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Computer Modeling of Heat Balance
in Counterflow Tube Heat Exchanger

H. Charvatova, D. Janacova, R. Drga, O. Liska, V. Vasek, M. Zalesak

Abstract— The paper deals with mathematical modeling of
heating and cooling of fluids in heat exchanger by use software
MAPLE. It describes computer teaching application programmed
in MAPLE for computation of temperature curves derived from
mathematical model of heat balance in the thermal isolated
counterflow tube heat exchanger. The accuracy of data computed
by MAPLE were verified by simulation with use commercial
software COMSOL MULTIPHYSICS. The obtained results are
also presented.
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I. INTRODUCTION

H eat transfer problem is a part of study subject Process
engineering that is taught at Faculty of Technology and

at Faculty of Applied Informatics of the Tomas Bata
University in Zlin. But study and calculation relating to
these problems are in many cases relatively complicated and
also time-consuming. Moreover, using mathematical
software is often required to obtain sufficiently accurate
calculations. Therefore we make software applications
which help students to study and solve selected
technological problems.

In this paper we present software application that is
designed for determination of the heat balance in thermal
insulated counterflow tube exchanger. We made this
application by use computer algebraic system MAPLE. The
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application can calculate and visualize the temperature
courses of heated and cooled fluids flowing inside thermal
insulated  heat  exchanger. = Mathematical — model,
The computing principle, user interface, use of the
application and verification of its accuracy we describe in
the following sections.

II. HEAT BALANCE OF COUNTERFLOW TUBE HEAT
EXCHANGER

The studied heat exchanger is engineered as a cylindrical
vessel with a deeply arched bottom and lid, which is
thermally isolated from the surroundings. Inside the
container is stored tube sheet with tens to hundreds of
straight tubes. One fluid flows inside the inner tubes and
aother fluid runarounds the inner tubes of the heat
exchanger [1], [2].

Thermal energy transfers between heated and cooled fluid
through the inner tube wall. In consideration counterflow
construction, heated and cooled fluids flow to each other in
opposite directions.

The heat flow between fluids inside the exchanger can
be described by equation (1)

dtl_(x):m .C dtZ(X)

M Cor oy P2 gy

()

The heat transfer through the walls of the inner tubes
describes equation (2)

dt, (x)
dx

m,-Cp, -

=Nk -L-(t; (x)=t,(x)). @

Temperatures of liquids incoming to the heat exchanger
are given by conditions (3) - (4)

t, (0):t11 3)

tz(l—)ztzz- 4

The heat flow through wall of the inner tubes is described by
equation (5)

Q=k_-N-L-At., (5)
N is number of inner tubes.

At 4 is log mean temperature difference
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k. is the heat passage coefficient. It can be computed

according equation (7)

k = : (7
In d—z
1 d, 1
+ +

apdy  2aer  agd,
where o is heat transfer coefficient

Nu-A4
a= 8

5 (3)
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Fig. 1 Sketch of the heat flow through the wall of inner tube inside
the heat exchanger

Inside the heat exchanger, the heat transfer coefficient can
be computed by dimensionless criterions generally used for
forced convection of fluids inside tube systems. Therefore
Reynolds criterion Re, Grashof criterion Gr, Prandtl
criterion Pr and Nusselt criterion Nu at average temperature
are computed according to following relations (8 -16) :

t +t
t, = : 2 2 )
Reynolds criterion Re:
Re = Vd_p (10)

n
Nusselt criterion Nu:
for Re <2,3-10™:
0,25
Nu =0,15Re®2Pro3Gr.pr™ | 2L | (11)
Pr,,
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Tab. 1: Values of constants ¢, of equation (11)

L/d 1 2 5 10 15 20 30 40 i
Sf 1,90 1,70 1,44 1,28 1,18 1,13 1,05 1,02 1,00
for 2,3:10°< Re < 1-10*:
0,14
Nu =0,116(Re*> -125)Pr'”? [1+(d / L)”}[ij (12)
Mw
for Re>1-10*
Nu = 0,023Re**pr®* (13)
Prandtl criterion Pr:
C, -7
Pr=-2 14
F (14)
Grashof criterion Gr:
3 At 2
Gr = 39 At (15)
n

If the section of tube is not circular, the characteristic size
is computed according equation (16)

(16)

III. COMPUTER MODELING OF HEAT TRANSFER INSIDE THE
HEAT EXCHANGER

Analytical solution of the model described in previous
section we have solved by MAPLE software. For this
purpose we have entered system of equations (1), (2) with
conditions (3) and (4) by MAPLE source code:

> functionl:=ml*cpl*diff(tl(x),x)=
m2*cp2*difF(t2(x),x);

functionl =ml cpl [% tl(x)] =m2cp2 (i t2

dx

o)

> function2:=m2*cp2*diff(t2(x) ,x)=
“N*KL*L*(t1(X)-t2(Xx));

)

> sys ode := functionl,function2;

sys_ode :=ml cpl (% t](x)) =m2cp2 [% 2(x) ],

d
o t2(x)

function2 :=m2 cp2 [ -NKLL (t1(x) —t2(x))

m2 ep? [% t2(x)) CNKLL (t(x) — £2(x))
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> dsolve([sys_ode]);

NKLL (mlcpl —m2cp2) x
m2cp2ml cpl

ti(x)= _Cl+ C2e , 12(x)

NKLL (mlcpl —m2cp2) x
m2cp2ml cpl

_m2cp2 CI+ C2e

ml cpl

m2cp2

> ics = t1(0) = t11, t2(L) = t22;
ics =t1(0) =tll,12(L) =122

Analytical solution of the model we computed by dsolve
command designed for solving of ordinary differential
equations:

> solution:=dsolve([sys_ode, ics]);
I2NKL I2NKL
- mlcpl m2cp2
solution := |tl(x) = 122m2cp2e +tlle ml cpl
ZNKL I2NKL

mlcpl +e m2cp2

-m2cple mlcpl

I2NkL
m2cp2e ™ P! (111 —122) e
B I2NKL I2NkL
mlcpl te m2cp2

NKLL (mlcpl —m2cp2) x
m2cp2ml cpl

,12(x)

-m2cple mlcpl

| I2NKL

= [ 2 2[—22 2cp2e ™ P!
m2 cp? m2 cp. t22m2cpe

\
I2NkL ]j [ I2NkL
+t11e m2P? ml cpl -m2cp2e mlepl

I2NkL )
+e ™ P g cpl

I2NkL
— n12cp2em1€p] (e11
NKLL (mlcpl —m2cp2) x ) IZNKL
—1‘22)6 m2cp2ml cpl ml ij) -m2eple mlcpl

12 N kL )
+eM™MP? cpl
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> op(1,solution);
I2NKL I2NKL
~122m2cp2e ™ P 11116 ™ P mlcpl

I2NKkL I2NkL
mlcpl +e m2cp2

tl(x) =

-m2cp2e mlcpl
2Nk

_ m2cple miepl (111 —122) e

I2NKL I2NKL

ml cpl +e m2cp2

NKLL (mlcpl —m2cp2) x
m2cp2ml cpl

-m2cple mlcpl

> op(2,solution);

12(x)
I2NKL

1 [ ( mlcpl
= 2cp2 \ -t22m2cp2 P
2 op? m2cp m2cp2e

\

2NKL ) [2NKL
+t11e™ %P mlcpl -m2cp2e ™!

I2NKL
+e ™MD g cpl

[ I2NKL
—m2ep2e ™ P (111

NKLL (mlcpl —m2cp2) x I2NKL
—122)6 m2cp2mlcpl ml C‘p] _mchze mlcpl

I2NkL ]J
+e ™2 cpl

For exchanger with only one inner tube, the equation (2)
simplifies into equation (16)

m, -Cy, 'dtg—iX): —ki - L‘(tl (x)-t, (X))

(16)

and computed analytical solutions are:

> op(1,solution);

12 kL 12 kL
() = —122m2 ep2e™ Pl 4 411" P mlcpl
12 kL 12 kL
-m2cple mliepl 4 gm2ep2 cpl
12 kL kL L (ml cpl —m2cp2) x
mlcpl m2cp2ml cpl
_ m2cple (11 —122) e
12 kL 2kL
—m2cp2€m16p1 +e™ P cpl

387
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> op(2,solution);

12(x)
([ ( 12 kL
= mZ_Cp2L m2cp2 \ 122 m2 CpZCmICp]
12K 12 kL
+ 111 em2P? mlcpl —m20p2em“p1
2k
+e™M P cpl
12 kL kL L (mlcpl —m2cp2) x
m20p2emlcpl (t11—t22)e m2cp2ml cpl mlcpl
12 kL 12 kL

mlcpl + emZCpZ

-m2cple mlcpl

The computed temperature curves are shown in Fig. 2.

L

X
_—

Fig. 2. Temperature courses in the counterflow heat exchanger

We have used the computed analytical solutions for
simulation of fluids heating and cooling. For this purpose
we programmed special application which can compute and
display temperature curves t;(X) and ty(x) under required
conditions. The application will be especially used as a
teaching tool. Therefore we programmed it as a Maplet
which is composed from windows with text fields, buttons
and other tools for comfortable and easy control. Fig. 2
shows window of application for insert input parameters and
computing of the temperature courses. The other windows
(fig. 3 - 5) are designed for needed calculation of the heat

passage coefficient inside the exchanger according
equations (6 -14).
H&D counterflow shell heat Excham‘-‘ m ‘E
Properties of cooled fluid:
Input temperature t11 (*C): 50 Mass flow rate m1 (ko/s): 0.008 Specific thermal capacity cp1 (J/(kg.K)): 1890
Properties of heated fluid:
Input temperature t22 (°C): 20 Mass flow rate m2 (kg/s): 0.005 Specific thermal capacity cp2 (J/(kg.K)): 4130
Other parameters:
Length of exchaner Lmax (m): 15 Number of inner tubes N(1): 4 Heat passage coefficient kL (Wi{m.K)): 9689985942
A0 Input temperature of the cooled fluid (°C): &0
T — Output temperature of the cooled fluid {°C): 44.61032824
50 —
—— — Input temperature of the heated fluid (°C): 20
£ degC 40 Output temperature of the heated fluid (*C): 31.13358073
Log mean temperature difference (*C): 26.68182273
304
Heat flow inside exchanger (W): 155.1278923
0 0.5 1 15
Lm
— Cooled fluid Heated ﬂuid|
Temperature of heated temperature: Distance L1x (m): | 5 | Compute temperature t1x (°C): | 54.59506138
Temperature of heated temperature: Distance L2x (m): .5 [ Compute temperature t2x (°C): ] 27.22340506

Fig. 3 Main window of the software application for simulation of fluids heating and cooling in the thermal isolated tube heat exchanger
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Counterflow tube heat exchanger
Heat transfer coefficient of the inner side of inner tubes alfa_A

Average temperature (*C): &0. Temperature of wall (°C): &0. Mass flow rate (kg/s): .Ge-2

Physical properties of fluid at average temperature

Water (0 - 100 °C) Air (0 - 300 *C) @ Transformer oil (at 20 °C)

Density{kg/m3): 256 Specific thermal capacity (J/{kg.K)): 1330 Kinematic viscosity (m2/s): |.354896073%-4

Thermal conductivity (W/(m.K)): 124 Thermal volume expansivity (K-1): 4e-3

Properties of fluid by the wall
Density{kg/m3): 256

Specific thermal capacity (J/{kg.K)): 1330 Kinematic viscosity (m2/s): 364896073394

Thermal conductivity (W/{m.K}): 124 Thermal volume expansivity (K-1): a3
Properties of fluid by the wall
Compute the heat transfer coefficient |
Flow rate of liquid (m/fs): 459454233522 Chracteristic size (m): 2e-1
Grashof criterion Gr{1): .2357556902 Prandtl criterion Pr (1): 431.645 Prandtl criterion by the wall Prw (1) 431.645
Reynolds criterion Re (1): 2,518274415 Nusselt criterion Nu (1): 4703600215 Heat transfer coefficient (W.m-2.K-1): | 25.156265334

Close

IV. VERIFICATION OF THE SOFTWARE APPLICATION

Fig. 4 Window for computing of heat transfer coefficient

H&D  Counterflow tube heat exchanger

Inside diameter of inner tube d_1 (m): 0.02
Outer diameter of inner tube d_2 (m): 0.025
Inner diameter of outside tube d_3 (m}): 0.14
Fluid flowing inside inner tubes:
Heated fluid

Section of inner tubes S_A (m”2): .1256637062e-2

Section of shell 5_B (m"2). .1343030860e-1

Heat transfer coefficient of the inner side of inner tube alfa_A (Wifm*2.K)): [29. 16269334

Heat transfer coefficient of the outer side of inner tube alfa_B (Wi{m*2.K)): 37.72821458

Thermal conductivity of inner tubes lambbda_mat {Wi(m.K)): 50

Heat passage coefficient (\Wi(m.K)): | 1.131304290

Close

Fig. 5 Window for computing of heat passage coefficient

For testing we used these parameters:
Heated fluid: water
Cooled fluid: transformer oil

ACCURACY

We verified accuracy of data computed by programmed
software application by simulation of thermal balance by
heat transfer module of commercial software COMSOL
MULTIPHYSICS.

Issue 4, Volume 7, 2013

Initial temperature of water: 20 °C
Initial temperature of oil: 60 °C
Mass flow of water: 0.008 kg/s
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Mass flow of oil: 0.005 kg/s

Inner diameter of inner tubes: 2 cm
Outer diameter of inner tubes: 2.5 cm
Number of inner tubes: 4

Length of tubes: 1.5 m

Inner diameter of shell: 14 cm
Material of tubes: steel

Data computed by MAPLE application are shown in fig. 6 -
8. fig. 6 shows computed temperatures of both liquids along
the length of the heat exchanger. Red wvalues are
temperatures of oil and blue values are temperatures

of water. In the fig. 7 are computed values of heat passage
coefficient and heat transfer coefficients. The fig. 8 shows
computed temperature curves and heat flow inside
exchanger.

Distribution of temperature in the slices of exchanger
computed by COMSOL MULTIPHYSICS are shown in fig.
9 - 10. Fig. 9 depicts temperature distribution in the cross
section of heat exchanger. In the fig. 10 is temperature
distribution in the longitudinal section of heat exchanger. It
is evident a good accordance of both methods of the heat
transfer computation.

H&D Counterflow tube heat exchanger @
Cooled fluid: Heated fluid:
For x = 0. m , t=|60.00000000| *C For x = Q. m , t=26.99846597 °C
For x = .15 m , t=|56.57825318| “C Forx = .15 m , t=26.03149506  “C
For x = .30 m , t=|53.41102854| °C Forx = .30 m , t=|25.13645101| °C
For x = 45 m , t=|50.47939374| °C For x = .45 m , t=24.30798364| °C
For x = .60 m , t=|47.76582478| °C For x = .60 m , t=23.54114073| °C
For x = 75 m , t=|45.25410108| “C Forx = .75 m , t=22.83133843 “C
For x = .90 m , t=|42,92920864( °C Forx = .90 m , t=|22.17433384| °C
For x = 1.05 m , t=|40.77725030| °C For x = 1.05 m , t= 2156619968 °C
For x = 1.20 m , t=|38.78536256| °C For x = 1.20 m , t=21.00330078  =C
For x = 1.35 m , t=|36.94163878| “C Forx = 1.35 m , t=20.48227238 “C
For x = L5 m , t=|35.23505796| °C Forx = 1.5 m , t=|20.00000000| °C
Close

Fig. 6 Solving of the heat transfer by MAPLE - temperatures of both liquids along the length of the heat exchanger

Heat transfer coefficient of the inner side of inner tube alfa_A (Wim*2.K)): 29.16269334

Heat transfer coefficient of the outer side of inner tube alfa_B (Wi{m*2.K)). 37.72821468

Thermal conductivity of inner tubes lambbda_mat {(Wiim.K)): 50

Heat passage coefficient (Wi{im.K)):

1.1313042590

Fig. 7 Solving of the heat transfer by MAPLE - computed values of heat passage coefficient and heat transfer coefficients

60 = Input temperature of the cooled fluid (°C): &0
Output temperature of the cooled fluid (°C): 35.23505796
504
% Input temperature of the heated fluid (*C): 20
e
H““‘ﬁx
f_degC 40+ — Output temperature of the heated fiuid (°C): 2699846597
_t £
—
Log mean temperature difference (°C): 22.98514143
304
| \ Heat flow inside exchanger (W): 156.0191346
20

T T T
0 0.5 1

Lm
Heated fluid|

[— Cooled fluid

Fig. 8 Solving of the heat transfer by MAPLE - temperature curves and heat flow inside exchanger
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Slice: Temperature (degC)

A 650.327

60

55

50

45

40

35

20

¥ —0.7894

Fig. 9 Simulation of the heat transfer by Comsol Multiphysics - temperature distribution in the cross section of heat
exchanger

A 52745

60

55

50

45

40

35

30

25

20

¥ 19983

Fig. 10 Simulation of the heat transfer by COMSOL MULTIPHYSICS - temperature distribution in the longitudinal section of heat
exchanger

V. CONCLUSION

Analytical solution of above described mathematical model
enabled us to made application for study of the temperature
courses in the heating and cooling fluid in counterflow heat
tube heat exchanger. The application we made by use of
software MAPLE as a teaching aid for the study subject
Process engineering taught at the Tomas Bata University in
Zlin. The application performs the calculation of the heat
passage coefficient and heat transfer coefficients on the
basis of criteria relations generally used in the fluid flow
inside the tube systems where there is no change of state.
All the functions and calculations programmed into the
application have been verified by an independent calculation
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and by simulation in COMSOL MULTIPHYSICS. The
computed temperature curves were in accordance with
results of simulation.

For the calculation of temperature in parallel flow heat
exchanger is necessary to adjust the mathematical model
described by equations (1) - (4) in relation to the direction of
fluid flow in the heat exchanger. Similarly, in the case of
phase change some of the fluid (by condensation or boiling),
it would be necessary to adjust the balance equations to
include condensing and characterizing the latent heat of
vaporization of liquids conversion. It would also be
necessary to adjust the generally used dimensionless
criterions for calculating the heat transfer coefficient.
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LIST OF SYMBOLS
t - temperature, [°C];
t, - average temperature, [°C];
At - log mean temperature, [°C];
m - mass flow, [kg's™];
Cp - scpecific thermal capacity, [J-kg”-K™'];
L - length of tube, [m];
ki - heat passage coefficient, [W'm'l~K'1];
N - number of inner tubes, [1];
X - space coordinate, [m];
a - heat transfer coefficient, [W-m*K™];
A - thermal conductivity, [W-m™-K™'];
P - density, [kg'm™];
v - kinematic viscosity, [m?s'];
d - diameter , [m];
ey - characteristic size, [m];
S - section, [m*];
0 - dipped circumference, [m];
Gr - Grashof criterion, [1];
Pr - Prandtl criterion, [1];
Nu - Nusselt criterion, [1];
Re - Reynolds criterion, [1];
\% - flow rate, [m's™'];
0 - heat flow, [W].
Indexes:
mater. - physical properties of tubes material;

1,2 - signification of fluid.
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