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Abstract— The geometry of Y" space is generated
congruently together by the metric tensor and the torsion
tensor. In the presented article has been obtained an

analog of the Darboux theory in the Y" space, also studied
the deduction of the equation of the geodesic lines on the
hypersurface that embedded in such spaces, showed that in

the Y "space the structure of the curvature tensor has
special features and for curvature tensor obtained Ricci -
Jacobi identity. We establish that the equations of the
geodesics have additional summands, which are caused by

the presence of torsion in the space. In Y" space, the
variation of the length of the geodesic lines is proportional

to the product of metric and torsion tensors gijS;k. We
have introduced the second fundamental tensor 7, for

the hypersurface Y "' and established its structure, which
is fundamentally different from the case of the Riemannian
spaces with zero torsion. Furthermore, the results on the
structure of the curvature tensor have been obtained.
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I. INTRODUCTION

HIS work is dedicated to the theory of the Y" space,

analytically, this space is an n-dimensional differentiable
real manifold, at each point of which are given metric and
torsion tensors [29-33]. From a geometrical perspective, such
space can be defined as a real n-dimensional metric space
equipped with a connection on the tangent bundle (that
connection can be with torsion); this metric is generated by a
given symmetrical covariant tensor, and the torsion of the
connection of the space coincides with given torsion tensor [1-
5, 29-33].
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We believe that introduction Y" - space is the answer
to the next words that were written in the 1928 year by Albert
Einstein "Riemannian Geometry has led to a physical
description of the gravitational field in the theory of general
relativity, but it did not provide concepts that can be attributed
to the electromagnetic field [13, 14, 19]. Therefore,
theoreticians aim to find natural generalizations or extensions
of Riemannian geometry that are richer in concepts, hoping to
arrive at a logical construction that unifies all physical field
concepts under one single leading point." [6, 7, 21-24]

The main object of this work is the geometric

properties of Y" space, to construct the geometry by means of
two tensors - the metric and torsion tensors; obtain the field
equations from the variation principle in such spaces.

The rest of the article is organized as follows. In
section 2, we collect some properties of the curvature tensor in

Y " space. In section 3, we consider the properties geodesic
lines in space with torsion and obtain the necessary and
sufficient conditions of a line to be geodesic. Section 4, we

study the geometrical structure of hypersurfaces Y™™ in Y"
space and develop the Darboux theory for the hypersurfaces

Y™™ . In section 5, we present an exemplar of geodesics in
space with the Euclidean metric.

Il. THE GEOMETRIC MEANING OF THE CURVATURE TENSOR IN
Y " space

Let us formulate the main theorem of the Y " space.
Theorem 1. Let us assume that the metric g;, and

torsion S}k are given, the metric tensor @, is symmetric,
and the torsion tensor S}k is asymmetric. If we demand

d(g, AB*) =0 for arbitrary vector A' and vector B¥,
then the connection (a geometric object that defines this
connection) F'jk is uniquely defined by a formula
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1 )
FE = E g” (gik,l T Qi — gkl,i)+
1 1 1)
+§ g i (gkmslrin + glmsl?i] ) +§Sk'?
The proof of this theorem can be found in [29].
Next, we introduce a notation

1 .
P :EQP (gik,l + Gk _gkl,i) @)
and
l 1 i m m
LEI EESk’: +§gp (gkmsli +g|mski) @)

constitutes the tensor
oxt oxJ ox
= o o ox

=Pi+L. @

space a two-dimensional

with the transformation law

Let us consider in the Y"
surface X' = X' (u, V) , Where the rank of Jacobi matrix is

rank ou ou =2.
o o
o v

On this surface, we consider a curve S € [0, S] as
u =u(s), V:V(S). So, applying the surface equation
X' =x (u, V), we can rewrite the equation of the curve as

X =X (S), S e[O, S] in the parametric form in Y"
space, where S is the arc length of the curve, this curve links

P'=x'(0) and Q'=x'(S).

Alternatively, more precisely, in Y" space, we start from a

two points

point P' are moving on a two-dimensional surface along a

curve u:u(s), V=V(S) that joins the points

P =X (0), Qi =X (S) on the two-dimensional surface

X' =x"(u,v).

Therefore, we can think of the curve
u =u(s), V:V(S), as a set of curves
X' =X (S,a), Se [0, S] on the surface
u= u(s,a), \Y; :V(S,a), so we denote by D

displacement S —> S+ds with fixed ¢ as a parameter and

we denote by D displacement & — a+da with fixed S
as a parameter. By definition, using the curvature tensor, we
DD¢' - DDE' =—Ry,£Pdx X',

have here
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§i=—(P) and here thus we have an

D& =0,

interesting identity DD&' = Rklpﬁpaxkdx' .

The parallel transport of vector fi is given by the

formula d&' = —Fip|(§pdxl ,
dx’
A ' &P ——ds and
£=8(s)- j ns"
A& =-T", (P )ép(P)AX' here, ~ we  denote
AX' = J‘dlds
ds
We write the next equation
i i i a i m
AT =T (P)=T% (Q) = 25T (PQ)
A vector of parallel transportation is

E'(s)=&"(P)+AE'(P), where AE' s a difference of
vector fi during parallel transportation along the curve S.
Then, we use equations U :u(s), V=V(S) and obtain

ds,

.odx' ox' du  ox' dv
==t ——.

ds ouds ovds
_ Let_ us use an approximation
&'(s)=&'(P)-I',, (P)&P(P)AX™, and
I, =T (P)+—2(P)AxX™.

For the differenceAﬁi, we have an important
formula

- lmene)e e pyer (yaxi- | o

A§'=—_[ " X" -

(T ) (P2 (P)ax
and deduce

AE = (e )(P)axX' -
‘(aal; (P)(F%.F”Sq)(P)J(P)f" (P

Let us suppose that the curve S forms a closed loop

r dx'
AX* —d
)'([ X i S.

with some area inside, we can rewrite Agi in the form
or'
) B ](P)g"

A§i=( v X

S
P)J.qu —ds
5 ds
using the contour integration formula, we have
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Agi _ aripl
| oaxe

I I
xmAx“ aldu+aidv .
ou ov
Since the curve S
0

equality
|
— quai AX
ou ov ) ov

ox ox'  ox' oxt

s, ) )

is closed, we obtain the next
0

q OX'

2)

then we denote by € the area inside the loop of the curve S

and
. or’
A& =| ——E
d ( ox“

L, )2 )

or

ot ox' ox' oxd

we denote the bivector by X% = — |
ou ov ou ov

then we have

_ or' _
A& :[— axg' +r'm|rfqu(P)

gP(P)xq'(P)gdudv

. . | . .
since bivector X* asymmetrical, we obtain

. or .
A& :(— ~a +r;qrg‘,](P)§p(P)x'q (P) [ dudv
Q
and we obtain the result
al—‘ipl i m
|- o +0 0+
Ag = * (P)&" (P)x" (P) [ dudv
My i m o
+ o _qurpl
and finally, we have obtained the formula
A& =-R,EPXY ”dudv.
Q
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. . |
As a result, the vector AS' =—R} &°X* ”dudv
Q

is a difference between the vector fi before parallel
transportation along the curve S and the vector fi after
parallel transportation along the curve S, i.e. Afi is the

deviation of vector fi during parallel transportation along the
curve S.
If we assume that the metric tensor g, =0, is

diagonal, the  curvature tensor is equal to

Riy = F;,k - Fll,i + I—gkl-?i - '—Si Ly where
p 1 p 1 pi m m .

L, = ES“ +§5 (5km8,i + 01,5 ) and the difference

A& can be written as
i i
~Loqi Lo~

AE = .
A L R

grxd _Ududv
Q
so a deviation A& of the vector &' is proportional to the

measure of the surface inside the loop along which the vector
was parallel transported

Agi =(Lipl,q - Lipq,I + Limq L:E - Liml L";q)eszq'mes(g) '

I1l. THE EQUATION OF GEODESIC LINES IN SPACE WITH

TORSION

Definition 1. The line in space is a geodesic line if a
tangent vector to this line at any point continues to be
tangent at the parallel transport along this line.

Theorem 2. In order not an isotropic line in space,

which is generated by the g; and the Sii tensors, was

geodetic, it is necessary and sufficient that a variation of the
arc 0S was equaled:

t i
5s = _[ 9;S)y c;—Xtdx%xk .
tl

Consequence. In the case of spaces with the affine
connection is known that there is a breach of closure during
the transition from the original to the image and vice versa, in
the case of an infinitely small contour that is determined up 2 -
second-order relative to 7 . If we specify the torsion tensor

Si'j( at the corresponding point, and if this gap is denoted by

wk , then we can assert that such a gap exists, and extrapolate
the square of the length as |‘I’|2 =g, SPABISIAB'7*

where the parallelogram A7 and B'z shrinks to a point at

7—0.
Now, we discuss the relationship between a classical

Riemannian space, geodetics, and geodesics inthe Y " space.

Let the vector A’ be tangent to any geodesic and A’
is being parallel transported in corresponding with the
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connection FE, that is defined by (1) and a vector B is being

parallel transported in corresponding with the connection Pf, .

It was found that in the Y" space the geodesics
coincide with geodesics with connection P +M.]; here

M £

i
tangential, then B'

is an arbitrary symmetric tensor. Since both vectors are
=aA
variable parameter and a = 0. Tensor-vector Al is given by

where the coefficient a is a

the formula dA* = —(PE + Milj( ) Aldx!,
dB* =—P;B'dx’.
Then, we have
A‘da+adA‘ =-PiaA'dx’,
A‘da o
=M Aldx’. (5)
a
i . i dx’
The tangent vector A' can be written as A' = —,
T
where 7 is the canonical parameter relative to the connection
PL+MJ.
Then, after division by dz, we obtained
dina .
r A“=MA'Al. since geodesic lines can be drawn
T

through any point and in any direction, then this equality must

be true at any point and for any vector Ai, the functional
dependence of the point and direction, clearly exists.

The last equality is multiplied by A' and alternate by
k and |, we have

SnMi A AIAT

where we denoted I,

— S MiAATA™ =0,
=0,,,9" . This equation must hold

identically with respect to all vectors

consequently, after adding a similar summand all the
coefficients of the cubic form must vanish. We compute the
total coefficient

I ngk kng! Ingk kng!
SM =AML +SME = SKM +
Ing k kng !
+8Mf; —S¥My. =0
then we contract a tensor with indices | and j. Since
i 1
O, =N we have l\/lilj( (5k|\/| +§kM )
n+1
All calculations presented above do not consider the
specificity of the tensor M i? : then let
M) =3 P (gkmS,rln + 0, k,) then substitute in the last
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equation M, EES:(,, we have obtained
M/ = 11 ——(5's} +55s4).
2n+1

Theorem 3. In order to the Riemannian space with
a torsion-free connection P} shares geodesic lines with a

metric space Y" with a connection Fikj with the torsion,

where the connection F:‘j generated congruently by the

metric tensor and torsion tensor, it is necessary and

sufficient that the difference P:} —F:‘i equals to the tensor
11

2n+
Proof. The necessity was derived above.
Now, we will prove the sufficiency. Let us assume

11
:r:}___
2n+1

1(5 S} +51S} ).

that PE (é}kS;l + 5? S, ) . Then we again use

dina i
(5) and have =S! A', where the constant a >0

=aA
Since along the curve the tensor Si', A is a definite

function of the parameter 7, we will find Ina after
integration with precision to a constant a, but only up to a

constant factor. Therefore, the vector is found Bi = aAi and
all geodesic coincide. The theorem is proved. Therefore, for

existence the Riemannian space with a connection P} that has

scale parameter from B'

the same geodesic properties that Y" space, the identity

Fk Pk ;nll(é'kS' +5kS ) must be true.
+

IV. THE HYPERSURFACES Y " IN Y " spAacE

4.1. The geometrical structure of hypersurfaces Y "1 that

are embedded in Y" space
Due to the presence of torsion, in these cases, there is
a significant difference from Riemann space. For example, the
derivation equations (analog Peterson Codazzi equations) take
a more complicated form, in which there are new summands,
which are caused by the presence of torsion in the space.

We will study the geometry of hypersurfaces Y -t
a metric space with torsion. We are assuming that the
hypersurface is defined by a system of equations

X! (yl,..., y”‘l), where X' is a coordinate system in

Y" space, y“ is a coordinate system in ynt subspace and
i

OX
the rank of the matrix {a—a} equals N—1. The metric
y

tensor of a hypersurface Y " s given by the formula
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Y
74 'Jayaayﬂ’

Let G;’y be a geometric object and let it is subjected

(6)

to the law of the transformation from one coordinate system
y“ to another hachure coordinate system y“ by the formula
or oge NNy &y
Br By 6yal ayﬁ 6y7 oy” ayﬁayy

We have obtained the next formula for the torsion

tensor of hypersurface Y "

i i q

T/ =a"g. SP OX' OX' OX

afp pa™ij ay ayﬁ ayfl

using tensors a,, and Tayﬂ, both metric and torsion, we can
explore the geometry of the space hypersurface Y nt

Let Ggy be a connection of Y " and we assume that

a ; ; ; 7
Gﬂy is expressed via the metric a,, and torsion Taﬁ'
similarly to as the connection F:(j can be expressed by means

of g; and S, we have

. 1 an Qs T8y, 58, o
G/}y =E a TH Tu +Tyﬂ . (8)
+aﬂﬂ + ayﬂ Bn

Below we use the values of the mixed tensor
enumerated two types of indices, while Latin indices refer to

and responsive to the coordinate
and Greek indices belong to the space

the containing space Y"
transformation X',
hypersurface Y™ and responsive to the transformation of

coordinate y“. The index 1 is not responsive to the

coordinate y“ transformation into Y™™ and the index o

does not respond to the coordinate X" transformation in Y ".
A further aim of our study is to obtain some analogs
of Peterson - Codazzi equations. To do this, consider the

.ooxX
system of values &, = o
At each point of the hypersurface Y™™, we can build
a basis consisting of the vectors fl, L& V', where

51,...,5;_1 linearly independent tangent vectors and %

normal vector, defined since the metric and connection agreed.
Next, we act formally, the idea is the same as in the
classical case, and we will indicate significant new moments.

We compute the derivative of the mixed tensors f; such that
e

5;7 égay Flpquayy Gg?g'lf
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In contrast to the case of torsion-free connection, we
have equality

i i _gi gpga
f;;;/ - }I/;a - Slpqéag +T77§17’
however, we have
i [ K gi gm 1 peq _

ga;y TSy T (Spq + qugﬂgﬂ Jim@ )gft 57 =0

Next, we permute the indices in the equation

O=a,, (guég 5[;) = gijéolz;ygﬁl + gijélf/;;y '
And we obtain gijéa;yfﬂ =0. Hence, we can write
decomposition

é;’;a - ﬁaﬂvl - (9)

(7 Remark 1. Set 7, is a tensor, which similar to the

second fundamental tensor of hypersurfaces Y™ but its
structure in this space substantially different from the case of
Riemannian spaces with zero torsion. We remark that the

equation S;)qfﬂpfs = (f}ja —5;;/5) is the simple result of

the definition. Therefore we have equality
ﬂ-a,B _ﬂ.ﬂa = gijqu§ (qu

Then we have obtained by differentiating
gijvlgai =0aty

igi_
gijv;;/ga - _ﬂ.}/a '

(10)

Similarly, by differentiating gijvivj =1 at y, and

we obtain
i Aanu i
Vi = a 7[#}/5’7' 11

Formula (8) and (11) characterize the change of
vectors in the small accompanying frame relative to this frame
itself.

Remark 2. If we consider the system (9) and (11)
from a geometric point of view, then we can formulate the
problem for differential equations, where the unknowns are
considered the functions &L (y',..., ") v'(Y',...,y"™)

i
A S Tapr Tap
. Then the connection coefficients

and are given (known) g, as a

function of y',...,y""

Fijk as a function of yl,...,y”’l must be considered as

known, and it means that we know exactly how the

hypersurface Y™™ is embedded in the space Y", but then

5;, V' we have to consider as the known functions of
yl, - y"’1 and so the problem makes no sense.
Furthermore, we obtain
Epvn = Epiy = RapSi 8,80 T RS 4T 8, =
i
= G =T, |V —
BiA AB;
(=, ) Cr)
no
( J(ﬂﬂ-ﬂﬂa g ﬂla )go
Equation (12) is multiplying by 0ijo, - We have
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K gl i
Ra/l;(ﬁ = Riklpglglgﬁpg(; _(”;(ﬁﬂ'a/l _ﬂlﬁﬁal)' (13)
Similarly, we derive a formula

V;i;(;/l _V:iﬂ;;( = _Rlidpéli(g;lgvp +T/1;V;ia = (14)
= (ﬁ,ﬂ;la’” -7, ) £,

We  contract  (3.8)  with gijvj ,  then
—Riklpﬂf}(g&[‘;vi AT Ty =75, =7, - FOrmula (14) is
multiplying by 9 a‘ , we concluded that
_Rik|pég;§;|(‘/p§; +Tﬂ;ﬂ-0m' =Toniy ™ ayin

Remark 3. If (14) contracts with gijvj, then we

obtain identically zero.
Thus, we have two types of formulas. Formula (13)
does not contain the torsion tensor explicitly, but it is counted

in the tensor 7z ,; .

In the formula (14), the torsion tensor of the
hypersurface presented explicitly and in the form of

coefficients of Top and appears in the calculation of the
covariant derivative.
. i j
Then we denote &, symmetrical tensor gV, V.,
and we have
_ [ nu i 20 i —
lgaﬁ =0;V..V.p = 0@ ”ﬂaé;a 7755@ =

=0, 707588,

_ N X _ allx
aﬂzﬂaﬂ-ﬂ =a a1

or
— [
8y =0iVVip =

=0 (Vi + T80 ) (v + T8 ) =

_ i ik gl
=0;V.V TVl wv So t

i ,,qgp i kel agp
+GV v ‘fﬁ + 051 v [39% Sgﬂ
S0, we see that the asymmetrical part vanished.
1
We denote M==a%r .
2 Y
— N X — X n _ aof n
8y=a mr;=a%r 7, and 2Ma¥ =a”r, ,a
n _ % -_r
then a (ﬂ'mﬂ'lﬂ AT, )— 3 A and
a” —a” +Za,=0, next
00 g s Ty g s =0, next, we can
. T .
wite  4,-2M7,,+—a,=0 and we obtain

a
T
lgaﬁ =2M7Z'aﬂ —gaaﬂ.
We calculate
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9

aff,0

_ lgmﬂ

z4
+a¥ 7, 7

4
o =AY T+

na,o

T .,—a%r ;. =

_ A —
arrz, no’® xpa

no,a’* yf

_alx
a ﬂ-ﬂwﬁzﬂ a

)+

P74 _ nx
=a s (ﬂ-mx;w ﬁnw;a)+a T ypio
and

9

aff,o

-9

of,a

A igkgl p o
=a 7[;(/3 (_Riklp(:néag{uv +T(oa7rncr

_alx —
a ﬂrzwﬂzﬁ:a

n
+a" 7, 7 g

— i gk gl pany o m
__Riklpé:77§a§a)v a ﬂ-;(ﬁ—i_Twaﬂ.qcra 72.;(,8—'_

-a%r

nx
+a%r, 7 0 % i

na’" ypiw
A tensor 3, can be associated with the square of
the angle between
9,,dy*dy” =de?.
Therefore, let in space Y" with coordinates
X, X" given the system of nondegenerate equations

normal and adjacent normal

X =X (yl,...,y”’l), i=1..,n so are determined the

hypersurface Y™™ and the metric and torsion of Y" " and
since the connection of Y". We can consider the
hypersurface like ynt space, and so we obtain all the
internal (intrinsic) geometry structure of Y™™, but formulas
X =x (yl,...,y“’l), i=1...,n define more than the

internal (intrinsic) geometry structure of Yy, they define
the external geometry of ynt (embedding) as well. External
geometry or “how the hypersurface Y™ is embedded”
defined by one of the tensors TCop OF Saﬁ which determines

the position of a hypersurface in Y" space. As an example,
internal (intrinsic) geometry in Y™, we considered
geodesicon Y.

4.2. Geodesic lines on the hypersurface yt

According to the definition, the geodesic on Y™ s
determined by a formula

dhy g By dy”
ds® P ds ds
Let us define a curve by the formula
y* =y“(z), relrn;r] a=1..,n-1.

We calculate the variation of the length of geodesic
OS ofthe curve S

a B - a B
5 aaﬂdeL =aaﬁDdeL+
dr dr dr dr
a p a p
+aaﬁdy DdL: aﬂdLDdL,
dr dr dr dr
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where denotes D the absolute differential at the parameter
curves of the family at a constant value 7, and D is an

absolute differential displacement 0z curve at a constant
parameter of the family, then

5s:f2a,,ﬁED5yﬁ+I a T/

aﬁ‘ }/ﬂ d

_J' [“ﬁds ]J'aDdgléy+
o,

since the ends of the varlable curve are fixed

5s—j [a T/’dy

dy’sy* =

s d
a, ﬁTﬂ

dy7§y

dy”
aff " yA d dyyé‘y aaﬂDEé‘yﬁja

suppose the considered curve has a fixed length (analytically
0S = 0), then we obtain

5s = I (aaﬁTyf

By the fundamental

dy“
dy’o D—2L-5y” |=0.
y syt - A, s YJ

lemma of the calculus of

' —a, 0¥ =g
ds

The variation of the length of the geodesic is given by the

L 2 dy”
variations, it follows &, T/ ——dy
w dr

a T?

formula 582_[ w1 p

d a
dy dy”. We remark that the
T

geodesics on Y "™ which are determined by connection G;‘y

do not depend on terms that contain tensor Tﬂ";
Now, we can construct a semi-geodesic coordinate
system at any point Y ”‘1, but we cannot integrate it.
Therefore, similarly to embedding space Y", we

define the geodesic lines in Y"* space by formula
d?y” . dy? d
—y2 2 o y =0, and a variation of the length of
ds ds ds
the geodetic oS on Y"* 5s—ja | P ay” dy’s

g - af ' yn d y y
which depends on the torsion of the hypersurface Y™ and
can be express in terms of torsionin Y ".

We define the geodesic hypersurface as the

hypersurface Y™™ on which any geodesic line in Y™ isa
geodesic line in the embedding space Y".

4.3. Properties of the second tensor Top

Yn—l
Now we will repeat our reasoning scheme of
construction of hypersurface and attempt more completely to

of the hypersurface
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understand the structure of embedding space Y". In space Y"

with coordinates Xl,...,X”, we have the system of

nondegenerate equations X' :Xi(yl,...,y”_l) which is

determined by the hypersurface Y™, then we calculate the

metric and torsion of Y"* by formulas (6) and (7), and
connection by (8). Then we studied some tensors

&L, &L,V and obtained the tensor TC 3 » Which is similar
to the second tensor of Riemannian hypersurface but not
- q

symmetrical 77, — 7, = guS Sy
From the theory of surface in R®, we know that the

covariant derivative of the second tensor of any enough
smooth surface is an asymmetrical tensor, on another hand, as

k £l
we can see from _Riklpg/lg;(;ﬂv AT Ty =7 s — g,
the tensor 7, . is not symmetrical.
The formula 7, —7,, = gijSqu PEWT shows

that external properties of geometry (embedding) of
hypersurface can be associated with tensor 7 5 and torsion

S i

oq Of embedding space Y"

and 9

is influenced not only tensor
T;, butalso 7,

We associate with Y”’l
n-1 n

a coordinate system in Y ",

which denote by ul, L,u S,u therule
ut=yh Ut = ythu =g,
with a new metric §, defined by
05 =8y G0, =0, G,y =1,
where z is a geodesic line directed along V' , Where V' s

normal to the hypersurface.
i

19)4
Since the rank of the matrix {—a} equal n—1,
a Y

oy
rank{ XQ}> 0
oy

then exist the solution of a system of equations

X' = xl(yl,...,y”’l),

suppose that

X" 1 _ X" 1()/1, ’yn—l)’
which we denote by
ul — yl — yl(xl’.“’x —1),
un—l = yn 1 yn l(Xl, 1Xn 1),
and
n _—_ — 1 n-1 n
u"=z=z(x,..x"*,x")
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herewith cometric tensor § i equals

~ik — gi gk qaB ik
=&, 5a” +viv.

Remark 4. Whereas all our researches have a local

character, we will make some remarks about the Taylor series.

Let us denote by A§i the infinitesimal vector on the

-1 . . g -
hypersurface Y" ™, we can represent it as an infinite sum of
terms is a Taylor series and contract this infinitesimal vector

with gijvj,so
jnzi_ L j g a
vIAE zzgijvjéga;ﬁDy Dy’ +
1. i A Dy’
+—gijv o, DY DY DY’ +....

since 77,5 g,Jfﬁ Vv and Top, = gijvjfiﬂ;a;y, and it can

be rewrltten as

’A§ :%72' Dy“Dy” +

= 7,5, Dy* Dy’ Dy” +....
where Dy” =dy” +Gj y’dy”, and Gy, defined by (8).
Definition 2. If
q)aﬂa)aﬂy = 0
for all y..., then tensor DPop is called apolar with (or to)

tensor @,,, .

We present the tensor 7, in the form of a sum of

ical _1 & +& ) and
two tensors symmetrica ﬁ(aﬂ)_EgijV Spo T Sap) aN

. 1 i g i .
asymmetrical ~ tensor ﬂ[aﬁ]=§gijv ($po —Sap) with

properties 2705 = 9SS S0V and

Tiap) = > guSpq‘fﬂfq

The quantity
1 j (g i a
ﬂ(aﬂ)dyadyﬂ E gijvj (gﬁ';a + a;ﬂ)dy dyﬁ
g,,dy“dy” g,,,dy“dy”

is an analog of principal curvature at a given point of a surface
and the direction which determinates by a vector

(ﬂ(aﬂ) - Kgaﬁ)dyﬂ =0 is called the principal direction of
the hypersurface. Using this definition one can classify the
points on a hypersurface, we will not do that.
af —_
We a“r,,, =(N-1)F
(ap)

denote and
(af)

T T gy is constructed from

Hy , here the tensor 77
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minors of the tensor T (ap) multiplied by C . It is easy to see

a”’r

wy = (N—1F = a"ﬁﬁ(aﬂ);y, but the connection

}/ - - - -
Gaﬂ Is not symmetrlcal, SO ﬂaﬁ;y IS not symmetrlcal at Y.

By applying the equality a, a"‘ﬁ =n-1, we have two

equalities a” (7,5, —a,,F,)=0and
1
(o) —
R G Ch-1) ZapyH,) =0,
Therefore, we obtained two tensors 7, —a,,F,
1 : .
and H_, which are apolar with

apyr ~ C(n-1) Tapy Ty
tensors @, and 7, correspondingly.

1
—7
C(n _1) (aB)
apolar with tensor T(op)» CAN be symmetrized (in case of space

H

The tensor 77,5, — ,» Which is

R" that tensor called Darboux's tensor) and written in the
form

6

afy

1
C(n+1)

= apyy ~ (T H, + 7y Ho + 70 Hy)

it is a thrice covariant symmetric tensor of the third order,
defined on the hypersurface.
From the definition of Darboux's tensor, we can

conclude that the vector on hypersurface @, equals to zero
— (af) =
w,=1"0,,

1

Ty~ (x  H+
=7Z_(aﬁ) (eB)y C(n+1) (aB)” 'y
+7 g Ho + 70 Hp)

The tensor 0 e is associated with the cubic form

dy“dy”dy” = 7z, dy“dy”dy” —

aﬁ’y
dy“dy”dy”
~(mapH, + 7 Ho + 700 H) Cn+1) =Y
and
1
@ By
Ty, Ay dy”dy” = C(n+1) (ZupyH, + 75y Ho + 70 b

it is easy to see that here symmetry is not essential, we can
rewrite
3
7,5, dy“dy”dy” = Cns )naﬁdy“dyﬁ H dy”
and correlate this equation with a curve on the hypersurface,
we obtain the equation
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dy” dy” dy”
T 4s ds ds
~(ZpH, + 7 H, +
1 dy”dy” dy” _
C(n+1) ds ds ds

which determines some directions on the hypersurface.

In general, this equation is too complicated for
studying, however, in an important case, when Nn=3 the
situation is simplified and we obtained the analog Darboux's
theory. Let N =3, so we have
0= > 6,,du“du’du’” =

a,B,7=1,2

+

TayH p)

apyy ~
(mupH, +75,H, + 7, H
4C

5) du“du’du”

a,fy=12| —

2
. The fraction

it is a cubic equation with respect to ——
u

du®

du’

hypersurfaces on which

is called Darboux's direction. Two-dimensional
adniBAi? —0;
Y. 6, du“du’du” =0is

a,p,7=12
called Darboux's surface and for «, £, 7 =12 we have

7,5, du”du’du’” = %zaﬂdu“duﬁHyduy .

4.4. Two-dimensional Darboux's theory
Definitions. The value

1o
du“du” _ Egij"’(iﬁ;a+ ! )du“du”

_"wp
g,,du“du’ g,,,du“du’
is called a principal curvature at a given point of a surface,
and the direction, which is determined by a vector

(”(aﬁ) - Kgaﬁ)d”ﬁ =0

called the principal direction of the hypersurface.
af —

From equality aaﬂa 2, we are obtaining two

equations
a”(z F)=0

aﬁ7 aﬂ 14

and

1
afp —
T [”aﬂJV_iﬁaﬁH}’j_o'

Therefore, we have two tensors
Tapy ~Qup Fy
and

ISSN: 2313-0571

16

Volume 7, 2020

B
2K

which are apolar with tensors @, and 7, correspondingly.

ﬂaﬁ;y

Darboux's tensor is

(

it is a thrice covarlant symmetric tensor of the third order,
defined on the surface.

The tensor @, on hypersurface equals to zero

7/} -
w,=7 90,,57—

0

iy = Hy+7rﬁyHa+7ryaHﬂ),

aﬂy

=% Ty ———(H, +my H, +7 H,)|=
4K
Thus, we can construct the cubic form that associated
with the tensor 6, , in the form
a Vi Y =
0,5, du“du”du” =
3
= 7,5, du“du’du’” - z,,H ——du“du’du’” =0,
4K
and we have
3
7,5, dudu’du” =— 7 H du“du’du’.
4K

Correlating this equation with a curve on the
hypersurface, we obtain

du® du” du” 3 du” duﬁ duy
ﬁ“ﬁ?;’___ Y
ds ds ds 4K ds ds ds

which determine some directions on the surface.
Thus, we obtained Darboux's theory

aquldu’ =
0,,,du”“du”du” =

a,B,y=12

3
7. ——x  H |du*du’du” =0
a/;lz[ apy 4K off 7)

— ﬂ’.aﬁ'

2

it is a cubic equation with respect to T - The fraction
u

du®
du’
hypersurfaces on which
adiiPdil? —
> 6, du“du’du” =0
a,p.y=12
is called Darboux's surface, for which we have obtained

7,.5.,du”du’du” =%7¢ H du“du”du”.

is called Darboux's direction. Two-dimensional

Thus, the lines defined by equation
6, du“du’du” =0

are called Darboux's lines. If we divide this equation on du'
this equation can be considered as the third-degree equation
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2
. u . L
relative to F and as the third-degree equation, in general,
u

it has three solutions and at least one of which is real.

Without proving, let us formulate the next theorem
concerning Darboux's lines.

Theorem (about Darboux's lines).

A surface is a ruled surface (scroll) if and only if all
three Darboux's directions and so Darboux's lines coincide
in one direction, and this Darboux's direction defines the
generator line (Darboux's line coincides with the generator
line).

If the surface is not a ruled surface (scroll) with
negative curvature, then there is only one Darboux's
direction and only one Darboux's line family.

On any surface with positive curvature, all three
Darboux's directions always real.

On any second-degree surface, Darboux's tensor
equals zero.

The directions on the surface defined by the next
equation

7,5, du”du’du” =0

are called Codazzi’s directions and lines defined by these
directions called Codazzi’s lines.
From the equation
3
du®du’du” = —r,,H du”du’du’,
4K g

”aﬂ e

we can deduce that on Darboux's surfaces Codazzi’s lines
consist of the lines on which the curvature is a constant

K =const and the asymptotic lines.

V. AN EXEMPLAR OF GEODESICS ON THE HYPERSURFACE Y n-t
IN THE SPACE WITH A FLAT METRIC.

We assume that a hypersurface Y? is embedded in
the four-dimensional space Y* with the Euclidean metric

1 00O
0100
Oy = , and let the torsion tensor be given as
0010
0 0 01
0O 0 0O 0 00O
. |00 a0 _, |00O0O
Sk = \S2 = ,
“1o -a 0 0/"™ |00O0O
0O 0 0O 0 00O
0 a 0O 0 00O
, |-a0ao0| _, 0000
Sik_ ’Sik_ (15)
0 0 0O 0 00O
0 0 0O 0 00O

The connection can be obtained as follows
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0O 0 0O 0 00O
. |-a000|_, [0000
1_‘lk_ ’Flk= !
0 0 0O 0 00O
0 00O 0 00O
0 a00@o0 0 0 0O
3 0 00O 4 0 0 0O
I, = = (16)
0 00O 0 0 0O
0 00O 0 00O

Next, we denote the hypersurface coordinate system
as ul, uz, u®and let the hypersurface be given as

X =u,
x> =u?,
x* =u?,
x*=0;
and for hypersurface, we have
0 0 O

0 0 a|T’=
0 -a 0

0 a O
-a 0 0
0 0O

The connection of hypersurface can be obtained as
0O 0O 0 0O

-a 0 0[,G2=|0 0 0],
0 00 0 00
0 a0
0 00O
0 00O

and we have the following system of differential equations
d’u' _du®du® 0

o O O
o O O
o O O

L(17)

; (18)

2 a -
ds ds ds

=0 (19)

d?u® _du'du?
—z tad————~
ds ds ds
This system defines geodesics, has two solutions,
general and particular. Its general solution is
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! —icos(kzas)—ﬁsin (k,as)+k,

u =
k,a k,a
u? =k,s+k;
u’® =L3in(k2a3)—£COS(k2aS)+ K
k,a k,a

(20)
where K, K, K;, K,, Ks, Kg are independent parameters.
The particular solution is

u'=M;s+M,
u’=M, (21)
u=M,s+M,

here M, M,, M;, M,, M. are arbitrary parameters.

VI.

In this paper, we establish an analog Darboux's theory
for the hypersurfaces in the spaces with metric and torsion. To
achieve this goal, we have studied the structural special
features of the curvature tensor and obtained Ricci - Jacobi
identity for the curvature tensor in a case when the torsion
tensor is nonzero.

If and only if all three Darboux's directions, which
define Darboux's lines, coincide in one direction, a
hypersurface is a scroll or ruled surface. The Darboux's line
coincides with the generator line of the scroll and the
Darboux's direction defines the generator line.

CONCLUSION
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