), (36)
BTU(t) = (37)
Where
U(t) = (ul(t)v u2(t)a ooy Uny, (t))Ta (38)
P(t) = (p1(t), p2(t), ey P, (1)) (39)
The matrix B is the divergence matrix
[bk,J bk?j = / wkv ap (40)
and
D = [dy], dij = /Q?i?ja (41)
N = [ngl, nig =Y u(t) L(?j'vak)?iv (42)
k=1

1
su —_— > N 200, 29) M =[my], mij = V/ V@, V@, +/ ~B. B, (43)
v Tl -~ e R e BTN
for all gn, € Q. p. / /
: =L ;= + i (44)
7.8, 5? B
ISSN: 1998-0159 179
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fori,j=1,...,n,, k=1,...,np.

Solution of the nonlinear system of equations (36)-(37), can be
carried out efficiently using Picards method. The linear system
we need to solve within each iteration of Picards method has

the following generic form:
(L
=0 )

Ao+ N BF U
P

By 0

We use the generalized minimum residual method (GMRES)
for solving the nonsymmetric systems [3, 31].
Preconditioning is a technique used to enhance the conver-
gence of an iterative method to solve a large linear system
iteratively. Instead of solving a system Az = b, one solves
a system , P~'Az = P~1'b where P is the preconditioned.
A good preconditioned should lead to fast convergence of
the Krylov method. Furthermore, systems of the form Pz =
r should be easy to solve. For the Navier-Stokes equations,
the objective is to design a preconditioned that increases
the convergence of an iterative method independent of the
Reynolds number and number of grid points. We use a least-
squares commutator preconditioning [3, 23, 30].

(45)

IV. ERROR ESTIMATES

In this section we consider a posteriori error estimator
for the unsteady incompressible Navier-Stokes equation. We
propose two types of error indicators: the time error indicators
and the space error indicators, and we derive the upper bounds
for the error estimators. We prove the equivalence between
the sum of the two types of error indicators and the full error.
For simplicity, we suppose that 3 =0 and g = T.

Let 72 the approximation of 7n which is polynomial of
degree < [ on all elements of 7,5, and [.] £ the jump of across
E in the direction 77 g, for each F € ¢(K).

Let the time error indicators

Aty n n—
=\t V@ - 7)), 1<n <N, @6)

and let the space error indicators

n ﬁn _ 77171 .
M = hil Ty — =t  vAR] - Vp) -
(Tr ) Whllee)+ >, hElVonTh -
Eece(K)

pZﬁE]EHLQ(E) +V||dZU77}2HL2(K) (C))

The time error indicators n™ is local in time and global in
space, and the space error indicators 1% is local both in time
and in space.

Theorem 1: We suppose that the assumptions (B;) and
(B2) holds, then, the problem (17)-(18) has a unique solution
w € L>(0,t; X) N L%*(0,tY) such that

I @IE + IV @6 + A7 @5 + IVR@IG + 12015

< K, (48)

t
/0 (VNG + 1215 + A5 + VPG + VT 5} ds

ISSN: 1998-0159
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< Ky, (49)
where K is a positive constant.
We have
1 ? 9 9 1
[@](t) < I 20,601 ()2) + IToll720))2:  (50)
and
ow
||87 + (Z.V)W 4+ Vpllr20.40-1 ()2
v 1
<2 T s + 5 1 TollFa@)? 6D
Proof: See [11] .
Let
t—tno1 oy  tp—t_y,
e =5, Unt g On (52)

forall ¢t € [t,—1,ts], 1 <n < N.

Theorem 2: We suppose that the assumptions (B1) — (Bs)
holds, & be a solution of the problem (17)-(18), and %, is
the solution of (22)-(23), we have

=1
(@ =) < B 0 U~ Whel o i)

m=1

1 1
o = F o)

foralln,1 <n <N,

Here f3; is a positive constant depends on v and 7, and HT?
is the step function which is constant and equal to ?(tn) on
each interval (¢,_1;t,); 1 <n < N.

Proof: Using (17)-(18) and (22)-(23), the pair (7 — ,,p —
I, p,) satisfies

(7 —@.)(.,0) =0 inQ, (54)

and
(S =), )+ ol — e ) -
o(T,p—1,p,) +d(T, %, 7) —d(Tr, Tr, T)
= (7 -1L.7.%)+a(@" — @, 0) +

AT, BT - d(Tr, T, ), (55)

7b(ﬁ - 7Ta Q) = 07
for all (7,q) € V x Q.
Setting (7', q) = (¥ — @ ,,p— 1, p,) in (55)-(56), we obtain

1d
§£Ilﬁ — |20 +VIV(T = Tr) 72y +

A, %, T —UWy)—d(Wr, Wy, & — T )
= (7 -1 7. % ) +a(@" =, @ — ) +
AT, 0", W -, —d(W,, Tr, T — W)
Using the bound of d(, 7, @) and (48), (49), (51), we have
dw",w", W -, —d(W,, T, T — W)

(56)

< Gl T~ Tk, G
AW, 0,0 —W,) —d(W o, Wy, W — W)
< Bs|W — W 1| W — W00 (58)

180
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Let 84 = max{B3, 33}. We have
%%”7 - 7‘FH%2(Q) + V”V(7 - ﬁ'r)”%z(g)

1 v
< NT =TT e + 517 =@+

3v "
*|7 - 77&,9 +dv|uw" — 7r|isz +

464 n 464
— | 77&,9"‘ (e ||OQ+
BaT" =i g + Bullw — - -
We have the following inequality [9]

tm
L v @™

m—1

tm
0ﬁf+6/ IV (@ — Thr) (o 2) R gdr.  (60)

tm—1

(59)

~ ) (., 2)|f adz

<

Rw

Then ,
(@ = @) ()2 + v fp7  IV(@ =T )T 0ydt

< Ba (™) + (T = @) (tmr) |20 +
tm
&/ 1% — @2 adt +

tm—1

tm
%w/‘IWﬁﬁfﬁmeW%@ﬁ%
t 1

m—

2
;||? _HT?H%Z(tm,l,tm;H*1(Q))' (61)
Using (61) and (20), we obtain (53).
Theorem 3: We suppose that the assumptions (B1) — (Bs)

holds. (,p) be a solution of the problem (17)-(18) and
(%, 1L, p,) the solution of (22)-(23), we have

Z/ Hfﬁ W)+ (W) — (V) T™ +
V(p - HT pT)H%—I*l(Q)dt

+§j/ s — Tl +

|ﬁ—m?mqwm,
foralln,1<n <N,

Here C} is a positive constant depends on v, ? and .
Proof: Using (55)-(56) gives

II%(ﬁ LR+ (BT — (BT 4
V(p— HTpT)H—l
(F -7, 7)) —a(@ - 7™, )
= sup
T eHL(Q) IV l2()

<N T =1L F sy + v @ = T+
V|ﬁ7——7m‘1.

n

<G vl

m=1

(62)

(63)
Using (53), (60), we obtain (62).

Let the assumption (By)
(Ba): Q) j, C Qu.n or Q) ), C Q. such that

Qn.n ={an € L§(Q;qnlx € Po(K), V K € Tpp},  (64)

ISSN: 1998-0159
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Q. = {an € H(Q) N L§(Q): qn|x € P1(K),

VE €} (65

Let the assumption (Bj5)

(Bs): For all 1 < p < N, there exists a conforming

triangulation 7, 5, such that each element K of 7,_1 ; or of

Tp,h 1s the union of elements K of 7 Tp,h such that hx ~ hg.
Lemma 4: Let m: V + V the operator 7@ = @, V¥ € V,

where (W,r) € V x Q is the unique solution of the Stokes

problem
— AW+ yr=0inQ,

VW = V.7 in Q, (66)
@ =0 in 0Q.
Then, we have
G)n7 =0 Vo eY.
(i1)) We have
1
|7 —7T7|1 < |7|1, |7T7|1 < X|d7:’l}7‘L2(Q), Vv e V.
(67)
where
b(v
A= inf sup b(v,q)
qu?eV |7‘ ‘q|0
(iii) We suppose that the assumption (By4) hold, then
”ﬂ-ﬁhHL%Q) < Chz‘ldiU?hHLQ(Q)a (68)
for all ¥, € Yyp, 1 <n <N,
where 6—1 if Qi
= i is convex,
{ 0= % otherwise. (69)
Proof: See [9].
Theorem 5: We suppose that the assumptions (Bsz) — (By)

holds. Let @, the solution of (22)-(23) and %}, associated
with the solution (%} )o<n<n Of (32)-(33), we have

E:N > (

Ke&Tmn

n?m Trle): +

[@r = nrlltn) < (1 + &nr)(ni)* +

Cg\

(70)

foralln,1<n <N,
Here (3 and C3 are two positive constants depending on v

and f, &, is defined by
SUPker, , hix
A N
and
Ok =1 if KNoQ#Q, 1)
O = % otherwise.
Proof: Comblnlng (3 (33) and(17)-(18), we obtain
((7 7}1) (7 ) 7) + a(ﬁn _ 277) _
(7]0 - )4—d(ﬂ> 7 Ut - W,V

B

(Fr— (ﬁ”) " =T —alTh, T -
-mwuﬁ 7m +[(F" 7m7 T )]+ [~d(B" -

nT T+ d ﬁ" s
=F + b+ Fs. (72)
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Lete" =w"-u}, v ="¢"-r¢e",and v, = R,,(€"— Corollary: We suppose that the conditions of Theorem 4
7e"). We have div(e" —re") =0, holds, we have following results
where R, is a Clement type regularization operator [24].

We obtain Z ||f (Wr — The) + (T™V)T™ —
trn 1
(?n _ ?n—l’ ?”) + Atnl/(V€>"7 V?") + (77% ) + Vv II, (p_r _phT)||H71(Q)dx)%
At,d(e",e",e")
m\2
= (" = 2" L, 1" + Aty (v(VE", V") + < Os( Z At > (14 &) (i) +

3 Ker, h
d(@", @7 e") + Y F). 03 17"~ Fulde)? + Covil|do — mol3e, (77
i=1

foralln, 1 <n<N.

From (73), Lemma 4 and using 7€" = —7 %}, we obtain
Using the results and the standard results of [17], we have
(e"— 2"l aen) < ln?n _ 771_1”%2(9) following results. '
2 Theorem 6: We suppose that the assumption (Bj5) hold, and
Cghq- VAtthi’UﬁZHiz(Qy dk , Vn € [1,N}, VK € Tn,hs VH € Vn,h U Qn;h’ H‘K c P..
We have
v < o e < G IV = D)oz +
vAt,(Ve", Vre") < Ve L2 + - L (@) - (- N
VAt div ™ At,
AT V" - i) + (T9) 7"
(7Z~V)72HH—1@K) +
Vo el T = T illone), 78)

d(e", e" me") +Fy < |?"\1 + Culldivaj [[§ o +
for all n € [1, N,

C5|? ‘079' where Wk denote the union of elements of 7, that share at
least a vertex with K.
We have Moreover, we have
n—1 n
F, < CAt,( Z hK||?n w — n < \E”Vé7 - 7T)||L2(tn,1,tn;L2(Q)) +
e . " v | (W =) + (RV) T — (W) T
(@, V)W, +vATy = Vph L2 x)) + v I
S hElE0nTh — PR Bl ) TFhe (04) (b~ Tepe)llz e st -1co) +
1409 — DPn 2 . _1
Eece(K) " 2 TP I ERE LA ' v 2”7—HT7||L2(tn,1,tn,H—1(Q))-|-
At " "
\V 2 v (IV(w 7h)||L2(Q) +
B o= (7" =Fnv—-7 IIV(W” L= ) (79)
< C Z hKH?n - ?Z||L2(K)|7|1- (75)  We define the error £(t,,) by:
KGTn,h
52(tn) = [7 7 ( ) [ﬁ ﬁh‘r] (tn) +
Using (73), we obtain 1 —
— (7 - —1II, p,
1 1 1 VZ/t |27 )+ Vo~ po) +
n n—1 n
SRR = SIe" M3 + Svat, e () - @m ) oy +
n h2 n n n tm m m m—1 m—1
< Cyf Z ((UK)zJFTKH? *?h|2 EZ/ H (@™ -y - (ﬁ —ay )
Ketnn v tm—1 Atm
vAt, +V II, A+ (@ NV)T" —
S (vt + 5+ (A6 [div TR IR i + Trkpe — ) + (W7V)
Ketnn (7h V) ||H Q)dm (80)
Atn[@"5}. (76) forallp=1,..., N.
Let
Using (76) and the discrete Gronwall Lemma [4], we obtain n
1
(70). ns = _ (™) + Ot > (17)H)7. 81)
m=1 KeTm,n

ISSN: 1998-0159 182
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Summarizing and incorporating the the previous results, we
have

Theorem 7: We suppose that the assumptions (B1) — (Bs)
holds, the full error £(t,,) is equivalent to the error 7g : there
exist positive constants m; and M, such that

mi ns < e(tn) < Ma ng. (82)

V. NUMERICAL SIMULATION

Example. L-shaped domain (2, parabolic inflow boundary
condition, natural outflow boundary condition.
This example represents flow in a rectangular duct with a
sudden expansion; a Poiseuille flow profile is imposed on the
inflow boundary (x=-1; 0 < y < 1), and a no-flow (zero
velocity) condition is imposed on the walls.
The Neumann condition (83) is applied at the outflow bound-
ary (x=5; —1 < y < 1) and automatically sets the mean
outflow pressure to zero.

{ v —p=0,

Ouy
5 = 0.

(83)

Fig.1: Equally spaced streamline plot at t = 100, with a 32x 96
square grid, Q)1 — Qo approximation and v = 1/600.

Fig.2: The solution computed with ADINA system. The plots
show the Stream function at t = 100, with a 32 x 96 square
grid and v = 1/600.
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Fig.3: Quiver plot of flux solution at t = 100, with a 32 x 96
square grid and v = 1/600.

Fig.4: The solution computed with ADINA system. The plots
show the Velocity vectors solution at t = 100, with a 32 x 96
square grid and v = 1/600.

The two solutions are therefore essentially identical.This is
very good indication that my solver is implemented correctly.
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(d) Pressure at v =

Fig.5: Pressure solutions at t = 120, for: v = 1, v = 4—10,
o5 V= with a 32 x 96 square grid and Q; — Py
approximation.
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(b) Pressure at t = 50.15.

(c) Pressure at t = 100.33.
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TABLE I
COMPARISON OF FINE MESH EDDY STRUCTURE AT TIME T = 450
Method Lower Upper Upper Upper
length start end length

Gartling [26] 12.20 9.70 20.96 11.26
Q2 — P 11.4369 | 9.2809 | 20.4372 | 11.1560
Q11— P

with a =0 11.4059 | 9.2501 | 20.4372 | 11.1873
Q11— P

with a = iu 11.4059 | 9.2501 | 20.4372 | 11.1873
Q11— P

with o = % 11.4059 | 9.1561 | 20.3123 | 11.1564

0 5 1 5 0 5w

(d) Pressure at t = 450.02.
Fig.6: Pressure generalized by stabilized @)1 — P, and
v =1/600.

Table I shows the comparison of fine mesh eddy structure at
t = 450. The results with & = 0 and a = %v are indistinguish-
able. On the coarse mesh, the ()1 — P, approximations with
a=0o0ra= iy are much closer to the reference Qs — P,
results than the results with the results with o = i. In adition,
all four results are in close agreement when computed using
the finer mesh. The reference values provided by Gartling [26]
are presented in Table I. It can be seen that our fine mesh
results at the final time are slightly smaller than the reference
values. Since as discussed in [32], the blunt inlet channel in
[26] is known to give longer separation eddy lengths when the
viscosity is small.
Table II and Table III show the number of preconditioned
GMRES iterations for coarse mesh and fine mesh respectively,
at the time t = 190 . The optimally stabiliized system with
a = %V is significantly better conditioned than the over-
stabilized system with o = %.
Looking at Fig.5, the spurious pressure oscillations of un-
stabilized Q1 — Py can be seen to diminish inmagnitude
as the viscosity parameter is reduced. This suggests that
the stabilization parameter should be scaled in proportion to
the viscosity in order to avoid over-stabilizing the pressure
approximation. The pressure solution evolution is shown in
Fig.6. These pictures show that the pressure changes rapidly
at the beginning and goes to a steady-state at the end of the

time interval.
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TABLE 11
NUMBER OF PRECONDITIONED GMRES ITERATIONS FOR COARSE MESH
AT TIME T = 190

Method Standard | Rescaled
Q2 — P 14 12
Q11— P

with o = 0 7 7
Q11— P
with o = iu 7 10
Q11— P
with o = £ 34 82
TABLE III
NUMBER OF PRECONDITIONED GMRES ITERATIONS FOR FINE MESH AT
TIME T = 190

Method Standard | Rescaled
Q2 — P1 10 9
Q11— P

with « =0 7 7

Q11— P

with o = Jv 8 9
Q11— P
with a = 1 32 68

0.2 T T T T T T
adaptive strategy —+—
uniform strategy

0.18 B

0.12 - -

Error

01F b

0.06 L 1 L 1 1
30000 40000 50000 60000 70000 80000 90000

N — L

100000 110000 120000 13000C

Total number of space-time unknowns

Fig.7: Comparison between uniform and adaptive method.
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0.02
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0.01 :
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TR
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0.005

Fig.8: Estimated error 77 associated with 32 x 96, square grid
of a Q1 — Qo solution for the flow at t = 100, with v = 1/100.
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VI. CONCLUSION

In this paper, we were interested in the numerical solution
of the partial differential equations by simulating the flow
of an incompressible fluid. We applied the finite element
method to the resolution of the unsteady Navier-Stokes
equations. The matrix system is solved at each iteration
with a preconditioned GMRES method. We obtain a faster
convergence. We also study a posteriori error estimates for the
finite element approximation of the unsteady Navier-Stokes
problem and we proposed two types of a posteriori error
indicator, with one being for the time discretization and the
other for the space discretization. We prove the equivalence
between the sum of the two types of error indicators and the
full error.

Numerical experiments were carried out and compared with
satisfaction with other numerical results, either resulting from
the literature, or resulting from calculation with commercial
software like Adina system.

The comparisons show good agreement.
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