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Logic Functions of Complementary Arrays

Shinya MATSUFUJI and Takahiro MATSUMOTO

Abstract— Complementary arrays mean a pair of multi-
dimensional sequences, that at the same phase-shift the sum of
these aperiodic auto-correlation functions takes zero except zero-shift.
This paper clarifies logic functions of complementary arrays with
dimension n, whose length is a power of two. The complementary
arrays include binary complementary sequences with n = 1 and
polyphase complementary arrays consisting of complex elements with
unit magnitude. Complete complementary arrays, that the sum of
these aperiodic cross-correlation functions for a pair of complemen-
tary arrays takes zero at any shift, are also investigated. These logic
functions can easily give a lot of complementary arrays, and show
that the number of complementary arrays is irrelevant to dimension.

Keywords— sequence design, complementary sequences, correla-
tion function, logic function.

I. INTRODUCTION

OMPLEMENTARY sequences [1]-[4] generally mean

a pair of binary sequences with the same length char-
acterized by a good correlation property such that at the
same phase-shift the sum of these aperiodic auto-correlation
functions takes zero except zero-shift, that is, the impulse
characteristic. Some kinds of complementary sequences were
proposed and applied in communications [4]-[8]. Families
called complementary set were proposed and discussed for
applications to CDMA communication [10]-[15]. The above
families were extended to two dimension and three dimension,
which can be applied to CDMA communication and digital
water marking[16]-[19].

Recently complementary sequences generalized to multi-
dimension, called complementary arrays, were discussed [20]-
[22]. However the first author already reported complementary
arrays, and considered these logic functions, which had been
not considered yet [23]. The logic functions include ones
of complementary sequences [3],[8]. Even-shift orthogonal
arrays, which are closely related to complementary arrays, also
discussed [24]-[26]

This paper concentrates on logical functions of complemen-
tary arrays including polyphase arrays consisting of complex
elements with unit magnitude and complete complementary
arrays that at the same phase-shifts the sum of the aperiodic
cross-correlation functions for two complementary arrays takes
zero for any shift.

In section 2, complementary arrays are defined. In section
3, a method that binary complementary arrays of long length
can be systematically derived from complementary sequences
of the shortest length called kernels, are given. It seems that
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the method can generate all complementary arrays. In section
4, logic functions of binary complementary arrays of length 2
are formulated successfully. The logic functions can give not
only a sequence generator consisting of binary counters and a
feed forward logic, but also the number of the complementary
arrays. In section 5, binary complementary arrays are extended
to polyphase ones with 2™ phases, and give the logic functions
of polyphase complementary arrays of length 2! Quadriphase
complementary arrays included in them may be practicable as
well as binary complementary arrays. In section 6, the results
derived in this paper are summarized and further studies are
mentioned.

Il. COMPLEMENTARY ARRAYS

Let a be a complex array of length L = L{ L, --- L, with
dimension n, defined by

a ={@iy iy, ijin € C| 0 <y < Ly},

where if i; < 0 or ¢; > Lj;, any element is regarded as 0,
ie., a; .. = 0. Concentrate on a polyphase array with
|ai, ... i,| = 1, which includes a binary array consisting of
elements 1 and —1.

Let Cup(71, 72, -+, Tn) be the aperiodic correlation function
between polyphase arrays a and b of length L with dimension
n at shifts 7;(|7;| < L;) defined by

Cab(Tl,TZ, Tt ,Tn) -
Li—1L>—1 L,—1
*
: : z : T z : a'i17i27"'7inbi1+T1,i2+T2,---,in—‘,-‘rn?
i1=0 i3=0 in=0

where x* denotes the complex conjugate of x.

Definition 1 Let a and b be polyphase arrays. If the sum
of these auto-correlation functions takes zero at the same shift
except zero-shift, that is,

Coa(Ti, 72, ,Tn) + Cop(T1, 72, -+, Tn)
N 2L forleTQZ"':TnZOy (1)
10 otherwise,

the arrays expressed by [a, b] are called complementary arrays.
Let [a, b] and [c, d] be complementary arrays. If the sum of
these cross-correlation functions is zero for any shift, that is,

Cac(TlaT% T 7Tn) + de(Tl,TZ, T ,Tn) - 0;
these are called complete complementary arrays.

Note that complementary sequences are discussed as the
special case of n = 1.
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I11. CONSTRUCTION OF BINARY COMPLEMENTARY
ARRAYS

This section concentrates on binary complementary arrays
of length 2™,
Construction methods of complementary arrays are given as
the following theorems.
Theorem 1 Let [a, b] be complementary arrays.
1) Interchanging a and b gives complementary arrays. i.e.,
[, al.
2) Inversion of a gives complementary arrays, i.e., [—a, b].
3) Interchanging some directions gives complementary ar-
rays expressed as

[{aikl Vg 't t lky }v {bikl Vg >ttt lky }]

with 1 < k.., (# k;) < n.
4) Reversing of a, a is a mate of b, i.e.,

[CNL = {a’Ll—il_17L2—i2_1v"' 7Ln_in_17}7 b]

5) Reversing for a direction gives complementary arrays,
ie.,

Proof: The proofs of the items 1, 2, and 3 are trivial. The
item 4 is proven by

C&,a(T17T27”' 7TTL)
Li—1La—1 L,—1

- g E e E a/leilfl,Nz*iz*l,"',aninfl
i1=0 i2=0 in =0

a*

Ni—i1—1+471,No—io—1479,++ ,Np—ip —147,

Li—1La—1 L,—1

= E E § @j1,g2, e i Tjr 411, Go b2, jn+Tn
Jj1=0 j2=0 Jn=0

= Caa(Tl,TZ, ot ,Tn),

where jr = N — i, — 1. The item 5 is also proven by a
method similar to the proof of the item 4. O

Note that Theorem 1 can produce a lot of complementary
arrays. For example, use of 2, 1, 2, and 1 in Theorem 1, in
order, gives complementary arrays, [—a, —b].

Theorem 2 Let [a,b] be complementary arrays of length L
and dimension n. Arrays [a, b] expressed by

Qi ig,o yin  TOF ng1 =0,
bil,iz,---,in for Intl = ].,

iy ig, o yin 10T ng1 =0,
=biyig, e yin FOMipi =1

”
@iy jin, o yining1  — {

bil,ig,--- Vinsingl {
are complementary arrays of length 2L and dimension n + 1.

Proof: It is enough to show that the correlation function for
[a, b] satisfies (1) at shifts —1 < 7,41 < 1. FOr 7,41 = —1

Caa(T1, -+ T, —1) + Cjy (11, - - -
= Cpalm1, ) = Coa(T1, - -
= 0.

» Tny _]-)
,Tn)

For T+l =0
C&&(Tla"' 7Tn70) +C(;{;(T17 7Tn70)
= Caali, + ,7n) + Cpp(T1, -+, Tn)
+Caa(7—17"' ,Tn) +Cbb(7—1,"' 7Tn)
= Q(Caa(Tl,"' 7Tn)+cbb(7—17"' 7Tn))-

For rpy1 =1

Cdd(Tl,"' ,Tn,]-) +C§§(7—1, ,Tn,]-)
= Cba(Tla"' 7Tn) _Cba(Tla"' 7Tn)
= 0.

O

Theorem 3 Let [a, b] be complementary arrays of length L
and dimension n. Arrays [a, b] expressed by

. . . ! _ -.
aQ o Qiy oo iy yin TON 15 = 244,
k3 LR A Y 2 - -l .
R A bil,---,ij,---,in for vy =2t; +1,
. . . I — 95
3 o Qiy oo i yeonyin TON 15 = 244,
k3 LR A Y 2 - -l .
R A _bil,---,ijf",in for 1; = 2i; +1,
or
( . . . .
i oo iy =i oo i
R for 0 <% < Lj,
iy yee il e i = b S, )
11,~~~,z]-:z].—L]-,~~~,zn
. ! .
L for L; <1} <2Lj,
(. . )
iy e iy =il i
. '
Bi p .= fOI’OS’L]<LJ,
17055 n —b. . . .
LA A bzl,---,lj:Z;-*Ljy"'ﬂn
. ! .
L for L; <i; <2Lj.

are cpmplementary arrays of length 27, with dimension n.

Proof: The sum of the correlation functions of the ar-
rays a and b produced by the former method, which are
extension of length L = LiLy---L;j---L, to 2L =
Ly---Lj 12L;jL;4q--- Ly, can be written as follows. For
1; =2k + 1 with |k| < Lj,

C&&(Tl’...’Tj’...,Tn)+C%(7—17...,7-].,...’7—”)

= Cab(le"'aTj:k';"';Tn)
+Cba(7-1,"',Tj:k“‘l,"‘Tn)
_Cab(le"',Tj:ka"',Tn)
_Cba(le"',Tj:k_'_]-,"')Tn)

= 0.

For Tj = 2k with |k| < L]‘,

Cdd(le" yThs ',Tn)_'_CEE(Tl,"',Tj,"'yTn)

= Caa(le"',Tj:ka"',Tn)
+Cu (11,75 = ks Th)
+Caa(7—17"'a7—j:ka"'77—n)
+Cba(7-1""77-j:k7"'77-n)

= Q(Caa(Tla"',Tj:ka"',Tn)
+Cu (11,715 = ks, Ta)).

Therefore the arrays are complementary arrays.

The arrays a and b produced by the latter method, which are
extension of length L to 2L, can be written as the following
correlation functions.
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ForO <7 <L

C&d(ﬁ,'-',Tn)-i-cl;l;(ﬁ,-'-,Tn)

= Caa(Tla"'aTja"';Tn)
+Cab(Tla"'7Tj_Lj7"'Tn)
+Cbb(7—1,"',Lj_Tj7“',Tn)
+Caa(7—1,"'77—j7"'77—n)
- ab(le"',Tj Lj,"'yTn)
+Cbb(7'1;"‘;7'j;"‘,7'n)

= 2(Coalm, -+ ,Tj, =+ ,Tn)
+Cbb(7—1,"' y Ty " 7Tn))-

FOI’L]'<TJ'<2L]'

Caalti, - ) + Cyp(11,- -+, Tn)

— Cab(Tla"'aTj_Lja"'aTn)
_Cab(TI,"‘ VT _L].’...Tn)

= 0.

Similarly it is shown that the correlation function at —2L; <
7; < 0 is almost the same as the above equations. Therefore
this proof is complete. O
The formar and latter constructions are called as the inter-
leaving method and concatenation method, respectively.

A special method of complementary arrays of length 2! is
given as the following conjecture, newly.

Conjecture 1 Let [a,b] be complementary arrays of length
L = 2" with dimension n. Let K = 2* < L. Complementary
arrays [a, b] of length 2L with dimension n is expressed by

,

Qiy,oeyij=maK+my, - ,in

for Z; =2mo K + mai,

) ., )
ally"'ﬂjv"'vln

bi, ..

yij=moK+4+my,- i,

for 2; = (2mg + 1)K + my,

Qiy e yig=maK+my - in

for Z; = QTTLQK +my,

(g

) .,
AR _b. ) .
’ bllf"ﬂj:mzKerl,“'ﬂn

for 2; = (2mq + 1)K + my,
K,0<m < L/K, 0 <i; <2Lj and

with 0 < my <

0<Iy < L.

The cases of K =1 and K = L are true, since these are
corresponding to Theorem 3. The other case can be certainly
confirmed by a computer. Therefore it seems that Conjecture
5 is true. Note that a lot of complementary arrays of length
L = S2' can be derived from complementary sequences of
length S = 1,10 or 26 called kernels[1][4].

Theorem 4 Let [a, b] be complementary arrays. The mate of
[a, b] for complete complementary arrays can be given as [c, d]
or [—¢, —d|, expressed by

Ciyyoeeyin = DLy —iy 1, Ly —is—1,

d;

e in = TAL —iy— 1, Ly —i;—1-

Proof: From Theorem 1, [, d] are complementary arrays. The
sum of aperiodic cross-correlation functions is written as

Cac(T1, T2y yTn) + Coa(T1, T2, -+, Ty)
ab(T1, 72, Tn) — Cap(T1, T2, -+, Th)

=0.

11

O
Example 1 Let [(+,+), (+, —)] be complementary sequences
of length 2, where + and — denote 1 and —1, respectively.
Theorem 2 gives complementary arrays of length 2 x 2 with
dimension 2, written as
+ + ﬂ

P:<+—>ﬁ:<

These aperiodic auto-correlation functions C,.(71,7) and
Cpp(11,72) for —1 < 71,7 < 1 are respectively expressed
by

+ +
_+_

-1 0 1 1 0 -1
0 4 0 |, o 4 o0
1 0 -1 -1 0 1

Since the sum of Co, (71, 72) and Cyy(71,72) IS written as

00 0
0 0,
0 0

O oo

it is confirmed that [a, b] are complementary arrays.
The concatenation method in Theorem 3 also gives com-
plementary arrays of length 4 x 2 written as

( ) (

Since these aperiodic auto-correlation functions C' .o (71, 72)
and Cpp(ry,m2) for =3 < 13 < 3, -1 < 1 < 1 are
respectively expressed by

+ + + +
+ +

+ o+
+

+

1 0 -1 0 -1 01
20 2 8 2 0 21,
1 0 -1 0 -1 01

-1 0 1 0 1 0 -1

-2 0 -2 8 -2 0 -2

-1 0 1 0 1 0 -1

the sum of them is written as

0 00O 0O O0O0OTUDO
0 00 16 0 0 O
0 00 0 O0O0OTUO

Theorem 4 gives the mates for complete complementary

IR R

Since one on the aperiodic cross correlations is written as

+

+
+ o+

+ +
+ o+ + +

1 2 1 0 -1 -2 -1
2 0 -2 0 2 0o -2 1,
1 -2 1 0 -1 2 -1

and the other is done as
-1 -2 -1 0 1 2 1
-2 0 2 0 -2 0 2],
-1 2 -1 0 1 -21

the sum of them takes zero at any shift.
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The interleaving method in Theorem 3 also gives comple-
mentary arrays of length 4 x 4 written as

+ 4+ o+ o+ + o+ + o+
+ o+ - - - - 4+ +
+ - — + |+ - - +
+ - + - -+ - +

Theorem 4 give the mate of complete complementary arrays
as

+

_'_

+
+

+

|+

+

_'_
_'_

+
— +

_'_

++ 4+

And also Theorem 3 gives complementary arrays of length
4 x 4 x 2 with dimension 3

o+ o+ ]+ o+ o+ o+
+ 4+ - -] - + 4+
+ - - 4+ - -+ |
+ -+ - |- + - 4+
+ o+ + +]- - = -
+ o+ - -+ + - -
e N T
e S

— - |-+ -+
T e N
- -+ |- -+ o+
— - - |+ o+ + o+
+ -+ - -+ -+
+ - - |+ - - ¥
Tl+ + - -] - + +
o+ o+ |+ o+

Note that theorems can produce a lot of complementary
arrays of length S2% x 22 x ... x 2I» with S =1, 10 or 26,

in order.

IV. LoGIc FUNCTIONS OF BINARY COMPLEMENTARY
ARRAYS

Assume that Conjecture 1 is true and consider binary
complementary arrays of length L = 2! given by Theorems

1-3 and Conjecture 1.
Let ¥ = (z1,2,--- ,zm) be a binary vector of order m,

whose elements are coefficients expressed by binary expansion
of an integer (0 < z < N — 1) expressed by

2=2120+ 22 + -+ 2, 2m L

Theorem5 Complementary arrays [a, b] of length L = 2! with
dimension n are produced by logic functions expressed as

faliliz, - in)
.. . 114,22, ,2
iy yin,e yin (_1) Qrmmmeem

(_1)fb(i1yi27"' 7in),

)zTL

biy ig -

with
fa(i_l‘a o )Z:L)
= MDD DN\
®ai,101,1 D - Dayy, i,
Daz,1i2,1 D - D as,i2,, 2)
EBan,lin,l SRS an,lnin,ln
EBeaa
fb(i_l‘a"'7i:b):fa(i_£7"'7i:b)@>\l®eb7 (3)

where @ denotes addition over GF(2) (modulo 2), L = 2*,
=Dty 44 Do iy = (25052, i) (1 <
k < 1) is one of elements {i;1, - ,i;;,} of i;(1 < j < n)
with A, # A, for & #m, and a1,1,+ -+ ,an,, €, and e, are
parameters to give different complementary arrays.

Proof: Induction method is adapted to this proof. For n =1
and ! = 1, the logic functions

falir) ay,1i1,1 D eq,
fo(in) fa(in) ® A1 @ ep,
with i = i;; = X, are true, because these can produce all
the complementary sequences for n» = 1. And also, it can be
confirmed that
falit) AMA2 Darning @@ ar it e,
Jo(i1) fa(in) © X2 D ey,
can be produced all the complementary sequences for [ = 2.
Assume that Eqs (2) and (3) for L = Ly L, --- L,, are true.
Theorem 3 gives the logic functions of complementary arrays
[a,b] of length 2L = Ly Ly - - - L, L, with dimension n + 1
as

f&(i_ia e 7/L.:L:/L.n+171)
= (inJrl,l ®_‘1)fa(il_;" o ,Zn)
Dint1,1fo(in, - in) D ey

= ins11falil, - 5in) @ falil, - 0n)
®in+1,_}fa(il,;' “in) @int1,1N Bint1160 B ey
= fo(i1, - ,in) Bint1,1 N Bint116 D ey
=A@ - DN D Nipg11

a1, D Day iy,

EBan,lin,l b---D an,lnin,ln

ﬂ}ebin+1_l1 Dey,
filit, - Sin,ing1,1) . .

= (int1,0 @ Dfa(in, - yin)

Dint1,1(folin, -~ sin) ©1) D ey

= fo(i1, - ,in) Bint11 A Bint1,16p

@in+1,1 Dey
Setting i1 1,1 = int1 = M1, € = Gny1.1, @nd e, = €3, and
rewriting e, G ey as e,, the above equations are corresponding

to Egs (2) and (3). .
Consider the logic functions of complementary arrays [a, b]
of length 2L = Ly Ly ---2Ly - - - L,, with dimension n derived

from Conjecture 1.
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Let i} be a vector of order I + 1. Let iy be a vector of
order [, which removes an element iy, ,,,, from ¢y, written as
ik = (Tk,1s s Thymp—1sGk,mpt1, " 5 0k,0,) With 1T < my <
I + 1. These logic functions are written as

=

falit, - ik, ain) .
= (ki ® Dfalit, ik, yin)
@thkfb(ll,--- ,’L.Nk_: ,Z;;) D ey
= i faliT, 0 ik, i)
@fa([,;,... ,i;c,---_),i;)
Bty falits - iky - yin) B ikmo N

Dik,m e P ey

= fa(ila T ,Z';,, T ,Zn) D ikymk)‘l ©® ik:mkeb Dey
=M@ BN D )‘lik,mk

Bai iy B Dar i,

Dak,1tk1 D D Akymy, 1 Tk, D CHEE,my,

®ak7mk+1ik7mk+1 S D a’k7lkikylk
EBan,lin,l DD an,lnin,ln
Dey,
fb(il, (ik’ik mk) ;inl
(Zk my D ]-)fa(zla N T ,in)

®Zk Mg (fb(lla
_fa(lla 7.~

T
Dlr,m;, D ey-

gy i) ®1) e,

7Zn) 5] ik,mk >\l @ ik,mk €p

Setting ix,m, = Ai+1, €5 = Gr,m, and e, = e, the above
equations are corresponding to Eqs (2) and (3). Therefore the
final result is obtained. O

Theorem 6 Let f,(-) and f,(-) be functions of complementary
arrays [a,b] of length L = 2! with dimension n. The mates
[c,d] of [a,b] for complete complementary arrays can be
produced by

fc(i;,--- fa(i;,---
fd(i;,"' fa(i;,---

where e, is the given parameter in Eq.(3).

7i:1.)®>\1@eb7
Jin) DA BN DL

Jin)

Jin)

Proof: In Theorem 4, ¢ and d are the reverse of b and the
|nver5|on of the reverse of a, respectively. Note that the reverse
of i, can be expressed by the inversion of i;, i.e.,

—~!

ij = (0 ® 105201, 150, 1)

Therefore these logic function can be expressed as

-1 —1

felit, - yin) = folit, - in)
= f@, i) eNel)de,
- - 1 1
fd(lla"'aln) - ftl(ll?”'7ln)@1'

where ey is the given parameter in Eq.(3). As well as the proof
of Theorem 5 substituting Eq.(2) to the above equations, and
arranging parameters give the final result. a

13

Note that the given logic functions can provide a sequence
generator, whch consists of a feed forward logic circuit derived
from f(-) and binary counters generating the input vectors

21,22, 5, ln -

Example 2 Let [a, b] be complementary arrays of length 4 x 2
with dimension 2. From Theorem 5, these logic functions are
given as

fa(ilai2) >\1)\2 D )\2)\3
@aiti,1 D ariie @ a1 D eq,

fali1,i2) ® A3 @ ey,

- -

fo(in,i2)
where Z_i = (’L.171,’L.172) and Zg = (i271). Let )\1 = ’L.171,>\2 =
i2,1,A3 = i12 and aiqg = a2 = a1 =e, = e, = 0. The
logic functions of a and b are written as
falit,i2) =id1102,1 Dio i,
folinyiz) = falir,iz) ® iy .

Similarly, from Theorem 6 the mate [c,d] of [a,b] for
complete complementary arrays is also expressed as

felit, iz)

Table | shows the truth table of the above logic functions.

falit,iz) ® i1,
falin,iz) ®i11 D1 2@ 1.

TABLE |
TRUTH TABLE OF LOGIC FUNCTIONS OF BINARY COMPLETE
COMPLEMENTARY ARRAYS.

g d12 1 | fa() | () [ fe() | fa(r)
0 0 0 0 0 0 1
0 0 1 0 0 1 0
0 1 0 0 1 0 0
0 1 1 0 1 1 1
1 0 0 0 0 0 1
1 0 1 1 1 0 1
1 1 0 1 0 1 1
1 1 1 0 1 1 1

Therefore the binary complementary arrays defined by

= (-1,

Siyia

where s is a, b, ¢ or d, are easily generated. Note that these
are the complementary arrays of length 4 x 2 in Example 1.

Note that selection of the parameters Ai, Ao, A3 €
{i11,811,021} (M1 # A2 # A3) and a11,61,2,02,1,€q,€5 €
0,1 can give a lot of different complementary arrays of length
4 x 2.

So that, Theorems 5 and 6 can easily produce a lot of
complementary arrays of length 2! with dimension n, which
include complementary sequences with n = 1.

Theorem 7 The number of complementary arrays of length
2L with 1 > 1, is

#ab =221 - 1)(1 -2)---1.

Proof: For the logic function f,(-) of Eq.(2), the number of

different expressions of A1 Ao ®- - -® N1 A; is 1!/2, the number
of patterns (ay 1, -+ ,an,,eq) is 2. Therefore, the number
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of different sequences a’s produced by f,(-) is I!2. Since the
number of different b’s for a, which is produced by f;(-) of
Eq.(3), obeys the selection of A\; or A\; and e, € {0,1}, it is
22, Therefore the final result is obtained. a

Note that dimension n is not related to the number of com-
plementary arrays.

The number of different complementary arrays of length 2!
are listed in Table II.

TABLE Il
THE NUMBER OF DIFFERENT COMPLEMENTARY ARRAYS WITH LENGTH 2
AND 2" PHASES.

I [T m=1] m =2 m =23 m=4
18 64 512 2048

2 | 32 512 8192 ~ 1.3 x 10°
3] 192 6144 ~1.9x 105 | ~6.2x 108
4 | 1536 98304 ~ 6.2 x10° | ~ 4.1 x 108
5 | 15360 ~1.9%x10° | ~2.6x10% | ~3.2x 1010
6 | 184320 | ~~4.8 x 107 | ~ 1.2 x 10° | ~ 3.0 x 1012

V. POLYPHASE COMPLEMENTARY ARRAYS

This section clarifies polyphase complementary arrays with
M = 2™ phases, whose elements takes

wh, = cos 2k + jsin 2k
M= )T

with j = v/—1 and 0 < k < m. Especially quadriphase com-
plementary arrays with elements {+1, 45} included in them,
are interesting, because in general quadriphase sequences are
practicable as well as binary ones.

The following theorems can be given without proofs, since
these are similar to proofs of theorems for binary complemen-
tary arrays.

Theorem 8 If [a,b] be polyphase complementary arrays,
[wk a,b] is also polyphase complementary arrays.

Complementary arrays of the same length can be derived
from Theorems 1 and 8. For example, [w'ia,wk>b] are also
complementary arrays.

Theorem 9 If [a,b] be complementary arrays, the mate of
complete complementary arrays [c, d] is given as

_ ok , .
Cipyeer in = WiybL —i1 =1, L —in—1,

)

_ k
iy yooe i = WALy —is =1, Ly =i —1-

)

Theorem 10 Logic functions of polyphase complementary
arrays [a,b] of length L = L;---L, = 2! with dimension
n and 2™ phases, which are mapping from V™ to integers
modulo 2™, can be expressed as

Fa(i1,02,0 in)

Qiyyig,eoryin = M )
b . _ Jo(i1,i2, yin)
21,22, 4ln - M .

14

with
fa(i;, e ,Z:l)
=2 A B XA B - D AN
®aj iy @ Dag iy OO ay, ing, Deg)
D22 (af 1i1n @ DA iy, D@ ady ing, Ded)

D2°(aying ® - @ al’y iry, @ Dayy ing, e,

where @ denotes addition over modulo 2™, L; = 2, [ =
lLh+l+--+1,, Z; = (’L.j71, ce ,ijyl].), )\k(l <k< l) is one
of elements {ij,1 -~ -ij.,} of i;(1 < j < n) with A, # A\, for
k#m, a%,l"" ’ailn"" ,azln,ellw... ,e™ and e%,--- ,em
are parameters to give different complementary arrays.

The mate [e, d] of [a, b] for complete complementary arrrays

can be generated by

Felit, - yin) = falit, -+ in)
®2m71()\1 ® ei) ® 2m72ez s 2m7mezn’

Fa(i, i) = falit, - in)
@2 N dXN D) B 2™l - B 2™ el

where €2, - ,e™ ! and e, -+ e ! are elements of {0,1}

to give different complementary arrays.

Example 3 Let [a, b] be complementary arrays of length 4 x 2
with dimension 2. From Theorem 10, these logic functions are
given as

- -

falit,i2) = 2(A1A2 D A3
@ailil,l ® ai2i1,2 ® a%’1i2,1 @ el),
@ailhg D 0%722'1’2 P a%ﬂm P ez
folityis) = falil, i) ®2(Ns D ey) D e,

where Z_i = (’L.171,’L.172) and Zg = (i271). Let )\1 = ’L.171,>\2
’L.271,>\3 = i172 and a%yl = l.ab = a%’l =0, a{f’l = O.CL%’Z
a3, = le, =€) = e, = ej = 0. The logic functions of a

and b are written as
falin,is) 2(i1 1921 B i21l12Bi1,1) Biro Ding,
fo(ir,iz) Jaliv,iz) @ 2y ».
Similarly, the mate [¢, d] of [a, b] for complete complementary
arrays is also expressed as
felityiz) = falit,iz) ® vy,
fa(ia, iz) falin,iz) ®i11 D1 2@ 1.
Table 111 shows the truth table of the above logic functions
of polyphase (quadri-phase) complementary arrays. Therefore
polypahse complementary arrays defined by

-7Tfs i_‘ai_‘
exp( L 12),

Siy, iz

where s is a, b, ¢ or d, are easily given as

(1 -1 5 —=j (1 -1 =5
{“‘(j i1 1>’b_<j j -1 -1 ]|
and

(1 1 3 _ (-1 =1 35 3
P"(a‘ 1 —1>’d‘<—j i1 —lﬂ’
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Since these aperiodic auto-correlation functions C',, (71, 72)
and Cpp(r,m2) for =3 < 74 < 3, -1 < 7 < 1 are
respectively expressed by

1 0 -10 1 0 -1
25 0 25 8 -2 0 -2 |,
-1 0 1 0 -1 0 1
-1 0 1 0 -1 0 1
—2j 0 —2j 8 2j 0 2j

1 0 -1 0 1 0 -1
the sum of them is written as

000 0O OO0OTDO
0 00 16 0 0 O
000 0O OO0OTDO
Note that selection of the parameters A\, X2, A3 €
{i11,010,021) (M # A2 # Az) and a1,1,01,2,02.1,€q,€5 €
0,1 can give a lot of different complementary arrays of length
4 x 2.

TABLE 11
TRUTH TABLE OF LOGIC FUNCTIONS OF POLYPHASE COMPLEMENTARY
ARRAYS.

i g2 i1 | fa() | fC) | fe() | fa()
0 0 0 0 0 0 2
0 0 1 2 2 0 2
0 1 0 1 3 1 1
0 1 1 3 1 1 1
1 0 0 1 1 1 3
1 0 1 1 1 3 1
1 1 0 0 2 0 0
1 1 1 0 2 2 2

Theorem 11 The number of polyphase complementary arrays
with length 2! and 2™ phases, is

#ab = 2" (1 —1)(1-2)---1.

Note that the case of m =1 is equal to Theorem 7.
The number of different complementary arrays with length
2! and 2™ phases are listed in Table IV.

TABLE IV
THE NUMBER OF DIFFERENT COMPLEMENTARY ARRAYS OF LENGTH ?.

[ # ab | # ab

118 9 ~ 7.4 x 108

2 | 32 10 | ~ 1.5 x 1010

3| 192 11 | ~ 3.3 x 10T

4 | 1536 12 | ~ 7.8 x 1012

5 | 15360 13 | ~ 2.0 x 10™%

6 | 184320 14 | ~ 5.7 x 1015

7 | 2580480 15 | ~ 1.7 x 10%7

8 | ~4.1x107 || 16 | ~ 5.5 x 108

V1. CONCLUSION

This paper has clarified the construction of complementary
arrays with length L = S2' and the phase number 2™ with
S = 1,10,26 and m > 0, which include complete com-
plementary arrays. The functions generating complementary
arrays with S = 1 have been formulated. It has been shown

that these number relates to length and the phase number, but
not the dimension.

The fact that the complementary arrays can be systemati-
cally derived from complementary sequences may be useful
for extension to multi-dimension for the other families of
complementary sequences. Complementary arrays will be used
as secret information in the digital watermark for the copyright
protection, because of possession of good characteristics, such
that the number is a lot, and these aperiodic auto-correlation
property is optimal.
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