
 

 

 
Abstract— In this paper we solve the Diophantine equations 
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 = 5z5 and 
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 = z5, in special conditions. 
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I. INTRODUCTION 
Other equations related of  the equation from the title have 

just been studied. For example in 1998 B. Poonen studied the 
Diophantine equation x5 + y5 =z3. For this purpose he used 
the properties of elliptic curves, concretely the properties of 
Frey curves.  

In 1999, Y. Bugeaud and later Bugeaud and M. Mignotte 

studied the Diophantine equation 


1
1

x
xn

yq. 

They proved that the only solution (x, y, n, q) of the 

equation 


1
1

x
xn

yq, with n 1 (mod q) is (3, 11, 5, 2). Using 

the hypergeometric method they showed more results about 
this equation. 

 
The main result of this paper is: 

 

Main Theorem. The Diophantine equation  
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yx 55


 =5z5  

does not have integer solutions, x,y,zZ,  (x, y) = 1. 
 

In our proof we used techniques of cyclotomic fields and 
Dirichlet’s theorem. 

First we recall some theoretical results, necessary in the 
proof of the Main Theorem. 

 
Proposition 1.1. ([1], [5]). Let r be a prime odd positive 

integer, ξ be a primitive root of order r of unity and the 
cyclotomic field Q(ξ). The following statements hold: 

i)1 - ξ is a irreducible element in Z[ξ] . 
ii) 1 - ξk= uk(1- ξ), where krZ, ukU(Z[ξ]). 
iii) r = u(1- ξ)r-1, where uU(Z[ξ]). 
 
 Proposition 1.2. ([1]). Let r be a prime odd positive 

integer, ξ be a primitive root of order r of unity and the 
cyclotomic field Q(ξ). Let m,n be rational positive integers, 
x, y be rational integers and suppose that r does not divide 
m-n. Then, the ideals 

                        (x + ξm y) and  (x + ξn y) 

are coprime ideals of the ring Z[ξ] if and only if g.c.d.(x, 
y) =1 and x+y is not divisible by r. 

 
Proposition 1.3 ([8]). Let r be a prime odd positive 

integer, ξ be a primitive r-th root of unity and the cyclotomic 
field Q(ξ). Let m, n be rational positive integers, x, y be 
rational integers such that g.c.d.(x,y)=1, r divides x+y and r 
does not divide m-n. Then, the greastest commun divisor of 
the elements x + ξmy and  x + ξmy (in the ring Z[ξ]) is 1- ξ. 

 
Proposition 1.4. Let r be a prime odd positive integer, ξ be 

a primitive r-th root of unity and the cyclotomic field Q(ξ). 
Let G be the Galois group of the cyclotomic field Q(ξ) over 
Q. Then, the following statements holds: 

i) for any  G and for any PSpec(Z[ξ]), we have   
(P)Spec(Z[ξ]). 

ii) the Galois group G is isomorph with the multiplicative 
group U(Zr). 

 
Let K be a field of algebraic numbers, [K: Q] = n and 
 K be such that K= Q( ). We denote with ZK the ring 

of integers of the field K.  
Let  1 =  ,  2, …,  n be the conjugates of   over Q.  

We consider  1,  2,…,  rR, r+1,  r+2,…, r+sC, 

 j+s=  j,  r<j s, with r + 2s = n.                                    
Let us denote with: 

 j :K  R ,  j( )= j, j= r,1  , 
the embeddings of K in R, and  
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 j :K  C  j( )= j, j= nr ,1  
the embeddings of K in C.  

We can define: 
 :U(ZK)Rr+s, 

 ( )=(log│ )(1  , log│ )(2  │,…, log│ r+s( )│), 

  U(ZK).  
  is called logarithmic representation of algebraic 

numbers. 
 
Dirichlet’s units theorem. 
i) Ker is a finite group and Ker =WK,  

where  
WK ={  K /   is a root of unity }. 

We denote with:  =│ WK │. 
ii) Im is a discrete abelian group, free of rank r+s-1 and 

there exists the isomorphism 
U(ZK)  Z / ZZr+s-1. 

 
If u  ZK , it results from Dirichlet’s units theorem that 

there exists ξ WK and t = r+s-1 units of finite order 
u1,u2,…, ut such that 

u= ξa · u 1
1
h ·…·u th

t , 
where a,h1, h2,…, ht  N, a  . 

The set {u1, u2, … , ut} is called fundamental system of 
units of the field K. 

 
Lemma 1.5. An element a0+a1 + a2 2 + a3 3 Z[ξ] is 

divisible by 5 if and only if  5│ai (in Z), ( ) i  3,2,1,0 .  
 

II. RESULTS 
 
 

At the beginning we made some calculations in 

Mathematica 6.0 on the expression 
yx
yx 55




.  

We gave x= 200,1 , y= 200,1  and we remarked that does 
not exist rational integers z such that  

yx
yx 55




=5z5. 

We show in the following the calculus in Mathematica 6.0 
for x= 20,1 , y = 20,1 . 

 
In[1]:=Do[Print[FactorInteger[(i^5+j^5)/(i+j)]],{i,20},{j,20}] 
 
{{1,1}} 
{{11,1}} 
{{61,1}} 

{{5,1},{41,1}} 
{{521,1}} 
{{11,1},{101,1}} 
{{11,1},{191,1}} 
{{11,1},{331,1}} 
{{5,1},{1181,1}} 
{{9091,1}} 
{{13421,1}} 
{{19141,1}} 
{{11,1},{2411,1}} 
{{5,1},{71,1},{101,1}} 
{{31,1},{1531,1}} 
{{61681,1}} 
{{11,1},{71,1},{101,1}} 
{{11,1},{9041,1}} 
{{5,1},{11,1},{2251,1}} 
{{152381,1}} 
{{11,1}} 
{{2,4}} 
{{5,1},{11,1}} 
{{2,4},{11,1}} 
{{11,1},{41,1}} 
{{2,4},{61,1}} 
{{1871,1}} 
{{2,4},{5,1},{41,1}} 
{{41,1},{131,1}} 
{{2,4},{521,1}} 
{{12391,1}} 
{{2,4},{11,1},{101,1}} 
{{5,1},{4951,1}} 
{{2,4},{11,1},{191,1}} 
{{11,1},{31,1},{131,1}} 
{{2,4},{11,1},{331,1}} 
{{74731,1}} 
{{2,4},{5,1},{1181,1}} 
{{117911,1}} 
{{2,4},{9091,1}} 
{{61,1}} 
{{5,1},{11,1}} 
{{3,4}} 
{{181,1}} 
{{421,1}} 
{{3,4},{11,1}} 
{{5,1},{11,1},{31,1}} 
{{3001,1}} 
{{3,4},{61,1}} 
{{11,1},{701,1}} 
{{41,1},{281,1}} 
{{3,4},{5,1},{41,1}} 
{{11,1},{2111,1}} 
{{31,1},{1021,1}} 
{{3,4},{521,1}} 
{{55201,1}} 
{{5,1},{11,1},{1291,1}} 
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{{3,4},{11,1},{101,1}} 
{{31,1},{3631,1}} 
{{61,1},{2281,1}} 
{{5,1},{41,1}} 
{{2,4},{11,1}} 
{{181,1}} 
{{2,8}} 
{{461,1}} 
{{2,4},{5,1},{11,1}} 
{{1621,1}} 
{{2,8},{11,1}} 
{{4621,1}} 
{{2,4},{11,1},{41,1}} 
{{5,1},{2161,1}} 
{{2,8},{61,1}} 
{{11,2},{181,1}} 
{{2,4},{1871,1}} 
{{31,1},{1291,1}} 
{{2,8},{5,1},{41,1}} 
{{11,1},{6151,1}} 
{{2,4},{41,1},{131,1}} 
{{11,1},{9791,1}} 
{{2,8},{521,1}} 
{{521,1}} 
{{11,1},{41,1}} 
{{421,1}} 
{{461,1}} 
{{5,4}} 
{{991,1}} 
{{11,1},{151,1}} 
{{11,1},{251,1}} 
{{4441,1}} 
{{5,4},{11,1}} 
{{31,1},{331,1}} 
{{14821,1}} 
{{11,1},{31,1},{61,1}} 
{{71,1},{401,1}} 
{{5,4},{61,1}} 
{{61,1},{821,1}} 
{{71,1},{911,1}} 
{{11,1},{7481,1}} 
{{11,1},{9391,1}} 
{{5,5},{41,1}} 
{{11,1},{101,1}} 
{{2,4},{61,1}} 
{{3,4},{11,1}} 
{{2,4},{5,1},{11,1}} 
{{991,1}} 
{{2,4},{3,4}} 
{{31,1},{61,1}} 
{{2,4},{181,1}} 
{{3,4},{5,1},{11,1}} 
{{2,4},{421,1}} 
{{9931,1}} 

{{2,4},{3,4},{11,1}} 
{{71,1},{281,1}} 
{{2,4},{5,1},{11,1},{31,1}} 
{{3,4},{11,1},{41,1}} 
{{2,4},{3001,1}} 
{{62071,1}} 
{{2,4},{3,4},{61,1}} 
{{5,1},{31,1},{641,1}} 
{{2,4},{11,1},{701,1}} 
{{11,1},{191,1}} 
{{1871,1}} 
{{5,1},{11,1},{31,1}} 
{{1621,1}} 
{{11,1},{151,1}} 
{{31,1},{61,1}} 
{{7,4}} 
{{5,1},{661,1}} 
{{11,1},{431,1}} 
{{6871,1}} 
{{41,1},{241,1}} 
{{11,1},{31,1},{41,1}} 
{{5,1},{3881,1}} 
{{7,4},{11,1}} 
{{35281,1}} 
{{11,1},{4211,1}} 
{{31,1},{1931,1}} 
{{5,1},{101,1},{151,1}} 
{{95881,1}} 
{{11,1},{10831,1}} 
{{11,1},{331,1}} 
{{2,4},{5,1},{41,1}} 
{{3001,1}} 
{{2,8},{11,1}} 
{{11,1},{251,1}} 
{{2,4},{181,1}} 
{{5,1},{661,1}} 
{{2,12}} 
{{11,1},{491,1}} 
{{2,4},{461,1}} 
{{101,2}} 
{{2,8},{5,1},{11,1}} 
{{71,1},{271,1}} 
{{2,4},{1621,1}} 
{{11,1},{31,1},{101,1}} 
{{2,12},{11,1}} 
{{5,1},{11621,1}} 
{{2,4},{4621,1}} 
{{92921,1}} 
{{2,8},{11,1},{41,1}} 
{{5,1},{1181,1}} 
{{41,1},{131,1}} 
{{3,4},{61,1}} 
{{4621,1}} 
{{4441,1}} 
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{{3,4},{5,1},{11,1}} 
{{11,1},{431,1}} 
{{11,1},{491,1}} 
{{3,8}} 
{{11,1},{761,1}} 
{{5,1},{31,1},{71,1}} 
{{3,4},{181,1}} 
{{31,1},{631,1}} 
{{25951,1}} 
{{3,4},{421,1}} 
{{5,1},{8861,1}} 
{{11,1},{5171,1}} 
{{3,8},{11,1}} 
{{11,1},{8231,1}} 
{{41,1},{2741,1}} 
{{9091,1}} 
{{2,4},{521,1}} 
{{11,1},{701,1}} 
{{2,4},{11,1},{41,1}} 
{{5,4},{11,1}} 
{{2,4},{421,1}} 
{{6871,1}} 
{{2,4},{461,1}} 
{{11,1},{761,1}} 
{{2,4},{5,4}} 
{{31,1},{401,1}} 
{{2,4},{991,1}} 
{{31,1},{661,1}} 
{{2,4},{11,1},{151,1}} 
{{5,5},{11,1}} 
{{2,4},{11,1},{251,1}} 
{{181,1},{311,1}} 
{{2,4},{4441,1}} 
{{211,1},{421,1}} 
{{2,4},{5,4},{11,1}} 
{{13421,1}} 
{{12391,1}} 
{{41,1},{281,1}} 
{{5,1},{2161,1}} 
{{31,1},{331,1}} 
{{9931,1}} 
{{41,1},{241,1}} 
{{101,2}} 
{{5,1},{31,1},{71,1}} 
{{31,1},{401,1}} 
{{11,4}} 
{{71,1},{251,1}} 
{{41,1},{541,1}} 
{{5,1},{5591,1}} 
{{35401,1}} 
{{71,1},{631,1}} 
{{131,1},{431,1}} 
{{31,1},{2281,1}} 
{{5,1},{17581,1}} 

{{108421,1}} 
{{19141,1}} 
{{2,4},{11,1},{101,1}} 
{{3,4},{5,1},{41,1}} 
{{2,8},{61,1}} 
{{14821,1}} 
{{2,4},{3,4},{11,1}} 
{{11,1},{31,1},{41,1}} 
{{2,8},{5,1},{11,1}} 
{{3,4},{181,1}} 
{{2,4},{991,1}} 
{{71,1},{251,1}} 
{{2,8},{3,4}} 
{{5,1},{11,2},{41,1}} 
{{2,4},{31,1},{61,1}} 
{{3,4},{461,1}} 
{{2,8},{181,1}} 
{{11,1},{5231,1}} 
{{2,4},{3,4},{5,1},{11,1}} 
{{11,1},{61,1},{131,1}} 
{{2,8},{421,1}} 
{{11,1},{2411,1}} 
{{5,1},{4951,1}} 
{{11,1},{2111,1}} 
{{11,2},{181,1}} 
{{11,1},{31,1},{61,1}} 
{{71,1},{281,1}} 
{{5,1},{3881,1}} 
{{71,1},{271,1}} 
{{31,1},{631,1}} 
{{31,1},{661,1}} 
{{41,1},{541,1}} 
{{5,1},{11,2},{41,1}} 
{{13,4}} 
{{11,1},{3061,1}} 
{{11,1},{3671,1}} 
{{11,1},{4451,1}} 
{{5,1},{11941,1}} 
{{72931,1}} 
{{101,1},{881,1}} 
{{31,1},{3491,1}} 
{{5,1},{71,1},{101,1}} 
{{2,4},{11,1},{191,1}} 
{{31,1},{1021,1}} 
{{2,4},{1871,1}} 
{{71,1},{401,1}} 
{{2,4},{5,1},{11,1},{31,1}} 
{{7,4},{11,1}} 
{{2,4},{1621,1}} 
{{25951,1}} 
{{2,4},{11,1},{151,1}} 
{{5,1},{5591,1}} 
{{2,4},{31,1},{61,1}} 
{{11,1},{3061,1}} 
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{{2,4},{7,4}} 
{{41,1},{1091,1}} 
{{2,4},{5,1},{661,1}} 
{{11,1},{5741,1}} 
{{2,4},{11,1},{431,1}} 
{{91331,1}} 
{{2,4},{6871,1}} 
{{31,1},{1531,1}} 
{{11,1},{31,1},{131,1}} 
{{3,4},{521,1}} 
{{31,1},{1291,1}} 
{{5,4},{61,1}} 
{{3,4},{11,1},{41,1}} 
{{35281,1}} 
{{11,1},{31,1},{101,1}} 
{{3,4},{421,1}} 
{{5,5},{11,1}} 
{{35401,1}} 
{{3,4},{461,1}} 
{{11,1},{3671,1}} 
{{41,1},{1091,1}} 
{{3,4},{5,4}} 
{{58321,1}} 
{{11,1},{41,1},{151,1}} 
{{3,4},{991,1}} 
{{11,1},{41,1},{211,1}} 
{{5,4},{181,1}} 
{{61681,1}} 
{{2,4},{11,1},{331,1}} 
{{55201,1}} 
{{2,8},{5,1},{41,1}} 
{{61,1},{821,1}} 
{{2,4},{3001,1}} 
{{11,1},{4211,1}} 
{{2,12},{11,1}} 
{{5,1},{8861,1}} 
{{2,4},{11,1},{251,1}} 
{{71,1},{631,1}} 
{{2,8},{181,1}} 
{{11,1},{4451,1}} 
{{2,4},{5,1},{661,1}} 
{{58321,1}} 
{{2,16}} 
{{131,1},{571,1}} 
{{2,4},{11,1},{491,1}} 
{{5,1},{11,1},{1831,1}} 
{{2,8},{461,1}} 
{{11,1},{71,1},{101,1}} 
{{74731,1}} 
{{5,1},{11,1},{1291,1}} 
{{11,1},{6151,1}} 
{{71,1},{911,1}} 
{{62071,1}} 
{{31,1},{1931,1}} 

{{5,1},{11621,1}} 
{{11,1},{5171,1}} 
{{181,1},{311,1}} 
{{131,1},{431,1}} 
{{11,1},{5231,1}} 
{{5,1},{11941,1}} 
{{11,1},{5741,1}} 
{{11,1},{41,1},{151,1}} 
{{131,1},{571,1}} 
{{17,4}} 
{{5,1},{18911,1}} 
{{31,1},{3491,1}} 
{{11,1},{11351,1}} 
{{11,1},{9041,1}} 
{{2,4},{5,1},{1181,1}} 
{{3,4},{11,1},{101,1}} 
{{2,4},{41,1},{131,1}} 
{{11,1},{7481,1}} 
{{2,4},{3,4},{61,1}} 
{{5,1},{101,1},{151,1}} 
{{2,4},{4621,1}} 
{{3,8},{11,1}} 
{{2,4},{4441,1}} 
{{31,1},{2281,1}} 
{{2,4},{3,4},{5,1},{11,1}} 
{{72931,1}} 
{{2,4},{11,1},{431,1}} 
{{3,4},{991,1}} 
{{2,4},{11,1},{491,1}} 
{{5,1},{18911,1}} 
{{2,4},{3,8}} 
{{117991,1}} 
{{2,4},{11,1},{761,1}} 
{{5,1},{11,1},{2251,1}} 
{{117911,1}} 
{{31,1},{3631,1}} 
{{11,1},{9791,1}} 
{{11,1},{9391,1}} 
{{5,1},{31,1},{641,1}} 
{{95881,1}} 
{{92921,1}} 
{{11,1},{8231,1}} 
{{211,1},{421,1}} 
{{5,1},{17581,1}} 
{{11,1},{61,1},{131,1}} 
{{101,1},{881,1}} 
{{91331,1}} 
{{11,1},{41,1},{211,1}} 
{{5,1},{11,1},{1831,1}} 
{{31,1},{3491,1}} 
{{117991,1}} 
{{19,4}} 
{{11,1},{101,1},{131,1}} 
{{152381,1}} 

Issue 3, Volume 3, 2009 55

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND INFORMATICS



 

 

{{2,4},{9091,1}} 
{{61,1},{2281,1}} 
{{2,8},{521,1}} 
{{5,5},{41,1}} 
{{2,4},{11,1},{701,1}} 
{{11,1},{10831,1}} 
{{2,8},{11,1},{41,1}} 
{{41,1},{2741,1}} 
{{2,4},{5,4},{11,1}} 
{{108421,1}} 
{{2,8},{421,1}} 
{{31,1},{3491,1}} 
{{2,4},{6871,1}} 
{{5,4},{181,1}} 
{{2,8},{461,1}} 
{{11,1},{11351,1}} 
{{2,4},{11,1},{761,1}} 
{{11,1},{101,1},{131,1}} 

               {{2,8},{5,4}} 

We think that the equation 
yx
yx 55




= 5z5 does not have 

integer solutions , with g.c.d.(x,y)=1. 
 

Proof of the Main Theorem. 
Let (x, y, z)  Z  Z  Z a solution of the Diophantine 

equation 
yx
yx 55




= 5z5 , with (x, y) = 1. 

Applying Small Fermat’s Theorem we have 

x5 x (mod 5), y5y (mod 5),              

so 

x5 + y5 x+y (mod 5). 

If 5 does not divide x+y, it results that 5 does not divide x5 
+ y5. A contradiction was obtained, so 5 divides x+y.  

We denote with l the biggest positive integer with the 
property: 

5l │(x+y).  
So 5l+1 │( x5 + y5). 
Let ξ be a primitive 5-th root of unity and G be the Galois 

group of the cyclotomic field Q(ξ) over Q.  

It is known that the ring Z[ξ] is principal. Since 2  is a 
generator of the group (Z *

5 , · ) it results that  G,  

 ( ξ)= ξ2  

is a generator of the group G. 
Our equation is equivalent to 

(x+ξy)(x+ξ2y)(x+ξ3y)(x+ ξ4y)=u(1-ξ)4z5, 
with uU(Z[ξ]). 

    Since  

 ( x+ξ2y)= x+ξ4y, 

 ( ( x+ξ2y))= x+ξ3y, 

 ( ( ( x+ξ2y)))= x+ξy, 

applying Proposition 1.4 and Proposition 1.3 we obtain 
x+ξjy=uj(1- ξ) 5

j , 

where jZ[ξ], j = 1,…,4, and  i and j are coprime for 

any i, j= 4,1 , i j, ujU(Z[ξ]), j = 4,1 . 
We have: 

 1= a0+ a1ξ + a2ξ2+ a3ξ3, 
with aiZ, i = 1, 2, 3, 

 2=b0+ b1ξ + b2ξ2+ b3ξ3, 
with biZ, i = 1, 2, 3.  

We obtain 
 5

1  a 5
0 + a 5

1 ξ5 + a 5
2 ξ10+ a 5

3 ξ15   
 a0+ a1 + a2+ a3 (mod 5). 

  Analogously  

 5
2 b0+ b1 + b2+ b3 (mod 5). 

  Applying Dirichlet’s units theorem we have 

u1= ξ 1s v1, with v1 a real unity from Z[ξ], 

u2= ξ 2s v2, with v2 a real unity from Z[ξ].         

We obtain  
x+ξy (1- ξ) ξ 1s v1 (a0+ a1 + a2+ a3 )(mod 5), 

x+ξ2y (1- ξ) ξ 2s v2 (b0+ b1 + b2+ b3 )(mod 5). 

After calculus we get: 

v1, v2





















 
 Zk

k

/
2

51 . 

Denoting with: 
 1= v1 (a0+ a1 + a2+ a3 ), 

                                             2= v2 (b0+ b1 + b2+ b3 ), 

the last        the last congruences become 
x+ξy  1 (1- ξ) ξ 1s  (mod 5), 

x+ξ2y  2 (1- ξ) ξ 2s (mod 5). 

  We obtain: 
y  ξ 11s  ( 1 -  2ξ 12 ss  ) (mod (1- ξ)3), 

x  ξ 11 s  ( 2ξ
112 ss - 1) (mod (1- ξ)3). 

  It results 

x+y   1ξ
11s (1- ξ2) -  2ξ

12s  (1- ξ) (mod (1- ξ)3). 

 The last congruence is equivalent with  

x+y (1- ξ)[  1ξ
11s (1+ξ) - 2ξ

12s ]  (mod (1- ξ)3). 
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 Since 

x+y 0 (mod (1- ξ)3) 

 we obtain  

(1- ξ)  1ξ
11s (1+ξ)  (1- ξ)  2ξ

12s (mod (1- ξ)3). 

Multiplying the last congruence with ξ it results 

  (x+ξy) (1+ξ)   x+ξ2y (mod (1- ξ)3)                              (1).  

But 
x+ξ2y= ( x+ξy), 

so  
x+ξ2y   ((1- ξ)  1ξ 1s ) (mod 5). 

  The last congruence is equivalent to 
 
 

x+ξ2y  

 (1- ξ2)























 


k

2
51  (a0+ a1 + a2+ a3 ) ξ 12s  (mod 5), 

therefore 

   x+ξ2y (x+ξy)(1+ξ)ξ 1s






















 


'

2
51

k

(mod5)        (2).              

From the relations (1) and (2) we obtain 

(x+ξy) (1+ξ)   

 (x+ξy)(1+ξ)ξ 1s · 

























 


'

2
51

k

 (mod (1- ξ)3). 

The last congruence is equivalent to 

(x+ξy) (1+ξ)









































 


'

1

2
511

k
s   0 (mod (1- ξ)3). 

This congruence is equivalent with 

(x+ξy) (1+ξ)









































 


'

111

2
511

k
sss   

 0 (mod (1- ξ)3). 

Applying Proposition 1.1 we get  

(x+ξy) (1+ξ)  









































 


'

1
1 2

51
11

k
s

su      

 0 (mod (1- ξ)3), 

with u
1s
U(Z[ξ]). 

     If (1-ξ) divides 1

'

2
51

k










 
 , since 1
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real number it results that 5 divides 1
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 . So the 

biggest positive integer l’ with the property (1- ξ)
'l  divides  

    (x+ξy)(1+ξ)  
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 is l’=1. 

If (1-ξ) does not divide 1
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 , it results that (1-ξ) 

does not divide 

(x+ξy) (1+ξ)  
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It results that (1- ξ)2 divides (x+ξy)(1+ξ).  
Knowing that 1- ξ is a prime element in the ring Z[ξ] and 

1- ξ does not divide 1+ ξ, we obtain that (1- ξ)2 divides x+ξy.  
But (1- ξ)2 divides x+y, therefore (1- ξ)2 divides 

x+ξy-x-y=-y(1- ξ). 

It results that 1- ξ divides y and since 1- ξ divides x+y we 
get that 1- ξ divides x. We obtain a contradiction with the fact 
that x and y are coprime.  

 

III. THE DIOPHANTINE EQUATION 
yx
yx 55




= 5Z5 IN SOME 

GENERAL CONDITIONS 
 

In the following we study the Diophantine equation 
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= 5z5, in the case when g.c.d.(x,y) 1. 

Let q a prime positive integer such that q│x and q│y. We 
denote with k the biggest positive integer with the property 
qk│x and qk│y.  

 
Case I: if q 5, simplifying with q4k we obtain an equation 

of the same type (that is 
yx
yx 55




= 5z5, with g.c.d.(x,y)= 1). 

 
Case II: if q=5, simplifying with 54k we obtain the 

Issue 3, Volume 3, 2009 57

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND INFORMATICS



 

 

Diophantine equation 
11

5
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1
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=z 5
1 , where x=5kx1, y=5ky1, 

z=5 5
14 k

·z1.  
We remark that g.c.d.(x1,y1)= 1. 
We change the notations: x1→x, y1→y, z1→z and we  

study the Diophantine 
yx
yx 55




=z5 equation if we put the 

rectrictions g.c.d.(5,x)=1, g.c.d.(5,y)=1, x is not congruent 
with y modulo 5. 

It is well known that if p is a prime positive integer and x 
and y are coprime integers, then every prime factor of 

yx
yx pp




 is p and it appears with exponent 1 or it is 

congruent with 1 modulo p.  
It is clear that 5 does not divide z, so 5 does not divide 

x5+y5.  
Since x5+y5x+y (mod 5), it results that 5 does not divide 

x+y. The equation is equivalent to 

(x+ξy)(x+ξ2y)(x+ξ3y)(x+ ξ4y)=z5. 
Applying Proposition 1.2 it results that x+ξiy and x+ξjy are 
coprime, any i,j  4,3,2,1 , i j. 

 Since Z[ξ] is  a factorial ring, it results that x+ξjy=uj
5
j , 

j  Z[ξ], ( ) j  4,3,2,1 , i , j are coprime ( )i, 

j  4,3,2,1 , i  j, ujU(Z[ξ]), ( ) j  4,3,2,1 . We 
known that Z[ξ] is free module of the rank 4 over Z and 
 32 ,,,1   is a basis for Z[ξ]. Using this fact we obtain 
that 

                       1 =a0+a1 + a2 2 + a3 3, 
with ai  Z, ( ) i  3,2,1,0 . Analogously with the proof of 
Main Theorem we obtain that 

                       5
1  a0+a1+ a2+ a3 (mod 5). 

Applying Dirichlet’s units theorem we have 
u1= ξ 1s v1, with v1 a real unity from Z[ξ].  

Denoting with: 
     1= v1 (a0+ a1 + a2+ a3 ), 

we obtain 
     x+ξy  1ξ 1s (mod 5).  

The last congruence can be written in the form  

 1s (x+ξy)   1 (mod 5). 

Knowing that, if an element z  Z[ξ], it results z  Z[ξ], 
from the last congruence is results 

      ξ 1s  (x+ξ-1y)   1 (mod 5).  

We obtain 
    xξ 1s + yξ 11s – x 1s –yξ 11 s  0 (mod 5)      (3) 

We study the exponents of  ξ from the congruence (3). If 
some exponent of ξ from the congruence (3), for example s1 
(analogous to proceed if instead of s1 we consider any other 
exponent of  ξ) is congruent with 4 modulo 5, replacing   
ξ 1s = ξ4 =  -1 – ξ – ξ2– ξ3, congruence (3) becomes 

x – 2xξ – (x+y) ξ2 + (y-x)ξ30 (mod 5). 

Applying Lemma 1.5 we obtain that x+y 0 (mod 5), 
contradiction.                                                                          

We show that any two from the exponents of  ξ from the 
congruence (3) are not congruent modulo 5. It is clear that s1 
and 1- s1  are not congruent modulo 5.                                    
If  s1   -s1 (mod 5) it results that 5│s1 and congruence (3) 
becomes  

x +yξ4 - x - yξ0 (mod 5),                                      
 which is equivalent with 

 y + 2yξ + yξ2+ yξ30 (mod 5).  

Applying Lemma 1.5 we obtain that y  0 (mod 5), 
contradiction.                                                                             

If  s1 -1   1-s1 (mod 5) it results that  s1  1 (mod 5)   and  
congruence (3) becomes                                              

xξ + y –xξ4- y0 (mod 5). 
    This congruence is  equivalent with      

                                 x +2xξ+xξ2+xξ3 0 (mod 5).   

Applying Lemma 1.5 we obtain that x0 (mod 5), 
contradiction.                                                                                 

If  s1   1-s1 (mod 5) it results that  s1   3 (mod 5)   and  
congruence (3) becomes       

                                 (x-y)ξ3+ (y-x)ξ20 (mod 5).    

Applying Lemma 1.5 we obtain that xy (mod 5), 
contradiction.                                                                           

From the previously proved we obtain that the Diophantine 

equation 
yx
yx 55




=z5 does not have integer solutions, with 

g.c.d.(x, y) = 1, g.c.d.(5,x)=1, g.c.d.(5,y)=1, x is not 
congruent with y modulo 5. 

IV. CONCLUSION 

From the previously proved we obtain that the Diophantine 

equation 
yx
yx 55




= 5z5  does not have solutions (x, y, z)  

Z  Z  Z, with g.c.d. (x, y) = 1. 
In the case when g.c.d.(x, y)   1, our problem reduces to    

study the Diophantine equation 
yx
yx 55




= z5, which we have 

shown that does not have solutions (x, y, z)  Z  Z  Z, 
with g.c.d.(x, y) = 1, g.c.d.(5,x)=1, g.c.d.(5,y)=1, x is not 
congruent with y modulo 5. 
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