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Abstract: - In 2016 Hakeem A. Othman and Md.
Hanif Page introduced a new notion of set in
general topology called an infra—a —open set

and investigated its fundamental properties and
studied the relationship between infra—a —open

set and other topological sets. The objective of
this paper is to introduce the new concepts called
infra —a — compact space, countably

space, infra—a —Lindel0f
almost infra — o — compact space,

infra — o — compact
space,

mildly infra —« —compact space and
infra—a —connected space in general topology
and investigate several properties and
characterizations of these new concepts in
topological spaces.
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[. INTRODUCTION

The concept of supra topology was introduced by A. S.
Mashhour et al [12] in the year 1983. They studied about
s—continuous functions and s* —continuous functions.
In 2008, R. Devi et al [5] introduced the concept of
supra o —open sets and supra o —continuous maps.
Jamal. M. Mustafa [14] studied about supra b —compact
and supra b—Lindelof spaces. Vidyarani et al in [26]
introduced the concept of supra N —compact, countably
supra N-—compact, supra N-Lindelof and supra
N-—connectedness and investigated about their
relationships using the concept of continuity. In 2013,
Missier and Rodrigo introduced new class of set in
general topology called an «—open (supra a—open)
set. In 2016, Hakeem A. Othman and Md. Hanif Page
defined a new class of sets in general topology called an
infra—a —open set and investigated its fundamental
properties and studied the relation between
infra—a —open set and other topological sets. In this
paper we introduce the new concepts called
infra — o —compact space, countably
infra—a —compact space, infra—a — Lindeloff

infra—a —compact space, mildly
infra—a —compact space and infra— o —connected

space in general topology and investigate several
properties and characterization of these new
concepts.

space, almost

Throughout this paper (X , 1') or simply by X we

denote topological space on which no separation
axioms are assumed unless explicitly stated and
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f :(X,7)—>(Y,o) means a mapping f froma * la—Cl(A)=I {F:AgF,FeIa—C(X)} is

topological space X to a topological space Y. If
U is a set and x is a point in X, then N(X),
Int(U),CI(U) and U° denote respectively, the

neighbourhood system of X, the interior of U, the
closure of U and complement of U.

II. PRELIMINARIES

Definition 2.1. A subset A of topological space
(X , 1') is called a generalized closed set (briefly,

g—closed) if CI(A)cU whenever AcU and

Uis open in X and generalized open if A° is
g—closed setin X.

We characterize g —closed sets.
Theorem 2.2. A set A in a topological space

(X,7) is g—closed if and only if CI(A)-A
contains no non empty closed set.

Definition 2.3. Let (X, 7) be a topological space.
Let Ac X. Then we define closure” and interior”.
ClI'(A)=1 {G: Ac G&Gisgeneralized closed set}
is called closure’.

Int"(A)=U{G :G = A &G is generalized openset }
is called interior’.

Lemma 2.4. Let (X, 7) be a topological space
and suppose A be any subset of X. Then
(1).AcCI'(A)<CI(A).

(2).Int(A)c Int’ (A) = A.

Definition 2.5. A subset A of space X is called
(infra—a—closed)  set if
Acint|Cl (Int(A))]  (CI[Int"(CI(A))]< A).
The of all infra—a —open
(infra—a —closed) sets in X will be denoted as
la-0(X) (la—C(X)).

Definition 2.6. Let (X , z') be a topological space
and let A be a subset of X. Then we have,

infra—a —open

class
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called an infra—« —closure.

** la-Int(A)=U{U:U c AU ela-0(X)}
is called an infra— o —intetrier.

Theorem 2.7. Let (X,7)be a topological space.
Then a set Ae Ia—O(X) if and only if there
U such  that

exists an  open  set

UcAcnt|Cl'(U)].

Proof. Necessity : Suppose that Ae la—0O(X).
Then Ac Int|CI"(Int(A))]. Put U =Int(A),
then U is an open setand U c Ac IntLCI* (U )J

Sufficiency : Let Ube an open set such that
UcAcint LCI* (U )J, this that

Int| CI"(U) | < Int| CI" (Int(A)) |,
Ac Int| CI"(Int(A)) |-

Theorem 2.8. A set Ae Ia—C(X) if and only if

implies

then

there exists a «closed set F such that
CILInt*(F)Jg AcF.
Proof. Necessity :If ~ Aela—C(X),  then

CILInt*(CI(A))Jg A Put F :CI(A), then Fis a
closed set and CILInt*(F)J c AcF.

Sufficiency : Let F be a closed set such that
Cl Int' (F)|cAcF, this that
CI| Int" (CI(A)) |<Cl| Int"(F)],
CI| It (CI(A)) | A

Theorem 2.9. Let A be a subset of a space X.

Then the following statements hold.
(i) If AcBcInt|CI'(A)| and Acla-0O(X),

then Bela—O(X).
(i) CI[Int' (A)|cBcA and Aecla-C(X),
then Bela—C(X),
Proof.(i) Let Aela—O(X), then there exists
U an open set such that U c Ac IntLCI* (U )J

implies

then
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this implies that U cBand AcInt LCI* (U )J (a) The arbitrary union of infra—a —open sets is

Therefore, Int |_CI* (A)J c Int |_CI* (U )J and an infra—a —open set.

U B Int|CI'(U)], then Be la—0(X), (b) The arbitrary intersection of infra—a —closed
sets is an infra—a —closed set.

Proof. Let {U;:ieljbe a family of
infra—a—open sets. Then, for each iel,
U, c Int| CI"(Int(Y,)) | and

(i) Easy to prove by using the same technique of
proof (i).

Proposition 2.10. Let A and B be the sets in X
and Ac B. Then, the following statements hold:

I. la—Int(A)is the largest infra—c—openset |Ju. c UInt[CI*(Int(Ui))]g Int{Cl*[lnt[UUijJJ.
contained in A. el el

2. la—Int(A)c A

3. la—Int(A)< la—Int(B).

* Ia_lnt(la_lnt(A)): |a—|nt(A)_ Theorem 2.15. Let A be a set of X. Then the
> Ac |a—O(X ) = la- Int(A) =A following statement holds:

Proposition 2.11. Let A and B be the sets in X Int*(A)g Ia—lnt(A)gAc |0{—C|(A)gCI*(A)_
and A c B. Then, the following statements hold:

1. la—=CI(A)is the smallest infra—a—closed set Proof. We know that Int" (A)< A, this implies
containing A. that  la—Int| Int"(A) |cla—Int(A).  Then,
2. Acla—CI(A). e A )

3. la—CI(A)c la—CI(B). Ia*—: | r: ( I)J—An ( )* an s0,
4.1¢~Cl(la=CI(A))=la~CI(A). nt'(A) < la—Int(A)——(

iel

Hence U{U; :iel} is an infra—a —open set.
(b) Obvious.

)-
A), this implies that

Also, we know that AcCI"(
5.Acla-C(X)< la-CI(A)=A.
Theorem 2.12. Let A be a st of X. Then, the @~ Cl(A)cla—CI[CI'(A)]. Then,
following properties are true: la—~CI|CI"(A) |=CI"(A) and 50,
a) [la—Int(A)] =1a—-CI(A). la—CI(A) = CI" (A)—(**).
b)[1a—CI(A)] =la—Int(A). From (* and (**),it follows that
() la—Int(A) Al Int| CI" (Int(A))]. Int"(A) < la - Int(A) c A= la—CI(A) =CI"(A).

(d) la—CI(A)2 AUCI| Int"(CI(A)) |.
Corollary 2.13. Let A be a set of X. Then, the
following properties are true:

la—Int(A)c IntLCI*(Int(A))J. collection of all a—open (semi open)sets of X is
(b) la—Cl(A)Cl Lmt* (cl (A))J denoted as O (X ) (SO(X ))

Theorem 2.17. Let A be a set of a topological
space X. Then the following statements hold:

Definition 2.16. A set Ac X is called an
a—open [I5] A (Semiopen[10]) set if

Theorem 2.14. Let (X, 7)be a topological space.
Then the following assertions are true:

E-ISSN: 2313-0571 43
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(a)If A is an open (closed) set, then A is an
infra— o —open (infra—a —closed ) set.

(b)If A is an infra—a—open (infra—a —closed)
set, then Aisan o —open (a—closed)set.

Remark 2.18. Let (X , Z') be a topological Space.

Then the following relation holds for subsets of X.
Open Set — Infra—a —Open — « —Open — Semi —Open

Definition 2.19. A mapping f : (X, 7)——(Y, 0)
is said to be an infra—a —continuous if ™' (V) is

an infra—a—open (infra—a —closed )set in X for
each open (closed) set V in Y.

Definition 2.20. A mapping
f :(X , z‘)——)(Y, O') is said to be an
infra—a —irresolute  if f(V) is an

infra—a—open (infra—a —closed) set in X for

X each infra—a—open (infra—a—closed) set

VinY.

Definition 2.21. A mapping f :(X,z‘)——)(Y,a)

be infra—a —open
if f(U)

infra—a—open (infra—a —closed) set in Y for

1s said to

(infra—a —closed )

an
is an

each open (closed) set U in X.

Definition 2.22. A set Ac X is said to be
infra—a —connected if A cannot be written as the
union of two infra—a —separated sets.

Definition 2.23. Let X be any nonempty set and

TC P(X ) We say that 7 is a supra topology on X
if ¢, X er and 7 is closed under arbitrary union.
The pair (X, 7) is called supra topological space.

The elements of 7 are called supra open sets in
(X , T) and complement of a supra open set is called
a supra closed set.

Definition 2.24. A supra topological space is

called supra compact (S — compact) if and only if
every supra open cover of X has a finite sub cover.

Definition 2.25. A function
f :(X , z‘)——)(Y, G) is called  perfectly
E-ISSN: 2313-0571
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infra— o —continuous if the inverse image ' (V)

of every infra—a—open set V of Y is both open

and closed in X.
Definition 2.26.

f :(X , T)——)(Y, G) called

infra— o —continuous if the inverse image (V)

A

is

function

strongly

of every infra—a—open V inY isopenin X.

Definition 2.27.Let X be a non-empty set. The
subfamily uc P(X) is said to be a supra topology
on X if ¢,X e u and p is closed under arbitrary
unions. The pair (X , ,u) is called a supra
topological space. The elements of g are said to be
supra open in (X , ,u). Complement of supra open

sets are called supra closed sets.

III. INFRA - o -COMPACT SPACES

A of

{Aiel}

infra—a —open sets in a topological space (X, 7)

Definition 3.1. collection

is called an infra—a —open cover of a subset B of
X if B U{A:iel} holds.

Definition 3.2. A topological space (X,7) is
called infra—a —compact if every infra—a —open

cover of X has a finite sub cover.
Definition 3.3. A subset B of a topological space

(X, 7) is said to be infra—a—compact relative to
(X,7) if, for every collection {A:iel} of
infra—a —open of X that
B U{A :iel} there exists a finite subset |, of |
such that B U{A :iel}.

Definition 3.4. A subset B of a topological space
(X,7) is said to be infra—a—compact if B is
infra—a —compact as a subspace of X.

Theorem 3.5. Every infra—«a —compact space is

compact.
Proof. Let {A :iel} be an open cover of (X, 7).

subsets such

Since every open set in X is infra—a—open in
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X.So {A:iel}is an infra—a—open cover of
(X,7). Since (X,r) is infra—a—compact,
infra—a—open cover {A :iel} of (X,7) hasa
finite sub cover say {A :i:1,2,3,...,n} for X.
Hence (X , 1') is a compact space.

Theorem 3.6. Every infra—a —closed subset of

(X,7)
infra—a —compact relative to X.
Proof. Let A be an infra—a—closed closed

an  infra—a—compact  space is

subset of a topological space (X, 7). Then A° is
infra—a—open in (X,7). Let T={A:iel} be
an infra—a —open cover of A by infra—a —open
subsets of (X,7z). Then F*=FU{A°} is an
of (X,r). That
X Z(Uie,A)UAC- By hypothesis (X,7) is an
F*
reducible to a finite sub cover of (X,7) say

X Z(Uiel A)UAC for some finite subset |, of I.

AC
Thus

infra—a —open  cover 1s

infra—a —compactspace and hence is

But A and
AcU{A:iel}.

I'={A:iel} of A contains a finite sub cover.

are  disjoint.  Hence

infra—a —open cover

Hence A is infra—a —compact relative to (X , T).

Theorem 3.7. An infra—a —continuous image of
an infra—a —compact space is compact.

Proof. Let f:(X,1)—>(Y,0)
infra— o —continuous
infra—a —compact (X, 1)

be an

map from an
onto a topological
space (Y, o). Let [ ={A :iel} be an open cover
of Y. Therefore f"(F):{f_l(A):iel} is an
of X, as f

infra—a —open  cover is

infra— a —continuous. Since X is
infra—a —compact, the infra—a—open cover

f’l(F)z{f’l(A):iel} of X, has a finite sub
cover say {f“(A):i:1,2,3,...,n}. Therefore
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which

X=U.f"(A)
Y=f(X)=U_A. Thatis {A:i=1,23,..n} isa
finite sub cover of I'={A :iel}. Hence (Y, o) is

compact.
Theorem 3.8. that

f:(X,1)—>(Y,o) is infra—a—irresolute and

implies

Suppose a  function

a subset S of X is infra—«a—compact relative to
(X,7),  then  the f(S)
infra— o —compact relative to (Y, o).

Proof. Let I'={A:iel} be a collection of
infra—az—open cover of (Y,o), such that
f(S)cU{A:iel}. f
infra— o —irresolute.  So SgU{f‘1(A):iel},
where {f‘1(/-\) e I}g la—O(X, 7). Since Sis

infra— o —compact relative to (X, 1), there exists

image is

Since is

a finite sub collection
{f"(A,), f“(AZ),..., f"(ﬂ)} such that
ScU{f"(A), f'(A),... T'(A)}. That is

f(S) s

f(S)gU{Al,AZ,...,A]}. Hence
infra—a —compact relative to (Y, o).
Theorem 3.9. Suppose that
f:(X,7)—>(Y,0) is
infra—a —continuous map from a compact space
then

a map

strongly

(X , 1:) onto a topological space (Y , 0'),
(Y,o) is infra—a —compact.

Proof. Let {Ai :ieI} be an infra—a —open cover
of (Y,o0). f

infra— & —continuous, {f*1(A):iel} is an open

Since is strongly
cover of (X, 7). Again, since (X, 7) is compact, the
open cover {f'1(A):ie I} of (X,t) has a finite
sub cover say {f‘1(A):i=1,2,3,...,n}. Therefore
X=U{f"(A):i=123,..,n}, which implies
£(X)=U{A :i=12,3..n},

SO that
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Y=U{A:i=i=123,.,n}. That
{AwAz’---'Aq} is a finite sub cover of {A e I}
for (Y, o). Hence (Y, o) is infra—a —compact.
Theorem 3.10. Suppose that
f :(X,Z’)—)(Y,O‘) is
infra—a —continuous map from a compact space

is

a  map

perfectly

(X,7) onto a topological space (Y,o). Then
(Y, o) is infra—a —compact.

Proof. Let {A :iel} be an infra—a—open
of (Y,o0). f

infra— o —continuous, {

Since is

(A

cover of (X,T) Again, since

cover perfectly

ie } is an open
X,‘r) is compact,

X’C has a

):
(
J of

the open cover { (A):iel

finite sub cover say {f (A).|:1,2,3,...,n}.
Therefore X=U{f”(A):i=1,2,3,...,n}, which
implies f(X)zU{A:i=1,2,3,...,n}, so that
Y=U{A:i=123,...n}. That is {A, A, ..., A}

is a finite sub cover of {A e I} for (Y,G).
Hence (Y, o) is infra—a —compact.
Theorem 3.11.  Suppose that

f:(X,7)—>(Y,0) infra— a —irresolute

map from an infra—a —compact space (X , 17)

a  function

1S

onto a topological space (Y,G). Then (Y,G) is
infra—a —compact.

Proof. Let f :(X,r)——)(Y, G) be an
infra—a —irresolute map from an
infra — o — compact space (X,t) onto a

Let {A Iel} be an
infra— o —open of (Y,0). Then
{f”(A):iel} is an infra—a—open cover of
(X,7), f
(X,7) is infra—a —compact, the infra—a—open
cover {f'1(A):ie I} of (X,7) has a finite sub

topological space (Y G
cover
infra—a —irresolute.  As

since is
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cover say {f‘1(A):i=1,2,3,...,n}. Therefore
X =U{f"(A):i=123,..n}, which implies
f(X):U{A :i:1,2,3,...,n}, SO that

Y=U{A:i=123,..,n}. Thatis {A,A,...,A}
is a finite sub cover of {A e I} for (Y,G).
Hence (Y, 0) is infra—a —compact.

Theorem 3.12. If (X,r) is compact and every
infra—a —closed set in X 1is also closed in X,
then (X, 1) is infra— o —compact.

Proof. Let {Ai 1€ I} be an infra—a —open cover
of X. Since every infra—a —closed set in X is
also closed in X. Thus {X -Aie I} is a closed
cover of X and hence {Ai e I} is an open cover

of X. Since (X,r) is compact. So there exists a
finite sub cover {A :i=12,3,..,n} of {Ai:iel}
such that X :U{A :i:1,2,3,...,n}. Hence (X,Z’)
is infra— o —compact.

Theorem 3.13. A topological space (X,7) is
infra—a —compact if and only if every family of
infra—a—closed sets of (X,z) having finite
intersection property has a non empty intersection.
Proof. Suppose (X,7) is infra—a—compact,
Let {A e I} be a family of infra—« —closed
sets with finite intersection property. Suppose

| A=¢, then X—I({A:iel})=X. This

iel

implies U{(X—A):iel}=X. Thus the cover
{(X—A):iel} is an infra—a—open cover of
(X,7). Then as (X, 7) is infra—c —compact, the
infra—a—open  cover {(X—A):iel} has a

finite sub cover say {(X —-A):i :1,2,3,...,n}. This
implies that X =U{(X —A):i=12,3,..,n} which
implies ~ X =X-1 {A:i=123,..,n},  which
implies X -X =X —LX -1 {A:i :1,2,3,...,n}J,
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which ¢=I {A :i=1,2,3,...,n}. This

disproves the assumption. Hence | {A :iel}+¢.
(X,t) s

there

implies

Conversely, suppose not
infra—a —compact.  Then

infra—a —open cover of (X,t) say {G :iel}

exits  an

having no finite sub cover. This implies for any
finite {Gi il :1,2,3,...,n} of

{Gi e |}, we have U{Gi i =1,2,3,...,n} # X,
which implies X —(U{G, :i=12,3,...n})# X = X,

therefore

I {X -G, :i=1,2,3,...,n}¢¢. Then the family
{X-G :iel} of
finite intersection property. Also by assumption
I {X—Gi:iel};tgb which
X —(U{G,:iel})#¢, so that U{G iel}=X.
This implies {G, :iel} is not a cover of (X, 7).

sub  family

infra—a —closed sets has a

implies

This disproves the fact that {G,:iel} is a cover
for (X,r). Therefore an infra—a—open cover
{G:iel} of (X,t) has a finite sub cover
{G :i=12,3,..,n}. (X, 1) is
infra—a —compact.

Theorem 3.14. Let A be an infra—a —compact

set relative to a topological space X and B be an
infra—a —closed subset of X. Then Al B is

infra— o —compact relative to X.
Proof. Let A be infra—a—compact relative to

X. Let {A:iel} be a cover of Al B by
infra—a —open sets in X. Then {A :iel}U{B°|
is a cover of A by infra—a —open sets in X, but
A is infra—a—compact relative to X, so there

Hence

exists a finite subset I, ={i,i,,i;,...,i,} =1 such
that Ac(U{A :k=12,3,...,n})UB®. Then
Al BSU{A I B:k=12,3,....njc

U{A :k=123,..n}.

infra—a —compact.

Hence Al B 1S
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Theorem 3.15. that a  function

f:(X,7)—>(Y,0) is infra—a —irresolute and

Suppose

a subset B of X is infra—a—compact relative to
X. Then f(B) is infra—a—compact relative to
Y.

Proof. Let {A e I} be a cover of f(B) by
of Y.
infra—o —irresolute. Then {f~'(A):iel} is a

infra—a —open  subsets Since f is

cover of B by infra—a—open subsets of X.
Since B is infra—a—compact relative to X,

{f71(A):ieI} has a finite sub cover say
{f_1(A1)1f_1(Az),---1f_1(A1)} for B. Then it

implies that {A :i=12,3,...,n} is a finite sub cover
of {A:iel} f(B). So f(B) is
infra—a —compact relative to Y.

Definition 3.16. Let (X , r) be a topological space
let E of X. Let
e ={Al E:Acla-O(X,1)}. Then (E, ;) is
a supra topological space.

Theorem 3.17. Let (X , ’E) be a topological space

for

and be a subset

and let E be a subset of X. Then (E, ’Cls) is supra

compact if and only if for any infra—a —open
cover I' of E has a finite sub cover of E.

Proof. Suppose E is supra compact. Let
I'c Ia—O(X,T) such that EcUI'. Let
I'.={Al E:Ael'}. Then E=Ur'. and

I'. c T:‘_ By hypothesis there exists a finite subset
[.={Al E:i=123,.,n}cl,
E :UF*E. Then 1"* ={A:i=123,..n}cT and
EcUlr*.

Conversely, let Y={Al E:iel}c Ti: such that
E=UY. Then Y*={A:icA} is
infra—a—open covering of E. By hypothesis
there exists Y** ={A i :1,2,3,...,n} a finite
of Y* that EcUY**. Then

such that

an

subset such
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Y*={Al E:i=123,..,n} is a finite subset of Y
such that E=UY". This proves that (E,Tis) is

supra compact.

IV. COUNTABLY INFRA - a - COMPACT SPACES
In this section, we present the concept of countably

infra— o —compactness and its properties.
Definition 4.1. A topological space (X , 't) is said
to be countably infra—a—compact if every
countable infra—a —open cover of X has a finite
sub cover.
Theorem 4.2. If (X,1) s

a countably

infra—a—compact ~ space, then (X,t) is
countably compact.
Proof. Let (X,t) be a countably

infra—a —compact space. Let {A:iel} be a
of (X,1).
rcla-0(X,7). So {A:iel} is a countable

infra—a —open cover of (X,r). Since (X,T) is

countable open cover Since

countably infra—a —compact, therefore countable
infra—a —open cover {A e I} of (X,t) has a
finite sub cover say {A:i=1,2,3,...,n} for X.
Hence (X, 7) is a countably compact space.

Theorem 4.3.If (X , r) is countably compact and
subset of X
X, then (X , 1:) is countably infra—«a —compact.

every infra—a —closed is closed in

Proof. Let (X , r) be a countably compact space.
Let {A:iel} be a countable infra—a—open

cover of (X, 1).

subset of X is closed in X. Thus every
infra—a—open setin X is openin X. Therefore

Since every infra—« —closed

{A:iel} is a countable open cover of (X, 7).
Since (X , r) is countably compact, so countable

open cover {A :iel} of (X,7) has a finite sub

E-ISSN: 2313-0571

48

Volume 8, 2021

cover say {A :i=12,3,..,n} for X. Hence (X, 1)
is a countably infra—a —compact space.

Theorem 4.4. Every infra—a —compact space is
countably infra—« —compact.

Proof. Let (X,t) be an infra—a—compact
Let {A:iel} be

infra—a —open cover of (X, 1). Since (X, 1) is

space. a  countable

infra—a —compact, so infra—a—open cover

{A:iel} of (X,t) has a finite sub cover say
{A:1=123,..,n} for (X,1). Hence (X, 1) is
countably infra—a —compact space.

Theorem 4.5. Let f:(X,7)——(Y,o0) be a
infra—«a —continuous onjective mapping. If X is
countably infra—a —compact space, then (Y, o)
is countably compact.

Proof. Let f:(X,7)—(Y,0)
infra — a —continuous

be

map from a countably

(X.7)

topological space (Y,G). Let {A:iel} be a

an

infra—a —compact  space onto a

countable open cover of Y. Then {f’1(A) lie I}

is a countable infra—a —open cover of X, as f is
infra—a —continuous. Since X is countably
infra—a —compact, the countable infra—a —open

cover { f (A) e I} of X has a finite sub cover

say {f”(A):i=1,2,3,...,n}. Therefore
X =U{f"(A):i=12,3,..n}, which implies
Y=f(X)=U{A:i=123,..n}. That is

{A:i=123,..,n} is a finite sub cover of
{A e I} for Y. Hence Y is countably compact.

Theorem 4.6. Suppose that
f:(X,7)—>(Y,0)
infra— o —continuous

a map

is perfectly
map from a countably
compact space (X,z‘) onto a topological space
(Y , G). Then (Y , G)

infra—a —compact.

is countably
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Proof. Let a countable

{(A:iell  be
infra—a—open cover of (Y,o). Since f is
perfectly infra— e —continuous, {f™'(A):iel} is
a countable open cover of (Y,G). Again, since
(X,t) is countably infra—a—compact, the
countable open cover {f‘1(/-\):ie I} of (X,r)
has a finite sub cover say {f‘1(A) i :1,2,3,...,n}.
Therefore X =U{f(A):i=12,3,..,n}, which
implies f(X):U{A :i:1,2,3,...,n}, that
Y =U{A :i=12,3,...n}.That is {A.A,,..., A} is

a finite sub cover of {A e I} for (Y , G). Hence

SO

(Y, o) is countably infra—« —compact.
Theorem 4.7. Suppose that

f :(X,Z’)—)(Y,O‘) is
infra—a —continuous

a map
strongly
map from a countably

compact space (X,r) onto a topological space

(Y,0). Then (Y,0) is countably
infra—a —compact.
Proof. Let {A:iel} be a countable

infra—a —open cover of (Y,G). Since f s
strongly infra—c —continuous, {f'(A):iel} is
a countable open cover of (X,t). Again, since
(X, 1) is countably compact, the countable supra
open cover {f‘1(A):ie I} of (X, ) has afinite
sub cover say {f’1(A):i=1,2,3,...,n}. Therefore
X =U{f"(A):i=123,..n}, which
f(X)=U{A:i=123,..n}, that

Y =U{A:i=123,..n}. Thatis {A,A,,..A} isa
finite sub cover of {A :iel} for (Y,oc). Hence

implies

SO

(Y,o) is  countably  infra—a—compact.
Theorem 4.8. The image of a countably
infra— o —compact space under an

E-ISSN: 2313-0571

49

Volume 8, 2021

infra— o —irresolute 1S
infra—a —compact.

Proof. Suppose that a map f :(X,7)——(Y,0)

map countably

is an infra—a —irresolute map from a countably

(X,7)

topological space (Y,c). Let {A:iel} be a

infra—a —compact  space onto a
countable infra—a—open cover of (Y,o). Then
{f‘1(A):ieI} is a countable infra—a—open
cover of (X,7), since f is infra—a—irresolute.
As (X,7) is countably infra—a—compact, the
countable infra—a —open cover {f’1(A):ieI}
of (X,1)
{t7(A):i=123,...n}. Then it follows that
X =U{f"(A):i=123,..n}, which
f(X)=U{A:i=123,...n}, that
Y =U{A:i=12,3,..n}. Thatis {A,A,,..., A} is

a finite sub cover of {A e I} for (Y , G). Hence

has a finite sub cover say

implies

SO

(Y, o) is countably infra—a —compact.

Definition 4.9. Let (X , Z') be a topological space
and X e X. A point X is said to be infra—a —limit
point of Ac X  provided that every
infra—a —neighborhood of X contains at least one

point of A different from X.
Theorem 4.10. Every infinite subset of an

infra—a —compact space has an infra—a —limit
point.

Proof. Let A be an infinite subset of an
infra—a —compact space (X, 7). Suppose that A
has not an infra—«a —Ilimit point. Then for each
Xe X, there exists an infra—a—open set G,
containing at most one point of A. Now, the

collection A={G, :xe X} forms an
inffra—a—open cover of X. As X s
infra—a —compact, then there exist X, X,, ..., X,

in X such that X = U:ZTGX Therefore X has at
most n points of A. This implies that A is finite.
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But this contradicts that A is infinite. Thus A has
an infra—a —limit point.

V. INFRA - o - LINDELOF SPACES
In this section, we concentrate on the concept of
infra—a — Lindelof space and its properties.

Definition 5.1. A topological space (X , r) is said
to be infra—a—Lindelof space if every
infra—a —open cover of X has a countable sub

cover.

Theorem 5.2. Every infra—a —Lindelof space
(X,7) is Lindelof space.

Proof. Let (X,t) be an infra—a— Lindelof
space. Let {A :iel} be an open cover of (X, 7).
Since 7 la—O(X, 7). Therefore {A:iel} is
an infra—a —open cover of (X, ). Since (X, 1)
is infra—a—Lindelof space. So there exists a

countable subset |, of | suchthat {A :iely} isan

infra—a—open sub cover of (X,z‘). Hence

(X, 7) isa Lindel6f space.
Theorem 5.3. Every infra—a —compact space is
infra—a — Lindelof .

Proof. Let (X,7r) be an infra—a—compact

7)
space. Let {A :iel} be an infra—a—open cover
(X,

of (X,r). Since
space. Then {A :iel} has a finite sub cover say
{A 11=1,2,3,..n
always countable
{A :i:1,2,3,...,n}.
{A:iel}. Hence (X,t) is infra—a — Lindelof

space.
Theorem 5.4. Every infra—a —closed subset of an

infra— o — Lindel6f space is infra—a — Lindel6f .
Proof. Let F be an infra—a —closed subset of X
and {G

t) is infra—a—compact

}. Since every finite sub cover is

sub cover and therefore

is countable sub cover of

: E ] be infra—a—open cover of F.
Then F° is infra—a—open and F cU{G :iel}.
X =(U{G :iel})UF".

Hence Since X 1is
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infra—c — Lindeldf , then X =(U{G; :iel })UF°
for l, of I.
FcU{G,:iel,}. Thus F is infra—c — Lindelof .
Theorem 5.5. Let A be an infra—a — Lindelof

subset of X and B be an infra—a —closed subset
of X. Then Al B is infra—«a — Lindelof .

Proof. Let {G, :iel} bean infra—a —open cover
of Al B. Then Ag(UidGi)UBC. Since A is
infra— o — Lindelof
subset 1, of | such that AQ(UiE,OGi)UBC-
AlBcU, G, Al B s
infra— o — Lindelof .

some countable subset Therefore

then there exists a countable

Therefore Thus

Theorem 5.6. A topological space (X , r)
infra—a —Lindelof if and only if every collection
of infra—a —closed subsets of X satisfying the

countable intersection property, has, itself, a non-
empty intersection.

Necessity: Let A={F :iel} be a collection of
subsets of X which has the
that
Since X is

infra —a —closed
countable intersection property. Assume
I iel I - ¢ Then x U| | |:ic

infra— o — Lindel6f , then there exists a countable
subset 1, of | such that X ={J _ F°. Therefore,

| _F

I
iel,

=¢ contradicts that A has the countable

intersection property. Thus A has, itself, a non-
empty intersection.

Sufficiency: Let {G, :iel} be an infra—a—open
cover of X. Suppose {Gi e I} has no countable
sub cover. Then X —J._ G, # ¢, for any countable

subset J of I. Now, | _G°#¢ implies that

{GiC e I} is a collection of infra—«a—closed
closed subsets of X which has the countable
intersection property. Therefore | o G #¢. Thus
X=U_G
infra—a—open cover
infra—« — Lindelof .

contradicts that {G :iel} is an
of X. Hence X is
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Theorem 5.7. An infra—a —continuous image of Theorem 5.9. If (X,'r) is infra—a — Lindelof

an infra—a —Lindel6f space is a Lindelof space.
Proof. Let f:(X,7)—>(Y, o) be
infra — a — continuous map
infra—a —Lindel6f space X onto a topological

an

from an

space Y. Let {A tiel} be an open cover of Y.
Then {f‘1(A):ie I} is an infra—a —open cover
of X, as f is infra—a —continuous. Since X is
infra— o« — Lindelof the infra—a —open
cover {f’1(A) ie I} of X has a countable sub

space,

cover say {f’1(A):ielo} for some countable set
l, = |. Therefore X:U{f_1(A):ieI0}, which
f(X)=U{Aziel,),
Y=U{A:iel,}. That is {A:iel,} is a

countable sub cover of {A:iel} for Y. Hence

implies then

(Y , G) is a Lindelof space.

Theorem 5.8. The image of
infra— o« — Lindelof space under
infra—a —irresolue map is infra—« — Lindelof

space.
Proof. Suppose that map

f:(X,1)—>(Y,o) is an infra—a—irresolue

an
an

a

map from an infra—a —Lindel6f space (X : T)
onto a topological space (Y, ). Let {B :iel} be
an infra—a—open cover of (Y,c). Since f is
infra—o —irresolue. Therefore {f'(B):iel} is
an infra—a —open cover of (X,7). As (X,7) is
infra—«a —Lindelof  space. the infra—a —open
cover {f7'(B):iel} of (X,t) has a countable
sub cover say { f7(B):iel 0} for some countable
set l,cl. Therefore X :U{f‘1(Bi):ie |0},
which implies f(X)=U{B :iely}, so that
Y =U{B :iel,}. Thatis {B :iel,} a countable
sub cover of {B, :iel} for Y. Hence (Y,o) is an
infra— o — Lindelof space.
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space and countably infra—a —compact space,
then (X , 17) is infra—a —compact space.

Proof. Suppose (X,t) is infra—a—Lindelof

space and countably infra—« —compact space. Let
{A e I} be an infra—a —open cover of (X,r).
(X.7)
{A:iel}

{A:iel}

Therefore

Since is infra—a —Lindel6f  space,

has a countable sub cover say

for countable set

{A:ielo}

infra—a —open cover of (X , r). Again, since

some l, <.

is a  countable
(X,7) is countably infra—a—compact space,
{A:iel,} has a finite sub cover and say
{A i :1,2,3,...,n}. Therefore {A i :1,2,3,...,n}
is a finite sub cover of {A:iel} for (X,1).
Hence (X , 17) is an infra—a —compact space.

Theorem 5.10. If
f:(X,1)—>(Y, o) is infra—a—irresolue and
a subset A of X is infra—«a —Lindel6f relative to
X, then f(A) is infra—a—Lindel6f relative to

Y.
Proof. Let {B :iel} be a cover of f(A) by
infra—a —open subsets of Y. By hypothesis f is

a function

infra—c —irresolue and so {f'(B):iel} is a
cover of A by infra—a —open subsets of X. Since
A infra—« — Lindelof X,

{f‘1(Bi):ie I} has a countable sub cover say

{f’1(Bi):ielo} for A, where |, is a countable

is relative  to

subset of I. Now {B,:iel,} is a countable sub
cover of {B:iel} for f(A). So f(A) is
infra—oa — Lindelof relative to Y.
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VI. ALMOST INFRA -a -COMPACT SPACES

Definition 6.1. A topological space (X , ’t) is
called infra— o —compact
(infra— o — Lindelf ) that
infra—a —open cover of X has a finite (countable)
infra—a —closure of whose

almost

provided every

sub collection, the
members cover X.
The proofs of the following four propositions are
straightforward and therefore will be omitted.

Proposition 6.2.  Every almost infra—a—
compact space is almost infra—a — Lindel6f
space.

Proposition 6.3. Every infra—a —compact space

(infra— o — Lindeldf space) is almost
infra— o —compact (almost infra—« — Lindel6f ).
Proposition 6.4. Any finite (countable) topological
space ( X, t) is almost infra—a —compact
(almost infra—a — Lindel6f ).

Proposition 6.5. A finite (countable) union of
infra—a —compact  (almost infra—a —

Lindelof ) of (X,1)
infra— o —compact (almost infra— o — Lindel6f ).
Definition 6.6. A subset E of (X, 1) is called
infra—a —clopen provided that it
infra—a —open and infra—«a —closed.
Theorem 6.7. Let F be an infra—a —clopen
subset of infra— o —compact
(almost infra—a —Lindel6f ) space (X,t). Then
F almost

(almost infra—a — Lindel6f ).
Proof. Let F be an infra—a —clopen subset of
infra—a —compact

almost

subsets is almost

is

an almost

is infra— a —compact

an almost space X and

{G:iel} be an infra—a—open cover of F.
Then Fe is infra—a —open
X c(U{G :iel})UF°. Since X
infra—a —compact, then there exists a finite subset
I of that

and

is almost

0 | such
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X =(U{la—CI(G,):iel,})UF*. Thus it follows

that FcU{la—CI(G)):iel,}. Hence F is
almost infra— o —compact.

The proof is similar in case of almost
infra— o — Lindelof .

Theorem 6.8. If A is an  almost

infra— o —compact  (almost infra— o — Lindelf )

subset of ( X, t) and B is an infra—«a —clopen
of X, then Al B almost
infra— o —compact (almost infra— o — Lindel6f ).

subset is
Proof. Let A={G :iel} be an infra—a—open
cover of Al B. Then Ac(U{G:iel})UB".
Since A is almost infra—a —compact, then there
I, of | such that

Ac(U{la-CI(G,):iel,})UB".
Al BcU{la—CI(G):iel,}. Thus Al B is

almost infra— o —compact.

The proof is similar
infra —a — Lindelof .

Theorem 6.9. Let a map f :(X,7)——(Y,0)
be infra—a —irresolute. Suppose that A is almost
infra— a —compact (almost infra— o — Lindelof )

of X. Then f (A)

infra— o —compact (almost infra— o — Lindeldf ).

exists a finite subset

Therefore

in case of almost

subset is  almost
Proof. Suppose that {G; :iel} is infra—a —open
cover of f(A). Then f(A)cU{G;:iel}. Now,
AcU{f7(G):iel}. f

infra—c —irresolute, then {f7'(G):iel} isan

Since 1S

infra—a —open cover of A. By hypothesis, A is
infra—a —compact, then there exists a
l, of 1 that

AcU{lo—CI[ f7(G)]:iely|. Since f is
la—-CI(f7(G))<
f' 1a—CI(G;) |, for all iel,. Hence it follows

almost

finite subset such

infra— o —irresolute, then
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that f(A)cU., f| f'(1la-CI(G)) |
U., 1o-CI(G),  which that
f(A)cU,, 1o-CI(G). Thus f(A) is almost
infra— o —compact.

The proof is similar
infra —a — Lindelof .

Theorem 6.10. Let f :(X,7)——>(Y,o) be an

implies

in case of almost

infra—a —open bijective map and (Y : c) is almost
infra—a—compact. Then (X, 1)
compact.

Proof. Let {Gi e I} be an open cover of X. Then
f(X)=f(U.G). Therefore Y=l f(G).
Now, Y is almost infra—a —compact, then there

is almost

exists a finite subset |, of | such that
Y=U,,loe-CI f(G)| Since f is
inffra—a—open  bijective map, then f s
infra—a—closed map. Therefore, we have

la—CI| f(G)|< f|CI(G)], for all i€l,. Thus

YeU., f LCI (G, )J cf LUieIOCI (Gi)J’
implies that X =f" (Y)guielom (G).
X =Ui€|0C| (G;). Hence X is almost compact.
Theorem 6.11.  If of

infra—a —closed subsets of (X, 7), satisfying the

finite (countable) intersection property, has, itself, a
non-empty intersection, then X is almost

infra—a —compact (almost infra—« — Lindelof ).
Proof. Let

which
Thus

every  collection

{G:iel} be an infra—a—open
cover of X. Suppose {Gi e I} has no finite sub-

infra—a —closure of
whose members cover X. Then

X — U: la—CI(G;) # ¢, for any ne N. Therefore
X-U_ G #¢ | .G =4

{Ge:iel} is a collection of infra—ea—closed

collection such that the

Now, implies

subsets of X which has the finite intersection
property. Thus | . Gf#¢ implies X =J_G.
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But this is a contradiction. Hence X is almost
infra—a —compact.
A similar proof is given in a case of

almost infra— o — Lindel6f .

VII. MILDLY INFRA - a -COMPACT SPACES

Definition 7.1.
called infra—a —compact
(mildly infra—a —Lindeléf ) provided that every

A topological space (X, 1) is
mildly

infra—a—clopen cover of X has a finite
(countable) sub cover.

Theorem 7.2. Every mildly infra—a —compact
space is mildly infra—« — Lindel6f .

Proof. It is straight forward.

Theorem 7.3. Every almost infra—a —compact

(almost infra—a —Lindel6f )  space (X, 1) s

mildly infra—a—compact (mildly infra—a —
Lindelof ).
Proof. Let A={H;:iel} be an

infra—a —clopen cover of (X, 7). Since (X, 1)
is almost infra—a —compact, then there exists a
of I that

la—CI(H,)=H,.

finite subset such

Iy

X =U,., la—CI(H,).
Thus (X, 1) is mildly infra—a —compact.

Now,

A similar proof is given when (X,‘C) 1s

almost infra— o — Lindelof .

Corollary 7.4. Every
(infra— o — Lindelf )
infra—a —compact (mildly infra—« — Lindeldf ).
Theorem 7.5. If F is an infra—a —clopen subset
of infra— a —compact
(mildly infra—a —Lindeléf ) space X, then F is

infra — o —compact

space is mildly

a mildly

mildly infra—a —compact
Lindelof ).
Proof. Let F be an infra—a —clopen subset of

(mild Il

X and {G,:iel} be an infra—a—clopen cover

of F. Then F° is an infra—a—clopen and
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F<U.,G;. Therefore X =(UJ,,G)UF*. Since
X is mildly infra—«a —compact, then there exists
o, of 1 that

X :(UieIOGi)U Ff.so F g(UieloGi). Hence F is
mildly infra —« —compact.
The proof is similar
infra —a — Lindelof .
Theorem 7.6. If A is a mildly infra— o —compact
(mildly infra—ca —Lindel6f ) subset of X and B
is an infra—a —clopen subset of X, then Al B is
mildly infra—a—compact (mildly infra—a —
Lindelof ).

Proof. Let A={G, :iel} bean infra—a —clopen
cover of Al B. Then Ac(lJ,,G/)UB®. Since
A is mildly infra—a —compact, then there exists a

finite subset |, of | such that Ag(UieloGi)U B°.

Therefore Al BcUJ, G;. Thus Al B is mildly

infra—a —compact.
The proof is similar
infra— o — Lindelof .

Theorem 7.7. If f:(X,7)——(Y,0) is an
infra—a —open

a finite  subset I such

in a case of mildly

in case of mildly

bijective map and (Y,o) is
mildly infra—a —compact, then (X, ) is mildly
compact.

Proof. Let {G;:iel} be a clopen cover for X.
Then f(X)= f(UielGi)' Hence Y =, f(G)).
Since f is infra—a —open bijective map, then f
is infra—a —closed. Therefore {f (G):ie I} is
an infra—a —clopen cover of X. Since Y
mildly infra—a—compact, then there exists a
finite subset 1, of I such that Y=, f(G).

X=U,,G. Thus X

iel

1S

Therefore is  mildly

compact.
Proposition 7.8. A subset A of (X, 1) is mildly

compact (mildly Lindel6f ) if and only if (X, 1,)
is mildly compact (mildly Lindelof )
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VIII. INFRA - a - CONNECTED SPACES

Definition 8.1. A topological space (X , ’E) is said
to be connected if X cannot be written as a disjoint
union of two non empty open sets. A subset of
(X, 1) is connected if it is connected as a subspace.

Definition 8.2. A topological space (X , ’E) is said
to be infra—a —connected if X cannot be written

as a disjoint of non empty
inffra—a—open sets. A subset of (X,r)

union two
is
infra—a —connected if it is infra—«a —connected
as a subspace.

Theorem 8.3. Every infra—a —connected space
(X , ’E) is connected.

Proof. LetA and B be two non empty disjoint
proper open sets in X. Since every open set is
infra—a —open set. Therefore A and B are non

empty disjoint proper infra—a—open sets in X
and X infra—a —connected space. Hence
X # AU B. Therefore X is infra—« —connected.

Theorem 8.4. Let (X, 1) be a topological space.

is

Then the following statements are equivalent

(i) (X, 1) is infra—a —connected.

(ii)The only subsets of (X,t) which are both
infra—a—open and infra—a—closed are the
empty set ¢ and X .

(iii) Each infra—a —continuous map of (X, 1)
into a discrete space (Y,o) with at least two
points is a constant map.

Proof. (i):>(ii) : Let G be a non empty proper
infra—a—open and infra—a —closed subset of
(X,t). Then X -G is also both infra—a—open
and infra—a —closed. Then X =GU(X —G) is a
disjoint union of two non empty infra—a —open
sets, which contradicts the fact that (X,t) is
infra—a —connected. Hence G=¢ or G = X.
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(ii):>(i): Suppose that X = AUB where A and
B are disjoint non empty infra—« —open subsets
of (X,r). Since A= X —-B, then A is both

inffra—a—open and infra—a—closed. By
assumption A= ¢ or A=X,which is a
contradiction. Hence ( X, 1:) 1S

infra —a —connected.

(ii):>(iii) : Let f :(X , r)—)(Y, 6) be an
infra—a —continuous  map, where (Y,o) s
discrete space with at least two points. Then
f~'(y) is infra—a—closed and infra—a—open
for each yeY. Thus (X , t) is covered by
infra—« —closed and covering
{ f(y):y eY}. By assumption, f7'(y)=¢
f'(y)=X foreach yeY.If f'(y)=¢ foreach
yeY, then f fails to be a map. Therefore their

infra—a —open

or

exists at least one point say Y €Y such that

f‘1({y*})¢¢. Sincef‘1<{y*}) is also both

inffra—a—open and  infra—a—closed  set.

Therefore by hypothesis f’1({y*}) = X. This
shows that f is a constant map.

(iii)=(ii): Let G be both infra—c—open and
infra—a—closed set in (X,t). Suppose G # ¢.
Let f:(X,7)—>(Y,0) be
infra— o —continuous map defined by f (G)={a}
and f(X—G)={b} where a#b and a,beY.
By assumption, f is constantso G = X.
Theorem8.5. If f:(X,7)——(Y,o) is an

an

infra— o —continuous  surjection and (X, 1) is
infra— o —connected, then (Y, ) is connected.

Proof. Suppose (Y,o) is not connected. Let
Y = AUB, where A and B are disjoint non empty
of (Y,0). i
infra— o — continuous, X=f"(A)Uf(B),
where f~ (A) and f~' (B) are disjoint non empty

open  subsets Since is
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infra—a —open subsets of X. This disproves the
fact that (X,t) is infra—a—connected. Hence

(Y , G) is connected.

Theorem8.6. If f:(X,z)——(Y,o) is an

infra—a —irresolute  surjection and X s
infra—a —connected, then Y is
infra— o —connected.

Proof. Suppose that Y is not

infra—a —connected. Let Y =AUB, where A
and B are disjoint non empty infra—a —open sets
in Y. Since f is infra—a—irresolute map and

onto, X = f_1(A)U f_1(B), where f_1(A) and
f ( B) are disjoint non empty infra—a —open sets
in (X, 7). This contradicts the fact that (X, 1) is

infra— o — connected. Hence (Y, o) is

infra— o —connected.
Theorem 8.7. If every infra—a —closed set in X

is closed in X and X is connected, then X is
infra— o —connected.

Proof. Suppose that X is connected. Then X
cannot be expressed as disjoint union of two
nonempty proper open subset of X. Let X be not
infra—a —connected space. Let A and B be any

two non empty infra—«a —open subsets of X such
that X =AUB, where Al B=¢.
infra— o —closed
Therefore every infra—a —open set in X is open

Since every
set in X is closed in X.

in X. Hence A and B are open subsets of X,
which contradicts that X 1is connected. Therefore
X 1isinfra—a —connected.

Theorem 8.8. Every infra—a —connected space
(X, 7) is mildly infra—a —compact.

Proof. Since (X, 7) is infra—a —connected, then
the only infra—a —clopen subsets of (X,7) are
X and ¢. (X,7)
infra—a —compact.

Theorem 8.9. If two infra—a —open sets C and
D form a separation of X and if Y is

Therefore is  mildly
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infra—a —connected subspace of X, then Y lies

entirely within C or D.
Proof. By hypothesis C and D are both
infra—a—open sets in X.The sets CIl Y and

DI Y are infra—a—open in Y, these two sets are

disjoint and their union is Y. If they were both non
empty, they would constitute a separation of Y.
Therefore, one of them is empty. Hence Y must lie
entirely in C or D.

Theorem 8.10. Let A be an infra— o —connected

subspace of X. If AcBc la—CI(A), then B is
also infra—a —connected.

Proof. Let A be infra—a—connected. Let
AcBc la—CI(A). Suppose that B=CUD is a
separation of B by infra—a —open sets. Thus by
previous theorem A must lie entirely in C or D.

Suppose that AcC, then it implies that
la—Cl(A)c la—CI(C). Since la.—CI(C) and
D are disjoint, B cannot intersect D. This

disproves the fact that D is non empty subset of B
So D = ¢ which implies B is infra—a —connected.

I[X. CONCLUSIONS
We have used infra—a —open sets to introduce the
new concepts of notions in topological spaces namely
infra— o —compact space, countably

Iinfra— o —compact infra— o — LindelOf
space, infra— o —compact
Infra—a —compact space and infra—« —connected

space and have investigated several properties and
characterization of these new concepts.

space,

almost space, mildly
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