
 

 

  
Abstract—-In this paper, we will present a simple and quick 

sampling method to digitize the cubic Bezier curves via controlled the 
chordal error 
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I. INTRODUCTION 
Computers can only display the discrete data and models. 

However, most of important geometric models in mathematics 
or CAD are continuous or differentiable. How to demonstrate 
these geometric models in computer is a difficult and important 
task. The best idea to solve this problem is to simple the curves 
and present differentiable curves by poly-line i.e. a set of 
vertices. For this reason, sampling method becomes the most 
important problem in computational geometry. How to find a 
quick algorithm and control the error tolerance are the main 
issues of this field. 

Digitization problem has two forms. The first: fixed the 
number of points, we want to find a best partition to digitize the 
original curves such that the maximum distance between 
original curve and digital models is minimal. In 2003, Victoria  
presented a good method to improve this kind of problem. 
Second: we want to find a minimum number of points to 
digitize the curves when we fix an error of tolerance. There are 
many different kinds of simplification methods presented in the 
version of computational geometry, digital geometry  and CAD. 
However, most of these methods are based on the numerical 
analysis and differential equations. In these methods, the error 
of tolerances play a more important role than the complexity of 
times and spaces (memory). But these methods are still very 
important since they can be preformed in general surfaces.  

Bezier curves and Bezier surfaces are significant models in 
computer aided geometric design.  In this field, any general 
surfaces or curves models are approximated by the piecewise 
Bezier curves and surfaces. Many of people investigate the 
properties and applications of Bezier models. In 1999, Oscar   
presented a digitization of Bezier curves via the analysis of 
normal vector. Holliday and Farin interpreted the diagonal of a 
tensor product Bezier volume from the viewpoint of geometric 
in 1999. These are important properties of Bezier models and 
we will develop our results from some properties of Bezier 
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curve.. 
In this paper, we will present a digital method via the 

subdivision property of Bezier models. The subdivision 
property of Bezier models is a powerful tool in CAGD. But 
using this property, we still need a sampling method to 
determine when we must stop. And we will use the chordal 
error to improve it. 

In general, the shape of Bezier curves with high degree is too 
complexity, difficult to estimate its chordal error. And people 
usually use the Bezier curves not greater than three. Hence, we 
want to develop a sampling method via controlling chordal 
error on cubic Bezier models, the maximum distance between 
the digital models and original models are under control. 
Furthermore, this method only depends on the Bezier control 
points. Even though our method does not, so far, apply to 
general surfaces, it is still a very efficient digital method on 
cubic Bezier curves and surfaces. This sampling method is the 
simplest and the quickest of these digital methods. But it only 
uses on cubic Bezier models. 

II. PRELIMINARIES 
In this paper, we need some properties of Bezier curves. We 

will introduce these properties in this section: The Bezier 
formula be presented in 1960. Bezier presented the Bezier 
curve from the linear interpolation and the Bernstein 
polynomial: 
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And de Casteljau also presented the Bezier curve form  de 
Casteljau algorithm: 
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We call r
ib  be the DC points. 

From the viewpoint of de Casteljau algorithm, we can 
subdivide the Bezier curve to two Bezier curves easily. After 
subdividing, the control points of left curve are rb0 , 

nr ,,2,1,0 L=  and the control points of right curve are r
rnb − , 

nr ,,2,1,0 L= .  

Consider a Bezier curve )(tb  with control points ib  in 3R  
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and L the straight line with endpoints 0b , 1b . The chordal 
error of Bezier curve is a real number defined by 
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= , where )),(( Ltbd  is the distance 

from )(tb  to the straight line L .. 

III. THE CHORDAL ERROR OF CUBIC BEZIER CURVES 
Chordal error is important in CAD and other applications. 

When we do not admit the error greater than a scalar number, 
we must to control the chordal error. Although, this value is 
difficult to estimate in general Bezier models. We can estimate 
the chordal error via controlling the volume of model. In fact, 
the volume of Bezier model supplied an upper bound of chordal 
error. Moreover, we will obtain a simple and natural formula to 
estimate the chordal error of quadric and cubic Bezier curve. 
Now let us estimate the chordal errors of quadric and cubic 
Bezier curve as follows: 

First, we consider the cubic Bezier curve in 2R  (or in a 
plane). Without lost the general, we assume that the control 
points of cubic Bezier curves are  
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From the definition of chordal error of cubic Bezier curve, it 
is only depend on 1y  and 2y . Hence, the chordal error of 

)(tb  is 
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In spaced cubic Bezier curve, we assume that the control 
points 
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we consider this problem in xy-plane and xz-plane. Suppose 
the chordal error of )(tb  in xy-plane is xyCE , yzCE  in 

yz-plane and xzCE  in xz-plane. The chordal error of such 

cubic Bezier curve can be controlled by 

},,max{ xzyzxy CECECE  or  222
xzyzxy CECECE ++ .  

IV. COMPUTATIONAL RESULTS 
In this section, we will test our sampling method for general 

cubic Bezier curves.  From figure 1 to figure 3, we sampling a 
cubic Bezier curve by different chordal errors, 1, 110−  and 

210− . Next, we sample the random cubic Bezier curve with 
control points 33]2,2[ Rbi ⊂−∈  and we test 410 random 
cubic Bezier curves for each different chordal errors. The 
y-axis shows the average of the number of points of digital 
curve. In figure 4, we show the relation between the number of 
points and the tolerance of error. From this table, it is easy to 
observe that our sampling method has linear growth.  

Of course, our sampling method can be extended to improve 
the cubic B-spline curves. In figure 5, we choose a general 
cubic B-spline curve in 3R and the results of digitalization with 
two kinds of chordal errors presented in figure 6 and 7. 
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Fig 3. tolerance =0.01 

Fig 2. tolerance =0.1 

Fig 4. random cubic Bezier curves. 
 

 
Fig 5. the original  cubic B-spliner curve 

INTERNATIONAL JOURNAL OF MATHEMATICS AND COMPUTERS IN SIMULATION

Issue 3, Volume 1, 2007                                                                    281



 

 

 
 

Fig6 tolerance = 0.1 

 
Fig 7. tolerance =0.001 
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