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System Parameters Identification in a General
Class of Non-linear Mechanical Systems

D’Ambrosio*S., Guarnaccia® C., Guida' D., Lenza' T.L.L., Quartieri®J.

Abstract— The problem of system identification and parameters
monitoring for a general class of non-linear systems is discussed
together with the introduction of a new method based on Lie series
expansion. In order to use this approach, the system features must be
modeled by analytic or sufficiently smooth functions of the state
variables, including the time parameter.

The method uses the Lie differential operator representations. The
solution obtained are expressed in the form of analytical power series
including the system parameters. The information carried by these
solutions is sufficiently complete and provides good estimates of the
system parameters.

In this paper, a mechanical system made by a reverse pendulum
jointed to a sliding mass is studied. The identification of parameters
of this system is the main aim of this simple application. Since the
motion equations can be numerically solved, a comparison between
theoretical and experimental values of parameters is performed. This
comparison is based on the minimization of the difference between
numerical and approximated solution, the last obtained by Lie series.

Keywords—Lie Series Expansion, PDE, System Parameters
Identification.

I. INTRODUCTION

N general terms, the aim of system identification is to find

system properties through investigations of experimental
data records. Therefore, the choice of appropriate methods for
system identification depends on both types of experimental
records and the objectives of the identification. There are
various identification tools well documented in literature, also
concerning non-linear approaches to the identification
problems. This is very important because the presence of
non-linearities essentially complicates the identification
problems since the linear superposition principle becomes
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inapplicable and therefore explicit analytical solutions are
usually unavailable. However, it should be noted that the level
of complexity of a non-linear identification problem depends
on the assumptions regarding the availability of information
obtained from experimental measurements. For example, if all
the state variables and external excitations are known, or can
be determined from experimental measurements, then the
differential equations of motion, rather than their solutions,
can be used for parameters identification purposes. However,
success of non-linear identification formulations depends
strongly on the availability of direct methods for the solutions
of the non-linear dynamics.

Il. LIE SERIES

To illustrate the idea of Lie series, let us consider the
standard initial value problem for a single non-linear first-
order differential equation described by:

@)

where the function f(x,a) is assumed to be sufficiently

smooth such that, in some neighbourhood of the initial point
x°, and for any admissible value of the parameter(s) a, it
possesses as many derivatives with respect to x as may be
needed. The Taylor’s expansion of the function x(t) is

x(0)+ x(0)t +%x(o)t2 .

x(t) )

In order to obtain the corresponding Lie series, one should
enforce expression (1) for calculating the coefficients of series
(2), as follows:
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x(0)=x°

%(0)= f[xo,aj

K(0)= f(x(t)a) |, _o - f)’(O(xO,ajx(O)= @)
-1 (xo,a)f(xo,a

Substituting Eq. (3) into Eq. (2), one obtains the Lie series
solution of the initial value problem (1) in the form of local
expansion around the initial time t = 0. Following the idea of
Lie operators, such a solution can be represented in the form:

2 (4)
=x" +tA(a)x° o A2 (a)x® +
where
Ala)= f(xo,a)% (5)

is a linear differential Lie operator, associated with the
dynamical system (1). As shown by the form of the series (4),
the initial condition coordinate x° and the right-hand side of
Eq. (1) determine all the coefficients of the series.

One of the advantages of the Lie series solution is that its
extension to a multi-dimensional (vector) case is quite simple.
For example, let us consider the initial-value problem

(6)

where %(t) = (x,(t),... x,(t) and  2(t)=((t)....(t))
are respectively the unknown vector function and initial

vector, a = (ai,...,an) is a vector of the system parameters,

and f =(f,....,f,) is a vector function of the right-hand side

whose components depend on the components of vectors X
and &. In this case, the Lie series solution of the initial value
problem (6) is represented in vector form as

()

where
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Efl(xf,...,xﬁ;ai,...,aﬂ)%+... (®)
00 i)

is the Lie operator associated with the dynamical system
(6). If ty #0; then series (7) should be modified by shifting
the time as follows:

X0+ (t -ty )A(@)x® + ©9)

I1l. PROBLEM SOLUTION

The motion equation of the system shown in Fig. 1 can be
obtained by means of Lagrange’s equations.

(m, +m, )z =m,L, sinp $—m,L, cosg ¢ 10)
(mzLé + IZZ)¢= m,L, sing 7 —m,L,gcos¢p
X
S\V mz
<
Yo
Y1
V<
ma H%
Xo X1
Fig. 1: Mechanical System
Equations (10) can be rewritten in the following form:
m, L L .
7 =#(smgo $—CoS gaz)
m, +m,
(11)
P = MLy (sing Z—g cosg)
mng + Izz
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If we put:

m, L
A= 22 :
m, +m,
_ ml,
m2L§+|zz’
__Mlg .
m2L§+|zz

= tD
I=e7"Z|,,, (19)
or in component form by:
_ atDo
(12) z=e%7| uo2 (20a)
Zy —)ZZO
z,= atDo Z, | o1, (20b)
Zy —)ZZO

Expanding the exp operator, (20a) can be written as

equations (11) can be written as follow: follows:
7=Asingp $— A p? t* e
=Asing $—Acosg ¢ (13a) 7, = 2,, +tD(a)z,, +2,D (@)z,, +
@=Bsinp Z-Ccosg (13b) . ) (21)
L D*(a)z, L D*(a)zy +...
Substituting in (13b) 7, the following pair of equation is 3! 4
obtained:
where:
7 =Asing ¢— Acosg ¢* (14a)
0 ABsin g cos ¢
= .2 . _ . .2 _ D a — — + 2 +
@ = ABsin“ ¢ ¢ — ABsingcosp p= —Ccosep (14b) ( )% {77 EP ( ABsin® g —1 n
where (14b) can be re-written in explicit form: Ccos 0
(140) P —2(p ~ ((Po): (22)
ABsin“p—-1)0n
.. ABsingcose . Ccos
¢ = (f ¢¢72+ _2(0 (15) =n+0
ABsin® ¢ -1 ABsin® ¢ -1
Putting ¢ =2,, ¢@=12,, equation (15) is transformed in ;
. 2 : D?(a)p, = D(a) ni + —ABSI_MDCOS(DUZ+
the following first order differential system: 0 Y, ABsin® g -1
, Ccos 0
4=1, = f1(21122) Wz(p_lJa_}((/’o) =
, _ABsinzcosz, ,  Ceosy _ () (16) p==/en
2 f 2" . = h\4ae .
ABsirz,-1 ° ABsinfz-1 —D@)(y)=|nL +| ABINOCOSP 2 (g
op ABsin“ g -1
Here z; and z, are respectively the angular position and the Ccosg o
angular velocity of the pendulum. They may be considered + ABsinZ o —1 % ’7):
components of the vector:
ABsingcose Ccosg
=0+ — + —
7=(2,2,) (17) ABsin“¢p -1 ABsin“ ¢ -1
In this case the Lie operator assumes the form:
and so on.
3 Truncating the expansion series (21) at fourth order, the
D=z, — + value of the unknown parameter m, can be calculated by
0y (18) minimizing the error:
ABsinz, cosz, _, Ccosz, 0
"\ ABsin -1 2 ABsinz,—1)oz, C 2
sin’z, — sin?z, — ) e=>» (z,-2(m,)) (24)
i=1
and vector Z is given by:
The value of m, so obtained, resulted in good agreement
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with the actual value of this parameter.

IV. CONCLUSION

In this paper a method by using Lie series development has
been proposed in order to identify the parameters of a
mechanical system composed of a pendulum jointed to a
sliding mass. To authors’ opinion the proposed procedure is
very useful in non linear identification problems arising in the
multibody systems dynamics.
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