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Analysis of Complexity of One-dimensional
Chaotic Maps with Entropy Characteristic

Sen Pei, Zhiming Zheng

Abstract—Chaotic phenomena are widespread in a variety of
research fields. In this paper, we investigate the complexity of
one-dimensional chaotic maps with entropy characteristic. First we
analyze the dynamics of one-dimensional chaotic maps. Then we
analogize the iteration of maps to a one-sided shift transformation, and
give a probability explanation of Lyapunov exponent by Ergodic
Theory. We use the entropy of corresponding shift to reflect the
complexity of these maps, providing a new way to characterize
complexity of chaotic systems.

Keywords—Chaos, Complexity, Entropy, Ergodicity, Lyapunov
Exponent.

I. INTRODUCTION

INCE the middle of 20th century, a large number of chaotic

phenomena have emerged in the research of physics,

astronomy, meteorology, life sciences, sociology, economy,
etc. The Lorenz system in meteorology and Van der pol
equations in electrology are two well-known examples. Because
of its difficulty and great value in solving practical problems,
the research on chaotic phenomena with different structures has
continued to today since 1960s, and it is still a frontier and hot
spot in non-linear science. The fundamental research on chaotic
phenomena, which is based on application background widely,
is of great significance not only in mathematical theory but also
in practical applications. So in the last decades, there are many
good research results of chaos appear [12]-[16].

One of the essential properties of chaos is the sensitive
dependence on initial conditions. A sufficient condition for a
system to have this property is to have a positive Lyapunov
exponent. Therefore, to see whether a system has a positive
Lyapunov exponent along critical orbits is an important method
to study chaos. One-dimensional maps are the most fundamental
maps, so the investigation in these maps has great value in
non-linear science. The study in this field is started by
considering maps which are induced from special maps. In 1983,
Benedicks and Carleson [1] gave metric condition for

F(x;a)=1-ax?,(=1< x<1), where a is a parameter in

(0,2), to be Collet-Eckmann (i.e. to have a positive Lyapunov
exponent along the orbit of the critical point). In 1993, D.Sands
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[7] analyzed the mechanism of chaos on general S-unimodal
maps in a topological point of view. Later in 2003, Zhang
Tingting [6] studied a class of maps F(x;a) =1—ax?, and
gave topological conditions for positive Lyapunov exponent of
these maps. In order to generalize their works, here we study
more general maps, which are multi-modal, in a topological
perspective.

Complexity is an important property of a chaotic system. In
some research fields, such as informatics, computer sciences,
statistical mechanics and complex networks, entropy are used to
characterize the complexity of a certain system. In this paper,
we want to use entropy to depict the complexity of
one-dimensional dynamical systems, so that we can compare the
complexity of two different dynamical systems.

In this paper, we construct a topological tool which applies to
general multi-modal maps. We partition the iteration interval
[-1, 1] into infinite small open intervals with the pre-images of
critical values. We depict a point’s position by the small open
interval which it falls into. Analyzing critical orbits by this tool,
we find that the critical orbits behave somewhat periodically.
Then we analogize the iteration of maps to a one-sided shift
transformation. By Ergodic Theory, we give a probability
explanation of Lyapunov exponent, which provides a numerical
computation method to calculate this exponent. We use the
entropy of corresponding shift to reflect the complexity of these
maps, providing a new way to characterize complexity of
chaotic systems.

II. BASIC DEFINITIONS

In this section, we will introduce the definitions of regular
family of maps and Lyapunov exponent, which are the main
research objects in this paper. We will see that maps satisfying
these conditions are ubiquitous. Assume f :/ — I to be a
C? map, where / = [-1, 1]. Our research work is based on the

regular map family {f,} _, with perturbable parameter a .

We demand a is very close to a’ . In the following discussion,
we denote /" (x) asx, forany pointx € /.

Definition 2.1[2] A point ¢ is called a critical point of f
if f'(c)=0;andletC(f)={cel| f'(c)=0}. A critical
point ¢ € C(f) is said to be non-flat, if there exists a
neighborhood of ¢ and a constant 7, > 2, such that f is C  in

the neighborhood of ¢ and £ (c)=0,i= L2, 7.1,
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[ (c) # 0, equivalently, if there exist positive constants

¢ and C, such that
c.p " S Df(x)[< e p

where p(x)=dist(y,C(f))=min{|x—c'||c' e C(f)}.
We call f:1 — I non-lat, if for every c € C(f), it is
non-flat.
Lemma 2.2[2] Let f : ] — I be a C* map without flat critical
points. Then f consists of finite critical points.

Let {Cl,cz, .- -,Ck } be the set of critical points of f, where
c'<c? << ch Definec’ = -1, =1.
Definition 2.3[2] f is said to be a bounded distortion from
linearity if it satisfies that forx,y € I,

Df (x)
Df (y)

where ¢, is a positive constant and p(x) = dist(y,C(f)).

| p()

[x=y)

Definition 2.4[2] Let P be an interval of parameter. A map
family £, (x),x € [,a € Pisregular,if f,(x) is C* wur.t. (x,

a) and for everya € P, f, (x)is a bounded distortion from

linearity without flat critical points.

Definition 2.5[2] Let {f,},_pbe a regular map family. A

aeP

parameter a" eP is said to be perturbable w.r.t.

family {fa}aep, if

(M) There exists a neighborhood of C(fa* ), V= U s )Vc ,

where V_is the neighborhood of ¢ € C(f ), such that
Urrcunnw =2
n>1

and f . has no stable periodic point. That is, there exists

& >0 such that

dist(J £2(CL ). C(f) 2 e

n=l
and f r has no stable periodic point.

(CE) There exists & > 0, such that for every & € (0,&" ) and
- . i _ _
n=1,if x € [ satisfies f . & V() Ucec(fa*)(c 0,c+0)
fori=0, 1,2,...,n-1 and f:(n) € V(5), then
|Df (X)) [z k.

(T)
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0,f"(cy’(a),a’)
0./ (e"(a),a’)

where ¢} (@) denote the /zh iteration of critical point ¢’ (a" ) of

m|

n—»0

[=0() #0,

map fa* ,i=1,2, ...,
These maps are very common in one-dimensional maps. For
. 2
example, for function F'(x;a) =1—ax”, we can prove that

a=2 is a perturbable parameter of the map.
We give the definition of Lyapunov exponent. Assume

f :1 — [ isamap and let C(f) be the set of critical points of f.
We define the Lyapunov exponent of f as
£ log| DI (F(CCOM|

n

limin

If /' has a positive Lyapunov exponent, we know that for each
critical point ¢,

limin

n—»m

flogIDf”(f(C'))|>0’
n

equivalently, there exist k> 0 and A > 0, such that for all 7 > 1
| D" (") [> kA"

Notice that, by the chain rule,if the critical orbits fall into a
near neighborhood of critical points, Lyapunov exponent will
suffer a great down in value. So we need to investigate the
dynamics of the critical orbits if we want to analyze Lyapunov
exponent.

In Ref [4], it is proved that an interval will expand
exponentially for a long time on the condition that the parameter

a is very close to perturbable parameter a , which means the
interval will cover critical points in finite iterations. This
property guarantees the feasibility of the construction method of
our topological tool introduced in the next section.

III. POSITION FUNCTION

In this section, we will partition the interval [-1, 1] into
infinite subintervals, so that we can use the subinterval which a
point locates to depict the distance between this point and
critical points’ set C(f).

We take one of the critical points ¢” as an example. Obviously,

t+1

the interval (C[,c ) is the largest monotone open interval

under 1 on the right side of ¢’ . We partition this interval with a
topological method, which is uniform to all the critical points.
Without loss of generality, we only consider the situation of
right side. We begin our partition process by induction.

Definition 3.1 For t=1,2,---,k , define open interval

I(R,t,0)=(c',c"™") . Let

SUR,t,m=1) C(HNI(R,t,m~1)=T
FUJR,t,m=1)) C(HNI(R,t,m—1)=D

I(R,t,m)
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where J(R,t,m-1) is the component of [(R,t,m-1)\C(f) which

. t . ..
contains C,,. The parameter ¢ means we consider the critical

point c' ; m denotes the induction time; R means the interval we

discuss is on the right side of ¢’ . If we discuss the left side, we
use parameter L instead of R. We can also define I(L ,t, m) as
above.

We know that when an interval covers critical point, the
monotonicity under f will change. So the largest monotone

interval on the right side of ¢’ will diminish. We only consider
the largest monotone interval that contains critical points J(R, ¢,
m-1) in the following induction. We call this manipulation a
cutting process. If the interval /(R, ¢, m) covers any critical point,
we call the induction time m a cutting-time, which is denoted by
a function F(R, t, n). Here, the parameter n means this is the ns
cutting process since the induction began. Notice that /(R, t, m)
may cover more than one critical point. We only concern the

one which is the nearest to cfn. We denote this critical point

N(R,t,n) N(R,t,n)

byc , so the endpoints of J(R, t, m) are c:n andc
Consider the pre-image of J(R, ¢, m) under /™. Obviously, one
endpoint isc’, and we denote the other by ¥(R,#,n). In fact,
7(R,t,n) N(R.tm)

=C_r(Rynm)

n+ 1) = max{mz F(R; t; n) | f" |

. By the analysis above, we have F(R, ¢,

& Rt is monotone},

1 F(R1n)+1 .
where ¥(R,t,n) = supixe [c',c™'] | frR |(C,,X) is
monotone}.

Definition 3.2 Define the cutting-interval of C(f) as follows:

Vin)= @(V(L,f, n),y(R,t,n)),n =12,

We have finished the partition of interval [-1, 1]. The situation

around ¢’ is shown in Figure 1 below.

WLtm) WL tnt]) & WREa+D) MR LA)

Figure 1

Now we introduce the Position Function P. We use this
function to reflect the distance between a point and critical
points. In the following discussion, we use (a; b) to denote the
open interval whose endpoints are a and b for simplicity.

Definition 3.3 For xe [-1,1], define

P(t,x)=max{me N| f"| @) is monotone}.

X

P(z, x) is a step function, which is non-decreasing as x gets

close toc' and can be arbitrarily large. The discontinuities of
this function must be pre-images of critical points, but not all the
pre-images are discontinuities. In fact, the discontinuities are
corresponding ¥ . We have

P(t,x) =min{F | (c';7) = (c';0)}.
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Here y is corresponding to the cutting time F. By the definition
of F(R, t, n+ 1), we know that F(R, ¢, n + 1) =max{m= F(R, ¢,
m . . . m _ i
n)| f(c',y(R,t,n)) is monotone}. Considering " |,= f |.f'/”’i ,
we have that F(R, t, n + 1) = F(R, t, n) +max{m 2
o f |fF(R”’”)(c’,;/(R,t,n)) is monotone }. Combine with the

position function P, we can get
F(R,t,n+1)=F(R,t,n)+ P(N(R,1,n),Cp )

So the value of position function is a cutting time, and the
difference between two successive cutting times is also a cutting
time.

It is easy to know, when x € (¥(L,¢,1), ¥(R,1,1)), P(t, x) 2
1, and P(i, x)=0 for i # t. We only concern the nonzero one. So

we can use P(x) to denote the largest value of all P(¢, x).
Now we define some notations related to position function.

For xe(c',7(R,1,])), if P(x) = F(R, t, n), denote the

N(R,t,n)

corresponding ¥ as F(x) =C ppsm - Define P*(x) =F(R 1,

n+1), P (x)=F(R t n-1). Especially, if there exists n > 0
such that £ (x) & C(f), i=0,1,....n-1, and " (x) € C(f),
we denote P(x) = n, F(x) =x.

IV. THE DYNAMICS OF CRITICAL ORBITS

We analyze the dynamics of critical orbits with position
function. We only consider the right side of a critical point, the
other side is just similar.

Recall p (x) is the distance between x and C(f). According to
the definition of F(x) , we know that for any ¢’ € C(f),
p(c')> p(P(c')). Besides, by the definition of F(R, 1, ),

the interval (¢’, (R, t,n)) is monotone under £, 1< is F(R,
t,n+1).
Consider the definition of the function F, we have

Lemma 4.1 For x € (¢', y(R,t,1)), if there exists a cutting
pointy = CiVF e(c',x), then P(x)2 F.Here Ne {1,2,...k},F

is a cutting time.
Lemma 4.2 Assume F=F(R, t, n), N=N(R, t, n). Fori < F, we

have P(c!) > P(f"(c’.)).

Proof: If it is not in this case, we have Figure 2 below.

ol RACLS P(sh) o

Figure 2

By the definition of P, Figure 2 implies F-i > P(c; ) . However

P(c))e f' |(c;”'F;"') Lie ¢, € (c™:;¢"), which means
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that P(c;) +i> F. So we get contradiction.

Lemma 4.3 For any N,N, €{l,2,---,k}, and N, # N, ,
denote F;, = F(R,N,,m;), i =1, 2, where m, are positive
integers with m, < m, . If the distribution of Civgl R Cf}z and ¢’

is like Figure 3 below,

Figure 3

then Cg]z ,ng must be in (y(L,N,,1), (R, N,,l)). Besides,
if Cg/z , cgz are on the same side, P(ng) > P(ng) :
Proof: By the definition of y, the corresponding critical points

of ng , ng areallc™. IfP(Cg2 )< P(Cj%[2 ) we have Figure 4.

. !

it
=EEH i

Figure 4

According to Figure 4, we have F, —F > F, , which

contradicts with the definition of .
Now we discuss the dynamics of the orbits of critical points.

For any ¢' € C(f), IR, t, m) will cover critical points
infinitely according to the discussion in Ref [4]. But f has finite

critical points. So there must be a critical pointcN covered by
the interval for infinite times, which is shown in Figure 5 below.

e M M N
« s . < & o
-F -F -F

Figure 5

Here, we have F{ < F, < F; <--- By Lemma 4.3, we have

P(c; )z P(c.),i=12,....So0c" will get closer to ¢" under
the iteration.

Now let us discuss the iteration of the map. For any xe
[-1,INC(), we assume x falls into the neighborhood ofc’ ¢,
P(x)=F", ﬁ(x) = Cf; , as shown in the following figure.

F

Figure 6
Definition 4.4 Fort=1,2, ..., k,n=1, 2,..., if F=F(R, t, n),
define F'"=F(R, t, n+1). For any cutting time F, denote A F =
F" — F .For every given F, denote F,={F(R, i, m)|F(R, i, m)
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S Frand FR, i, m+ 1) > F}.

Here, we denote the cutting time corresponding to ¢’ which is
no bigger than F as F,. In the next lemma, we will see this
cutting time is an important parameter.

Lemma 4.5 For F # I, P(x;)=A(F)).
Proof: If (F})" = F(R, ¢, ), denote N"=N(R, t, I). We have the

figure below.

f + N s M,
¢ 7 % el o
Y W N W,
Cg Curvm TR TR Cam O
Figure 7
Though Ci\z £y Ay coincide with ciVF , this situation will not

affect our proof. For Ci\Z(F‘) E(XE;CN‘) , by Lemma 4.1,
P(x,) SAE).

Because X, € (¢h;¢™), we have P(x,.) > P(c}.) Apply

Lemma 4.2 to ¢’ and Cz ., we have P(c},) > P(Ci\Z(F)) .

£)
If P(CiVA( gy) <AF, . then there exists a cutting

time /. < (F;)", such that C;j(FY—ITi) € (CivA(E);CN"). So we

have Figure 8.

£ i od N,
o e -F ol
_F;F A =E F;
l :
g i s
°s iy SeeR ©
Figure 8

F <(F)" ,soF <F, Nomatter i, <F,orF =F,,
they all contradict with the definition of CiVF . So we have
v
P(C—A(F,-)) > AF:.andP(xE )= A(F).
Finally, we have P(x,. ) = A(F}).
Lemma 4.6 If F, = F,P(x,) > AF = F" — F . Especially

N, LN
when there exists ¢’ . € (x;¢ ), P(x;) = AF .

Proof: The distribution of the points is shown in the figure
below.

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND INFORMATICS



Issue 2, Volume 5, 2011

¢ nt x n
< ek Cr
l :
£ nt x n
F  Clar F c
Figure 9

By Lemma 42, P(x,)>P(c,)>P(c",) . We can
prove P(c",) > AF as above. So P(x,,) > AF . Especially,
when Cfp+ e(x;c".), wehavec?,, € (x,;¢"), by Lemma
4.1, P(x,) < AF ,so P(x.)=AF .

Based on the analysis above, we have the next theorem.
Theorem 4.7 For any point x € (c',y(R,t,1)) , assume

P (x)=F ,F,(x)=max{A(F))|i=12,....k}. Then for i
=1,2,... P (x)-1,

S ONUGLLF, (), 7R, () = 2.

We can see that, for i =1, 2,..., P"(x)—1, f'(x) always
stays outside of a neighborhood of critical points, but

£ % (x) may fall into this neighborhood. By the chain rule,

we know that if the critical orbit falls into a near neighborhood
of critical points, Lyapunov exponent will suffer a great down in
value. If critical orbits stay a distance from critical points for a
long time, which makes an exponential increase to Lyapunov
exponent, Lyapunov exponent will keep positive. Lyapunov
exponent first increases exponentially under finite iterations,
then decreases to much degree, followed by a gradual
exponential increase again. So the great decrease and gradual
increase alternate with each other. On the whole it keeps
positive and the iteration of the function on the critical points
behaves somewhat like a periodical movement.

V. THE ERGODICITY OF CRITICAL ORBITS

First introduce some important definitions and results in
ergodic theory.

Definition 5.1[3] Suppose (X, 3,,m,) , (X,, S,,m,) are
probability spaces. A transformation 7 : X, > X,
measurable if T'(B,)c B, (e T 'B,ef )
transformation 7" : X| = X, is measure-preserving if T is
measurable and m, (T (B,)) =m,(B,) for any B, € 3, .
Wesay that 7 : X, = X, is an invertible measure-preserving

is

A

transformation if T is measure-preserving, bijective and T’ s
also measure-preserving.
Definition 5.2[3] Let (X, f,m) be a probability space. A
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measure-preserving transformation T of (X, ,m) is called

ergodic if the only members B of S with 7' B = B satisfy
m(B) =0 orm(B)=1.

If T is measure-preserving, then the following statements are
equivalent: (1) T is ergodic; (2) whenever f is measurable and
fo T(x) = f(x) a.e. then f is constant a.e.

The first major result in ergodic theory was proved in 1931 by
G.D.Birkhoff.

Theorem 5.3[3] (Birkhoff Ergodic Theorem).

Suppose T : (X, f,m) — (X, f,m) is measure-preserving
n-1 i

and f € L'(m) . Then (l/n)zl_=o f(T"(x)) converges a.e.

to a function f~ € L'(m) . Also f~ oT = f " a.e. and if m(X)

<0, thenjf*dm = jfdm

If T is ergodic then f* is constant a.e. and so if m(X) < o0,

= (UmX)) Ifdm ae. If (X, f,m) is a probability

space and T 'is ergodic we have
Vf e L lim(1/n)y " f(T'x) = fdmac.

Let T be a measure-preserving transformation of the
probability space (X, 3,m) and let f € L'(m). We define
the time mean of f'at x to be

.1 o ; . Ce
hm—z‘ : f(T'(x))if the limit exists.
n—o p i=0
The phase or space mean of f'is defined to be

[ xS Goydm.

The ergodic theorem implies these means are equal a.e. for all
f € L'(m) ifand only if T'is ergodic.

A special type of product space will be important for us. Here
each space (X, B;,m,)is the same space(Y,/, 1) and Y is
the finite set {0,1,....k-1}, ¢ = 2" (the collection of all subsets
of Y'), and f4 is given by a probability vector ( p,, p;,... P;_;)
p; = 1({i}) shall the
{(x)", | xX;=a for| j|<n}by_,[a_,, -+, a,], and call it
block We
The

where We denote set

-n and

]’7) - H::—n

measure m is called the ( p,, p,,... p;_, ) -product measure.

a with  end  points

have m(_,[a_,, a,,,a

n.
a—(r/—l) 5T Uy Uy pa‘/.
Sometimes we consider blocks with end points /# and / where /4
<

I. Such a set is one of the form ,[a,, --,q,], =

{ ()| for h<i<l }.It

H;h p,, -Let (X,B,m) = H:(Y,ZY,,U) . If we write

X, =a,; has measure
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points of X in the form ( X, X,,... ), X; € Y , then define T: X
- X by T(X,,X,,X,,...)=(X;, X,,... ). This transformation is

called the one-sided ( p,, p,,... p,_; )-shift. It has proved that

T is measure-preserving, although it is not invertible. Moreover,
T is ergodic[3].
We analogize the iteration of map to a one-sided shift. First

we will construct a probability space (X, 2,m).

We divide the interval [-1, 1] into m parts equally. Here we
demand m is large enough so that the derivation in each part

does not change much. We denote the symbol set {0,1,...,m-1}

as Y, and use 2" to denote the collection of all subsets of ¥ N7AT
a probability measure, and we will introduce its definition later.

(Y,2", 1) is a probability space. Let (X, 2 ,m)

H:(Y ,ZY, M), where m means the corresponding product

measure. Then (X,2,m) is the product space corresponding to

.2, p).

Choose a critical point ¢’ , and denote its orbit as a one-sided
infinite sequence I, =( X, , X, , X3 ..., X, ,...). IfC, €
[-1+2i/m,-1+2(i+1)/m], take X, = i. We define probability
measure £/ by a probability vector ( p,, p;.... P, ), where
P, means the probability that i appears in the sequence /.

Then the probability measure space (X, 2,m) is well defined.
We consider the one-sided shift transformation 7 on (X,
2,m).We know that T is measure-preserving and ergodic. We
can analogize the iteration of map to 7.
Assume f € L'(m), the time mean of fis

1 n-1 i
lim— T'(x)) ,
lim 3 /(T (6)
and the phase mean is J. +f(x)dm. By ergodic theorem,

N ;
lim—= E _ (;f(T’ (x)) exists a.e. forany f € Ll(m) , and
n—w© p =

}gg%ZZJﬂT"(x» = [ o f ()dm
We want to calculate the Lyapunov exponent. By chain
rule, log| Df"(c;) | = log| Df (cf) | + log | Df (c3) | + ..
+ log| Df(c))| , so what we need is to calculate
log| Df ().

Define g : X— R as follows: for /=( X, X,, X;,..., X ), if

PEDE

X, =i, define g(/) as the average value of log | Df (x)|on the

interval [-1+2i/m,-1+2(i+1)/m]. 1If C; falls into this interval,
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we use g(/) to estimate log | Df (c!)) |. Obviously, g € L' (m),

so we have
. 1 n—1 i
lim— 37 &(T"(4y)) = [ gCa)dm

For any /e X, we denote the i coordinate of / as I(i). Let

X,=t1e X|i(1yi}, wehave x= | J' X,

i

Now we analysis the meaning of I ¥ g(x)dm .

[ g(udm=33 gm)

i=0 leX;

m—1

=YX Y ml)=

i=0 leX;,

Y e (X))

The Lyapunov exponent is the synthesis of different values of
log | Df (c)| with their probabilities, just analogous to the

(T"(1y))

just reflects the specific form of this synthesis. By ergodic

n-1

.1
expectation in Probability Theory. llm—z‘ g
n—® p i=0

m—=1
theorem, this formula equals toz g(X,)u(i), where p (i)

i=0
represents the probability that critical orbit falls into the interval
[-1+2i/m,-1+2(i+1)/m]. We know that when the intervals locate
near critical points, g(i) is very small. So if we demand the
Lyapunov exponent keep positive, the probability that critical
orbit falls into these intervals should be very small. In other
words, a positive Lyapunov exponent implies small probability
that critical orbits fall near C(f). From probability point of view,
it should be quite a long time between two events of small
probability. So the critical orbit will stay away from critical
points for a long time before it comes close to critical points
again. So we give a probability explanation for Lyapunov
exponent. Besides, we can use this method to calculate
Lyapunov exponent of a map numerically.

VI. COMPLEXITY AND ENTROPY

Kolmogorov introduced the concept of entropy in ergodic
theory in 1958. In some research fields, such as informatics,
computer sciences, entropy are used to characterize the
complexity of a system widely. There are a lot of works on the
relation with complexity and entropy [17]. Here, as we
analogize the iteration of map to a one-sided shift, we want to
use the entropy of one-sided shift transformation to characterize
the complexity of the dynamical systems.

The definition of the entropy of a measure-preserving

transformation T of (X, ,m) is in three stages: the entropy
of a finite sub- 0 -algebra of B , the entropy of the

transformation T relative to a finite-O -algebra, and, finally, the
entropy of T. The complete and rigorous definition of entropy of
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a measure-preserving transformation can be found in Ref [3].
We leave out the definition for simplicity.

In the section before, we analogize the iteration of map to a
one-sided shift transformation, so we will focus on the entropy
of one-sided shift. Usually, it is difficult to calculate the entropy
of a measure-preserving transformation T A(7) from the
definition directly. But for some special transformations, there
are calculation methods. By the Kolmogorov-Sinai Theorem, it

has proved that the entropy of one-sided ( p,, p,...., Py;)

k-1

shift transformation is — > p; log p, [3].
Obviously, the maximum of /(7) is reached if and only if
Po= P, =-.-= P,_, - Butin the discussion in section V, we have

proved that for one-dimensional chaotic maps, a positive
Lyapunov exponent means small probability that critical orbits
fall near critical points. So the uniform distribution does not
exist, and thus 4(7) can’t reach the maximum.

Definition 6.1 We denote the entropy of one-sided

(Py» Pys--r P,y ) shift transformation as A(7, m). In the
partition of the interval, let 2 — 00 , define h(T)= lim #(T, m).
m—>0

We call i(T) as the entropy of the dynamical system f" .
We want to know, for every map f, whether the entropy of
f" exists.

First, for every m, it is obviously that (7, m)>0. We refine
the partition, dividing the interval [-1+2i/m,-1+2(i+1)/m] into

two part, then the probability vector will become ( p,, p,.,...

p; s pl seres Doy )» Where p; +p; =p,. Because p,log p, =
(p;+p;) log (p;+p;)>p;log p;+ p; log p; , so the

entropy will increase. We know for each m, h(T, m)<log m.
When m —> 00, the maximum can be arbitrarily large. So the
entropy /(7) can be infinity.

In informatics, when we compare two different systems, if
one system has larger entropy, we can tell this system is more
complex than the other one. Here, we can also explain the
meaning of entropy of dynamical systems. If a map has fixed
points or it is attractive, we can say it is relatively simple. The
critical orbits will always stay in several points or intervals, thus
the entropy will keep unchanged or increase slowly as m
increases. These maps have relatively small entropy, so they are
relatively simple.

A very good example is the map F(x;a) =1—ax’. When
a=2, the critical orbits will come into the point -1. So the
entropy will converge to 0. But when a is close to 2, the
dynamics of critical orbits will be very complex, and the entropy
will increase as m increases. For these two chaotic maps, we can
say the first one is relatively simpler than the later one. In the
informatics, entropy is a very important parameter to
characterize complexity. If a system has zero entropy, it is a
definite system, and it has no information. So in this example,
when the parameter a is close to 2, the system has more
complexity than the other one. In fact, in dynamical systems,
when the parameter a is close to 2, the system is a

69

non-hyperbolic dynamical system. It has more complex
dynamical behaviors. This result is in accordance with the result
in informatics.

VII. CONCLUSION

In this paper, we analyzed the dynamics of a class of
one-dimensional chaotic maps. A new topological tool is
constructed with pre-images of critical points, with which we
can analyze the dynamics of critical orbits. It is shown that the
critical orbits will come close to C(f), then move away from it.
After that, critical orbits will come close to C(f) again, which
behaves somewhat periodically. Then we analogize the iteration
to a one-sided shift. By ergodic theory, we derive that positive
Lyapunov exponent implies small probability that critical orbits
fall near C(f). Also, we give a numerical method to calculate
Lyapunov exponent of a map by considering the probability that
critical orbits fall into the divided intervals. Finally, we analyze
the relation between complexity and entropy. We use the
entropy of corresponding shift to reflect the complexity of these
maps, providing a new way to characterize complexity of
chaotic systems.
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