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L_ocal Times of Processes Driven by Factional
Brownian Motion
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Abstract—Considing the processes associated with fractional
Bessel processes driven by factional Brownian Motion with Hurst
parameter O<H<1, we study the properties and show the local times
exist and get Tanaka formula of the processes as well as the local
time. For 1-dimensional linear self-attracting diffusion process we
study the convergence and local time.
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I. INTRODUCTION

IRST we conside factional Bownian motion (fBm).
Definition 1 (fBm) Let:

H €(0,1) be a constant. The (1-parameter) fractional

Brownian motion (fBm) with Hurst parameter H is the
Gaussian process

B,(t)=B,(t,w),teR,weQ

Satisfying

B, (0) = E[B, ()] =0

forallte R, and

E[B, (5)B, (1)] =%{|s|2” H st g teR

Where E denotes the expectation with respect to the
probability law P for

{B, (t,»);te R,we Q}

where (€, F) is a measurable space.

If H =1/2 then By, (t) coincides with the classical Brownian
motion, denoted by B(t).

If H > 1/2 then B, (t) has long range dependence , in the
sense that

P, =E[B,(@)-B, (n+1)-B,(n)]>0
foralln=1,2,... ,and

2 Py =
n=1
If H< 1/2 then By, (t) is anti-persistent, in the sense that
p, <0 foralln=1,2,...
in this case an < o0 (Shiryaev [5], p. 233)
n=1

Another important property of fBm is self-similarity: For
any H €(0,1) and & >0 the law of {B, (at)},_; is the

same as the law of {a"B,, (t)},_x -
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Next we will give the definition of Bessel processes and
Fractional Brownian Motion.

For every & =2 0 and x = 0, the solution to the equation

X, =x+a+2[ X [dw,

is unique and strong. In the case § =0, x = 0, the solution X, is
identically zero and applying the comparison theorem (see
Revuz-Yor [11] Theorem IX.(3.7)) we conclude X, >0 for

all 0>0.

Definition 1.1 (BESQ?) For every 6 >0 and x = 0 the
unique strong solution to the equation

X, =x+a+2[ [X.[aw,

is called the square of a 5-dimensional Bessel process started at
x and is denoted by BESQ®? .

Remark: the law of BESQ?(X) on C(R,,R)by Q; . We
call the numberd the dimension of BESQ . This notation arises

from the fact that a BESQ? process X, can be represented

by the square of the Euclidean norm of &-dimensional
Brownian motion

2
Bt: XI :||Bt| |
The number v=5/2-1 is called the index of the
process BESQ? .
Definition 1.2 (BES”) The square root of BESQ? (a°),

620 ,az 0 is called the Bessel process of dimension &
started at & and is denoted by BES?(a).

Remark: the law of BES?(a) by P/
In the case 8 >2, BES? (@), a >0, will never reach 0.
For5>1a BES?(a) process Z, satisfies

E[I;(ds/ZS)]<w
and is the solution to the equation
o—1¢tds
Z, =a+——| —+W,
2 N7,

For & < 1 the situation is less simple. For 3 = 1 we have with
It0 Tanaka’s formula
Z, =W,|=W, +L,
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where

W, = jotsign(vvs)olws

is a standard Brownian motion, and Lt is the local time of
Brownian motion. Refer to Revuz-Yor [11] and Pitman-Yor
[9, 10] for the more study of Bessel processes.

Definition 1.3 Denote the fractional Bessel process by
Ry =By ()2 +By (22 +..4 B, (d)?
where

B, = (B, (1), By (2).-... B, (d))
be a d-dimensional fractional Brownian motion with Hurst
parameter H (0, 1).
We hope to obtain a stochastic calculus for fBm and to use its
properties into application.

B, (t)

However, if H #1/2 then is not
semimartingale, so we cannot use the general theory of

stochastic calculus for semimartingales on B, (t) .

a

For example, as H #1/2 the fractional Brownian motion

B, (t) has not Levy type characteristic, i.e., the process
(see HU [7])

X, :Esign(BH ())dB, (s),%< H <1

@)
is not a fBm. Furthermore, the process
d . BJ )
Y, ()= —2dB/ (s)
O=2 LR, o™ @

is the fractional Bessel process. Thus, it is interesting to
investigate the properties of these processes. Hu and Nualart
obtained some properties of these processes in [7].

The purpose of this paper is to prove the local times of these

processes based on By, (t) exist,

1/2 < H < 1. Moreover, we give a Tanaka formula of the
process X, given by (1) and (2).

For 1-dimensional linear self-attracting diffusion process we
study the convergence and local time.

Consider the path dependent stochastic differential equation of
the form

H_pH, ('S H yH
X[ =B+ [ @(X! - X}")duds "

where B" is a d-dimensional fractional Brownian motion
with Hurst index H € (0,1) and @ Lipschitz continuous.
Then it is not difficult to show that the above equation admits a
unique strong solution. We will call the solution the fractional
self-attracting diffusion driven by fBm. We will consider only
a particular case as follows,the linear fractional self-attracting
diffusion:

t ps
X" =B —af [ (X! -X!")duds+ut "
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with @>0 ang v E K . Our aims are to study the
convergence and local times of the processes given by above

formula with d :1.

1t0

Il.  FRACTIONAL TYPE STOCHASTIC INTEGRAL
For 1/2 < H < 1, an alternative integration theory based on the

Wick product ¢ was introduced by [3], as follows:

u)dB, (5):= fim, (0B () - By (1)
Where

7 10<t, <t <..<t =t

is an arbitrary partition of [0, t],

7, = max, {t,.; —t}

and |im|Xn|—>Omeans the limit in L () .

The definition of the integrals has been extended by [8] (see
also [1]) to all 0 < H < 1 as follows:

_f;u(s)dBH (s) = Eu(s)O\N(H) (s)ds

where

dB
W(H)(t) =—

dt
with (S)” the Hida space of stochastic distributions if

R, = (S)" satisfies that (t) <>W" (t)

® sy

u is
dt-integrable in (S)”. These fractional It6 integrals have

many properties of the classical Ito integral.

Definition 2.1 Let F : QQ — R and choose y € €2. Then we

say F has a directional M-derivative in the direction y if:
.1

DI"F (@) = [im[F (@ +&My) - F(o)]
£50 6

Exists almost surely in (S)". In that case we call

(H)
D,"'F(®)

the directional M-derivative of F in the directiony .

Definition 2.2 We say that F : Q2 — R is differentiable if
there exists a function:

¥Y:R—(S)

Such that

DMF (w) = jR MY ()M (t)dt
for all

yeLli(R)

Then we write

DMF = oH) F(t,w) = P(t)
ow
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And we call Dt(H) F the Malliavin derivative or the stochastic
. . 1
gradient of F at t. In the classical case (H :E) we use the

notation D, for the corresponding Malliavin derivative.
Proposition 2.3 Let F € (S)".Then

D,F =MD{"F

for aateR

Proposition 2.4 Suppose:

Y:R—(S)

is  dB -integrable. Then

DM( IRY(s)dB(H)(s)) = jR DY (s)dB™M) (s) + Y (t)

Proposition 2.5 Let Dl(";) be the set of all F e L*(u) such

that the Malliavin derivative D{"'F exists and

E[J'R[DI‘H’F]Zdt]<oo

The following result has been obtained with a different proof
in Lemma 2 of [M]

Proposition 2.6 Suppose:
g € L, (R) is deterministic and let F € D}’ .
Then

FOL g(t)dB™) (t) =
F-[.o®dB™ (®)~(g.D™ -F)

Recall that the Malliavin P -derivative of the function U :
Q= R defined in [3] as
follows:

D{U = | "¢ (r,s)D,Udr

where D,U is the fractional Malliavin derivative at r. Define
12

the space ’ to be the

D?u(s)

set of measurable processes u such that exists for

aa 520 ang

E[(J; Dfu(s)ds) + [ [ u(s,)u(s,)é(s., 5, )ds,ds,]
< oo

Then the integral J.:u(s)dBH (s) can be well defined as an

element of L*( )
Theorem 2.7 ([3]). Let {u(t),t > O} be a stochastic process in

1,2
* . Then for the process
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n(t) = j: u(s)dB, (s),t >0

we have

D¢n(t) = jo‘ u(r)dB,, (r) + I;ur(/ﬁ(s, r)dr

In particular, if u is deterministic, then

D{n(t) = || u(r)g(s, r)dr

1,2
Theorem 2.8 ([3]). Let F € C"* (R. xR
second order derivatives and let the process

X be given as follows:
Xa):x+£v@ms+£u@mBH@)
t>0,xeR |

) with bounded

uel?

With 2 Then we have

F(X (1) = F(x)+£% F(X(s))dX (S) +

E proad (X(s)u(s)DZ X (s)ds

forall t>0.

I111. LOCAL TIME AND TANAKA FORMULA FOR PROCESSES ASSOCIATED WITH

FRACTIONAL BESSEL PROCESSES

Refer to [9], the weighted local time L(B,,) of fractional
Brownian motion are established:

L(B,) = 2HJ.;5(BH (s) - x)s2"ds

The Tanaka formula is given as:

+ + t 1 X
(B (=) ="+ 15, .8y (8) + 2 L{(By)

t . X
| By (1) = x = x| +I0 sign(B,, (s))dB,, (s) + L; (By)
In this section we show that the local times of the process
t .
X, = joslgn(BH (s))dB,, (s),t > 0

H : tBsH Hx
Y, :Z;IOR_HdBS (J)
1= S

exist and obtain their Tanaka formula. We will also find a
relationship between the weighted local time of fractioanal
Brownian motion and the local time of the process X,, for
d=1.

First we conside some properties of process X,

Propostion 3.1. The process X={Xt, t >0} is H-self-similar.



INTERNATIONAL JOURNAL OF MATHEMATICS AND COMPUTERS IN SIMULATION

Propostion 3.2. Forany 0 < H <1

t o =
IOS|gn(BS)st = kZ:;,CUzk(hzk)
Where
c - G

© V2r(2k —1)(k —1)12F2

A consequence of this proposition is the following

Propostion 3.3. For any 0<H<1, the random variable sign(BH)
belongs to the Sobolev space Da,2
For any a<1/2.

Lemma 3.4. (Hu [7])

E[sign(B,, (s))sign(B,, (u))]
= A(2K)!(s? +ut —|s -

-y ( )(S2 +U k 2|s uLkl),tzo
= (2k +1)*27(k12")? (su)

We can get the proof of this Lemma in [7]. By using this
Lemma its easy to show the following result holds

2k+1

1
Lemma 3.5. LetE <H <1, then

sign(B,, (t))D, X, (t)>0,a.s
forall t>0.

Theorem 3.6. Let @ : R™ — R be a convex function having
polynomial growth and let

the process X, be defined by
t .
X, (t) = jo sign(By, (s))dB,, (s),t =0

. . . . ®
Then there exists a continuous increasing process A" such
that:

B(X,, (1) = D(0) +
"D-d(X , (s))sign(B,, (s))dB,, () + = A® t > 0
J; H H H 2At

where D@ denotes the left-hand derivative of P .
2 ~
proof: If P €C then this is the 1O formula and

A" = [[07(X,)sign(B,, (5))Dy X, (5)ds

and Lemma 3.1 implies that the process A? is increasing.

2
Letnow® 2C° For £ >0 and X € R we set

() ==
’ V2re

and

®,(x) = [ p, (x=Y)(y)dy, (s > 0)
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Then @ _(X) has polynomial growth and ®_eC? . It
follows that for all £ > O there exists a continuous increasing

process A® such that

@, (X, 1) =2,(0)+

[[ @, (X (s))sign(B,, (5))dB, (s) + % A
and

A =[[®," (X, (s))sign(By, (s))Dy X, (S)ds

=[.2,"()
(J, 5(X,, ()~ X)(sign(B, (5)) Dy, X, (s)ds)dx
Noting that for all X € R
|gI[(T)lCDg(X) =d(x)
I:w d', (x) =D D(x)
Soas € >0
[[ @, (X, (s)sign(By, (5))dB,, (5)
— [ D" ®(X,, ())sign(B,, (5))dB,, (5)
in probability. As a result, Aq’t converges also to a process

I . . . .
A” which, as a limit of increasing processes, is itself an
increasing process and

CD(X H (t)) = CD(O) +
I; D (X, (s))sign(B, (s))dB,, (S)JF%A:DS

(] .
The process A” can now obviously be chosen to be a.s.
continuous. This completes the proof.

Corollary 3.7. For any real number X, there exists an increasing
continuous process

L*(X,,) called the local time of the process X . inx such
that,

| X4 () = x|

- |x|+_Esign(XH (s) = x)dX ,, (s) + L (X ")
Combining this corollary with [3, 9], we get the following
Corollary 3.8. Let L(X) denote the local time of the process
X and let

L (B,,) = 2H£5(BH (s) - x)s2"ds

be the weighted local time of fractional Brownian motion .
Then we have
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L:(XH)_Li((BH)
=[Xy (t) =X —[B, (t) — x|

+2[ 1y SiaN(B, (5) — X)dB,, (5)

Corollary 3.9. For any real number x and t >0, we have
i (X )

= [ 5(X 4 () - X)sign(B,, (5))Dy (8) X , (s)ds

Moreover, for any convex function having polynomial

growth @ 1 R™ = R the following
Ito-Tanaka type formula holds:

DX, (1))
= ®(0) + [ D"®(X,, (5))sign(B,, (s))dB,, (5)

# 2 L OX 0)

where D™ ® denotes the left derivative of @ and the signed

measure “@ is defined by

1, ([a,b]) = D" ®(b) - D d(a),a<b,abeR

So we have got the relationship between local time and weight
local time.

Finally, by the same method on can show that the local time of
the process

Y () = ZL—dBJ()

holds, Where

B, = (B, (1, By, (2)... B, (d))

is a d(>2) dimensional fractional Brownian motion with
Hurst index 1/2 <H <1 and

4 =By ()% +B, (2)? +...+ B, (d)?

Bessel process.

is the fractional

IVV. CONVERGENCE AND LOCAL TIME FOR LINEAR SELF-ATTRACTING
DIFFUSION PROCESS
We consider convergence of the solution of the equation (2),
the socall the linear fractional self-attracting diffusion. The
method used here is essentially due to M. Cranston and Y. Le
Jan [16].

Proposition 4.1 The solution to the equation (2) can be
expresses as

—7x o-xzds
t>0

E[L]= rfoa

Where
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L Z2h(s)ds
gpx]=1EH D Djtl 2N s
\N2rx ‘o
for S,tZO_

This proposition can also be obtained by the same method as
Cranston and Le Jan [16].

In this section, we study the usual local time and weighted
local time of the process and obtain the Meyer-Tanaka type
formula of the weighted local time. We consider the linear
fractional self-attracting diffusion

H H <t<
XX 0s<t<T,

with v = 0. It follows that the linear fractional self-attracting
diffusion is a centered Gaussian process.

For T>t>s>0 , we put
=E[(X{")’]
O-tz,s = E[(XtH - XSH )2]
Then
2 t pt
o =jojoh(t,u)h(t,v)¢(u,v)dudv, 0<t<T
And
o2, = [ Iht.u)~h(s,uIh(tv) ~h(s, V)14, v)dudy,
0<s<t<T
Noting that:
t et
jo jo #(u,v)dudv = t*"

forall t >s>0 we get

62 tM <o? = jot jot h(t, u)h(t, v)¢(u, v)dudv < t2".

7(_

ande? < h(t,s) <1

Lemma 4.2 Forall t>s >0 we have

¢ (t-9)™" <o?, <UL+ C)(t-9)™,

for some constants C;, C, >0 dependingon T.
From the lemma above, we see that

T AT -1/2
jo jo E[(XH =X™)?]  dsdt <o

holds for all T = 0, and furthermore, we can show that the
process is local nondeterminism for every

0<T<OO ie
Var(Zu (X =X 2k ZU ol
j=2

with a constantk, >0 . Combmlng this with Berman, we
obtain :

Proposition 4.3 If v =0, then the solution X" of the

equation (2) has continuous local time such that

Ll = IEIH)] 24 J.l[x 5x+g](x )dS I§(XH —X)dS
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Where
5(X{ =)

denotes the delta function of XSH
For t >0, X € Rwe now set

=2H(2H -1)
jga(x;‘ —x)ds[”"h(s, m)(s —m)*"**dm.
Then | is well-defined and

The process (I,"),, is called the weighted local time of X " at
xeR

Lemma 4.4(Hu[27].) let Y be normally distributed with mean
zero and variance o (o > 0) Then the data function

S -

of Y exists uniquely and we have

1 iE(Y-x)
5(Y—x)_EIRe dé, xeR
As a consequence, we have

—7x oxzds
t>0

E[L]= rfoa
H(2H -1)

2z

SR

t 1267 (s)ds
J' 2 L t>0

Where and
h(s) = josh(s, m)(s —m)2"2dm,

X

Proposition 4.5 Assume that T >0 is given. Then by and
L? are square integrable for all X € R and we have

L)< 2

_“H 22

E[(¢})* ]< —H_T"
ke,

Theorem 4.6 Let X " be the solution to the equation(2)with
Hurst index

1<H <1,
2

Xg'=z,v=0

and let £ be the weighted local time of X " Suppose that

®:R" >R is a convex function having polynomial growth.
Then:
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D(XH) = q>(z)+j; D (X)X ! + [ £ (dx),

Where D™ @ denotes the left derivative of P and the signed
Hao

measure is defined
by
U, ([a,b]) =D ®(b)-D ®(a), a<b,abeR,

Proof. For ¢ > 0and X € R we set
®,(x)=[ p,(x=Y)®(y)dy (s>0),
Where Then

®,eC’

and we have

forall Xxe R
It follows that for all & >0

D, (X)) =0, (2)+
I;q);(xs”)dXsH +2H(2H —1)j;cpg(xs“)ﬁ(s)ds
@ (X

On the other hand, it is easy to see that t ) converges to

H

DX, )almost surely, and
[ (x)x!ds — [ D (X)X ds as.,
And furthermore
[(@L(x)dB! — [ D (X ")dB!
Finally, we have as € — 0
[ @1(x!)A(s)ds =

t ~

jo dsh(s) qu>g(x)5(xs“ —x)dx

o1
2H(2H -1)
This completes the proof.

[ 0 (00)

Corollary 4.7 Let X " be the solution to the equation (2) with
Hurst index

1
E< H <1, XOH

and let | be the weighted local time of X " Then The Tanaka
formula

X XX x| sign(X,! a4 1

=z,v=0

Holds for all X € R.

V. CONCLUSION

It can be seen from the above-mentioned analysis that the
processes associated with fractional Bessel processes
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X, (t) = j;sign(BH (s))dB, (t),% <H<1

Y () = ZL—dBJ()

where
By =(B,(D),B,,(2)..... B4 (d))

converge, have the local times L*(X ;) and Ito-Tanaka type

formula.
For 1-dimensional linear self-attracting diffusion process

X/ =B —af ["(X! - Xx!")duds+ ot

We study the convergence and obtain the weight local time as
showed above.

O(X,, (1)
= ®(0)+ [ D"®(X,, (5))sign(B,, (5))dB,, (s)

1.,
+2 R X (@)
holds.
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