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A Model on Controlled Evolution of Malignant
Cells and on Drug Balance between Blood and
Tumor

Quartieri* J., Steri** S., Volzone** G., Guarnactig.

Abstract— A theoretical model for the evolution of a colonf o
tumoral cells is presented. From a bio-physicainpaif view, we
improve the Dubin model in its form of a Kolmogorgystem of
equations by adding the action of an external obnfe.g. drug
therapy), and we write a stochastic system ablgwe us mean and
variance of the random variable (r.v.) describitng humber of
tumoral cells in the colony.

In the second part of the paper, a suitable maztethie evolution
of drug concentration both in blood and in tumas, presented.
Therefore this last system is coupled to the firs¢, which means,
from a mathematical point of view, the mixing oftachastic process
(generally non-linear and non-autonomous evolutipreguations)
with a deterministic one (drug balance equatiori®)e linkage
between these two sections is given by the stochzetameteE(X),
the mean value of the r.v. .

The solution of the final system allows us to fiteé time history
of the drug control factor which could be used ides to develop a
strategy for its optimization.

Keywords— Birth and Death processes, Lie series, Stochastic

process.

I. INTRODUCTION

OUGHLY speaking malignancy is a process in which an

imbalance exists between relatively few losses randh
more new births in a cellular colony with an almosttain bad
epilog for the host. Controlled evolution happensiew
therapist attempts either to equilibrate those taments in
the colony life or to extinguish colony, e.g. usiagcertain
remedy administered to the host or, more effegtjivel
cocktail of drugs.

In a previous paper, [1], we discussed soméodical
foundations of our mathematical representatiorhefdttempt
to invert that balance by means of drug therapyit ime cast
some ideas for the acquirement of the experimetatd to be
utilized in a computer program for practical usephrticular,
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in [2], we discussed an integration method, dué&tdbner,
and only improved by us, which, by Lie series of th
generalized type, allows the representation of sbkition
components.

Similarly to Dubin’s one [3], the model reprateg
controlled malignancy may be described by the wilhg
controlled stochastic process (forward Kolmogorquations)
supposing a sole controller facta(t) for the random variable
(r.v.) X(t)=n (number of cells in the colony):

d
% =(u+k+h()p, =00 (p_y. py)
dd% ==(A+u+h(t) +kn)np, + A(n=1)p,, +

(+h(t) +k(n+D)n +1)p,., = @

:en(p—l’ pn—11 pn’ pn+1); nZl
dp_,
=1 =1

at

P, © =1 p;(©0)=0, p_,,(0)=0, Ljj #ny,

A, i,k are parameters of the biology of the process,

representing the growth, the spontaneous death thed
immunological response of the host.

In (1) a procedure of "symmetrization of vargdl has
been operated by adding the last
corresponding initial condition. This procedure nairthe
process into an autonomous one, i.e. with no eplic
dependence on. In [4] we already found the solution of
problem (1), for an assignéut).

In the present paper we suppose the contrddipends on
the concentration in tumor of the drug administeid have
to face the following tasks:

1) writing an initial value problem equivaletd the
above (1) concerning with functions linked to thements of
the X variable, which, in its turn, represents the numbk
malignant cells. This equivalent representation Ww# also
useful to determine the mean and variance of thegss, in
drug presence or in spontaneous evolution (Dubintdel

[3D):

equation and the
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2) writing the balance equations of the drughie host
(only announced in [1]);

3) assembling the stochastic process with theg d

balance equations. So obtaining a nonlinear modéahwill
be integrated, by Grobner's method, in order tostiute the
basis for a suitable answer to the following problef
optimization: what is the drug intake which ensuifess mean
to be stationary and minimum at an assigned in§témm the
beginning of therapy, compatibly with the necesstty
minimize toxicity on noble parenchymal organs?

In a forthcoming paper we will give an appropriateswer
to this question, based on Pontryagin’s principle.

II. EQUIVALENT CAUCHY PROBLEM, MEAN AND VARIANCE
FOR THERANDOM VARIABLE

The evolution of a tumoral colony in drug absense
described by the above initial value problem (1)ewtthe
controller is missingh(t) = 0.

By introducing the probability generating functigmg.f.):

ni 9z"

Fﬁﬂ=im®f,mm=iFfE3} @
"0 z=0

We can rewrite the birth and death process as aivagnt
Cauchy problem:

ou ou d%u
o TN@ =D ure-2l tkz=2) @)

= %: Au
ot
u=1-P; u™ 0,2)=1-z

O<t<o, zO[0]]

(4)

if n,is the initial number of cells in the colony.

Integrating problem (1) is tantamount to integrgtithe
corresponding Cauchy problem (3-4). Making it pbissiis
also one of our contributions to the Grobner's wetbf Lie
series [5], [6].

When a factor limiting the neoplasm growth regent,
the evolution may be described by an equation like
following:

Mz - M ik(z-29) 0
E_M(Z +(u+k) Z)]az+k(Z 2)622+F(t,2) (5)

du ou d%u
Y =[A(Z* - 2) +(u+k)(L- Z)]EJ’k(Z_ZZ)aZ_er

ﬂmm—m%- ®)

as in our current model (1). In fact we supposeettistence
of a killer agent, which supplies a chemical detdhthe
spontaneous cellular loss or to the one due to inohagical
response of the host. In other words in our colgtioprocess
the natural evolution is perturbed by a differdnt@erator
like:

mmkn%,<n

~and not by a finite addend represented by an aoalyt
'function like F(t,2). Furthermore ifh(t) is a small perturbing
factor then the perturbative Poincaré method idatve [6]. It
consists, roughly speaking, in expanding the smfuih terms
of a power series df(t), with the possibility of retaining only
the first few addends according to th{® weight.

Therefore the above Cauchy problem describing
controlled or spontaneous evolutioh(f) Z0 and h(t) =0

respectively) will have its unique solution as thlowing
double series:

P(Z! t) = z pn (t) Zn = Z Zn [etD ﬂn ] ””c =1, ﬂj =0, Dj¢n0 (8)
n=0 n=0

where the components of the solution of (1)eh#éve
meaning of derivatives of the p.g.f., i.e. the @oitities that
the random variablX takes its possible values: 0, 1, ... .

In the above formul@® is the Lie operator, [7]-[9], [5]
with a generalized Grobner differential operar i.e. a
symbolic series of first order differential addendbich in the
present case reads:

0 0
D= +0O _(r1.,,7T)—+
a]T 0( -1 1)aﬂ

-1 (o]

+00
ad
+Z@.(n’_ TT T TT ) ——
[ AR o AR R o
=1 or,

where the coefficients are given by the r.h.s.hef forward
Kolmogorov equation (1), whose arguments have beem
transformed into parameters.
Since the evolutionary operaté is linear and the
coefficients of the differential terms are polynaisj

where F(t,2) is the controller. In this case the integration p(z1) is continuously differentiable at z=1.

method reported in our note [6] is applicable.

So, for example, problem (1) wikift)=0 is equivalent to

But the controlled process may also depend by tge following one:

perturbing operator:
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a7, Ay =V, 8y ;
=Ll YA+ Vsl s N21
ot Poallnes * @lTn * VoalTo 9) C,, (variable) drug concentration in blood;
m©0)=n,=1;7;0)=0,0j#1; C,... (variable) drug concentration in tumor;
[Vilme  (constant) drug clearance due to liver
where : .
metabolism;
op [Vglum. (constant) drug clearance due to tumor
[_J =n = metabolism;
0z |, (10) [V/1lgq, (constant) drug clearance due to kidney
=ZE(X(X-D)(X=2)...X =i +1)); depuration;
By =n(N=1A; Ce”SE(X), (variable) mean of r.vX, number of malignant
a, =nA-nu-n’k; Now we must add to the above system (9-10)iyatgnt
Vs = —NK; to the forward Kolmogorov's equations (1) ) the apns of

the drug balance in the host. In our previous pdpgmwe
discussed the biological methods which permit the

where 77; represents the mean of r.v. product. In fact thgcquirement of all data, which we assumed knowbailance

new variables are related to momentxo$o the meak(X(t)) equations. Now we are going to give a biophysioahtiation
and the varianc®ar(X(t)) of the random variable (r.vi are g the writing of those equations. In doing so walksfollow
respectively: the theory of the two compartments, taking intocact the
expansion of one of them. At this aim we shall modhe
E(X(t)) =m.(t) equation of diffusion of the drug in tumor. In tead the
presence of a linkage between the contrdi{gr and the drug
and concentration in tumor will lead to a nonlineartiadi value
problem which we will integrate by Lie series [H]-[9].
- _ 2 Let's suppose that after a rapid intravenoyection in
Var(X () =77; () +m(®) = (n.1)" - bolus, a slow maintenance by infusion of the drag i
administered. In order to write the balance equatiavhich
describe the behavior of the drug in the host,uktassume
what follows:

1) V,(t) the current volume of the colony, the

Therefore the solution of (9) allows us to immeeliatfind
these two stochastic parameters.

We plan to develop a computer software in ordefind
these two fundamental stochastic parameters bottihén

supposed to remain constant;

2) the rate of diffusion between the two compants (1
lIl. DRUGBALANCE EQUATIONS blood - 2 tumoral colony) depends on two different

parameters:a;, for diffusion from 1 to 2 anda,, in the

V,, (constant) apparent distribution volume of drag i OPPOSite direction;

blood: 3) the drug is removed froi, both by renal excretion
V, (t), (variable) tumor volume; and chiefly by liver metabolic degradation.
: Then if:
V4 » (constant) single cell volume;
Q. , (variable) rate of drug intake; Q, =0, +(t)
a,,, (constant) diffusion coefficient of the drug from 0, = primingdose

blood towards tumor;
a, (1), (variable) diffusion coefficient of the drug from s the rate intake by continuous intravenous imfusive can

tumor towards the blood stream; write the following drug balance equations:
a,,, (constant) transfer rate per unit volume fromoblo
to tumor, such that: Vi a,Cr - A21Con + [Vl C1 + Vg JumCy +
ap =Viay, ; +[ValeaCr=Qn s
a,,, (constant) transfer rate per unit volume fromdum dCon _d m N dCon _ 1 dm_ m &V, N
to blood, such that: dt dt Vv, dt Vo dt 2 odt
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dCZ,n —
dt

v, (0.C—a,C; ) —Cy dd% (11)

where, m is the amount of drug molecules in tumor

achieve a complete initial value problem describithg
controlled malignant process. By means of thisesystve can
reach the important goal to modulate the drug catnaton in
blood and in tumor so that the maximum positiveeeffis

C,, C,, are drug concentrations in blood and in a tumor Qfptained, i.e. being able to minimiZ&X) after a suitable

X =n cells. Furthermore:

d
(MG~ V.G, ) = d_T (12)

is the rate of the exchangeable aliquot of drugveeh the
two compartments blood stream and tumoral colomgidies
[chl]met ’ [\/C'I]tum ' [Vcl]kid ! (13)
are the constant clearances. The first one is due
metabolism of the drug in liver. The second terikegainto
account the metabolic degradation of drug due & ttimor
itself and the last one is due to renal depuration.

In particular we have assumed that the ratedrofy
presence in colony: i.e. free molecules and the aoenbined
to cellular receptors, with these two fractions dhemical
equilibrium, through the same coefficients,, a,,, depends
from the rates of diffusion from blood to tumor ande versa.

Note that ifV, represents the current colony volume,

whose evolution is perturbed by the drug, it mayebemed
as follows:

V, =( mean of X) X( average cellular volume ) =
=E(X) x Ve

where we assumed, for simplicity, an average volofthe
cells sample V,
characterized by some variability in the cellulalume).E(X),

mean value of the random variable, esteems theemurr

number of cells in the colony, if the mean wellumes the
random variable, i.e. in hypothesis of little vaia.

Now the balance equations of the drug can be
rewritten:

_ QL _ [ aMwEX)Csy

dg
VR Vi

(Ve Tmer Ve Jtum [Vélia )
Bt P + + Naldg
dt woGrEG

dG,, 1 dE(X)j
= laMC-aV EXC, C V. —=~
it E(X)le(aiz hC1=8y Vo E(X)C,=Co Ve ™

initial bolus

CO=————

1

C,,(00)=0 (14)

Then if we add the above balance equations (14thé¢o
previous system (9-10), and if (as we are goinghow in
what follow) the controlleh(t) may be expressed 4y, ,, we
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limited time interval in order to restrain the toxy of drug on
noble parenchymal organs.

Then if a daily range may be established ireotd avoid
toxicity, the temporal administration function muste
modulated in time in such a way that the drug arhpuesent
in tumor increases towards an optimal value. Téisnie of our
major aims we pursue in this research.

IV. DEPENDENCE OFH(T) ON DRUG CONCENTRATION

U Let us remember here some our assumptions alsernries
our previous note [1] in order to link in a simpfeodel

cellular death to tumoral concentration of drdg , , which is
supposed in equilibrium with the blood concentmatitn fact
we can suppose chemical death depends(long)At, the

proportion of time in which drug molecules are cameld with
cellular hypothesized receptors:

P{AX(t) =-1, due to chemical death
[ X(t) =n}) = @—-q)nAt +o(At) .

At the chemical equilibrium the same proportionceflular
receptors is such that:

rate of detachment = rate of attachment

kynv-q) =kC,,ng =
C
1-q :ﬂ’ (15)
1+pC2,n

where:
Vis the constant (in the interval of the achievenut
g@emical equilibrium) number of receptors per cell,

p:r—lis the dissociation constant of chemical
-1

equilibrium,
nv(@—q) receptors attachediq free receptors,
then:
pC
h(t) = —2" . (16)
1+ pCZ,n

It is fundamental to recollect the biological falation of
our model.

Conjecture We assume that the drug control is due to small
rapidly diffusing molecules able to interfere with relatively
slow activities of macromolecular species in cells; since the
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receptors reproduction and the modulation of their
concentration in cells are certainly slower processes, then:

Vv, the number of receptors per cell, can be consiter
constant; furthermore the duration of the chemiicégdage of
cellular receptors combined with drug moleculesc@llular
population can be considered esteemed by the pgroppin
the sample, of cells attached to drug, in the saueeval At.
Attached cells are detected in the sample, e.@ ladioactive
isotope.

Then it is founded the introduction, in a senglirug
administration, i.e. in mono-therapy with a drugllifkg
malignant cells,
equations (9-10), in the above shape (16) and write

d
(Zn ::Bn—lnn—l-'-an/?n +yn+1l7n+l ; nz1

m@©)=n,=1;1,0)=0, 0 £1;

Bra=n(n=1A; .
a, =nA —nu(t) - n’k; (7
yn+l:_nk;

pCy,
t)y=p+ 2
H(t) = u Zl+pCz,n

Once these equations are associated to the balance

equations (14) they constitute a nonlinear initiadlue
problem.

V. INTEGRATION BY LIE SERIES OF THECONTROLLED

EvOLUTION

The integration by Lie series of the control probles not
easy. In previous papers [1], [2], [4]-[6], [1O]dL we
demonstrated the possibility to integrate, by Lengralized
series, a differential system obtained by a Taylansform of
an evolutionary differential equation having an lgiical
operator in the r.h.s.. This condition is indeeflicgient for the
existence of the generalized Groebner's operatoichwhn
turn, defines the Lie Series. So in order to obth& solution
of system (17) via generalized Lie series we caitewa
symbolic representation of a slight different peobl strictly
linked to it which we name "the original system't this aim
we perform a Taylor transformation to both sides tioé
evolutionary equation with initial poird =1, naming the new
unknown functions

=/
=

n
nl

and obtaining:
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of the new parameter in Kolmogorov

a7 _
dt

n>0 (18a)

q)n(”;—lvn;'”:wllcz,n)

to which now we add the drug balance equationkémew

unknown functions:

d '
d_ct:l =®,(C,,m,C,0)
i (18b)
% =®,(C,m.15,Cy)
initial bolus

C.(0) :T; C,,0=0

1
n©)=n,; n,©0)=0, 0j#1;

Now the "operative” system is reached just rewgitthe

above system with parametric initial conditions. e$é
parameters are the components of the sequence:
(C,Cy, &)

Once having written, by means of Lie Series, the
components of the solution of the operative systeobtain
the solution to the “original” problem by fixingdtparameters
to the initial conditions. Lie Series depends om @roebner’s

operator:

A 0 0
D= q)O(C_LaCZa‘gZ)E + q)—l(ci,cz,fl,fz)a_cz +

o 3 (19)
+ zcbn(CZ'En—l'gnlgnﬂ)_
=1 a"gn
and on the Lie operator:
oA
v
=) y D (20)

The former operator is represented by a symbolieselts
coefficients are the same as in the original sysbemnwith
parametric arguments.

In general an operator as the first one introduegtl a
symbolic series is an effective differential operaff the
original initial value problem, which it is relate®, comes
from a Cauchy problem with an analytical evolutigna
operator A” obtained by a Taylor Transform in a non singular
point of domA.

In fact it has been demonstrated [15] that the sfimb

series W', in a Groebner’s operator such 43, defines a
linear operator on thé& space of the Cauchy's sequences
(normed with theSup-norm) provided that the coefficients
®  form an infinitesimal sequence. This conditionufisient

to ensure that the sequence of the partial surtiseddV series
converges in norm o8 space.
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