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Abstract— The purpose of this paper is to study the stability of
the Jungck- Mann and Jungck-Ishikawa iterative schemes for
mappings satisfying general contractive conditions. We obtain the
stability results for the maps in complete b-metric spaces with one
and two metrics. Our results generalize the recent results of Olatinwo
[12], Prasad and Sahni [20] and Singh and Prasad [26]. An example
is also given to justify the need of the Jungck-Ishikawa iterative
scheme.
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1. INTRODUCTION

Most of the physical problems of applied sciences and
engineering are usually formulated as functional
equations. Such equations can be written in the form of fixed
point equations in an easy manner. To solve these equations,
we generally use an iteration procedure with some specific
initial choice and successively obtain a sequence of iterates
converging towards the solution of the equation. But in many
situations, this may not be the actual solution of the equation
because of the rounding off or discretization in the function.
We obtain an approximate sequence which may not converge
towards the same value as the actual sequence. Here is the role
of the stability of iterative procedures as observed by Urabe
[28] in fifties of the twentieth century. However, Harder and
Hicks [8]-[9] were the first to define formally the stability of
iterative procedures in metric spaces in the following manner:

Let T be a self map on X and {x,} be a sequence in X
converging to a fixed point u of 7. Let {y,} be an arbitrary
sequence in X, and define
&n=d uer AT ya)), n=0,1,2, ...
If lime, = 0 implies that limy, = u, than the iteration
n—o0

n—>0

procedure is said to be 7-stable or stable with respect to T.

Following Harder and Hicks [op. cit], a number of authors
have extended and generalized the stability theory of iterative
procedures in various ways in different settings see, among
others, Berinde [1], Imoru and Olatinwo [10] Olatinwo [12],
Osilike [14]-[15], Prasad and Sahni [20], Rhoades
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[22]-[23], Rhoades and Solutz [24], Singh [25], Singh and
Prasad [26], Singh et al [26]-[27] and several references
thereof. Recently Olatinwo [12] obtained some stability results
in complete metric spaces

for Picard iteration process. We obtain stability results of a
more general iterative scheme in the b-metric spaces for one
and two metrics.

II. PRELIMINARIES

There are a number of iterative procedures in the literature
used in various settings. The most popular iterative
procedure called Picard iteration is defined by

X =Ix,, n=0,12,.. @)

The first result on the stability of iterative procedures in the
metric spaces for Picard iteration was given by Ostrowski
[16]. He proved the following:

Theorem 2.1[16]. Let (X,d) be a complete metric space
and 7:X — X a Banach contraction with contraction
constant k , i.e., d(Tx,Ty) < kd(x,y) forall x,y e X |,
where0 <k <1 . Let ue X be the fixed point of T

Letx, e X and x,_, =Tx,, n=0,2,.. .Suppose that {y }

isasequencein X and ¢, =d(y,,,,Tv,). Then

n+l 2

A, 3,0) S A1, %,4) + K" (3, 30) + DK,

r=0

Moreover, lim, y, =u iff lim, &, =0 .

Indeed the Picard iteration has been widely used to solve the
functional equations obtained out of the modeled physical
problems (see, for instance, Berinde [1], Dobritoiu et al [3]-
[4], Dobritoiu and Dobritoiu [4]-[5], Fang and Fneg [7]).

When the contractive conditions are slightly weaker the
Picard iteration (1) need not converge to a fixed point of the
operator under consideration and some other iterative
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procedures should  be considered. The Mann iteration
scheme is defined in the following manner:

X, =(-a,)x, +a,Tx, @)
where o, c[0,1] and n=0,1,2,.. .
If the iterative scheme is defined as:
x =(0-a )x, +a Iz
n+l ( n) n nt“n , l’l=0,1,... (3)
Zy = (l_ﬁn)xn +ﬂnTxn

It is called Ishikawa iteration scheme.

After Ostrowski [16], Harder and Hicks [9] obtained
interesting stability results for some of these iteration
procedures using various contractive definitions. Thereafter,
a number of papers appeared in the literature generalizing
the above concept in various ways (see, for example [1],
[12]-[15], [20]-[21], [22]-[27] and references thereof).
Rhoades [22]-[23] generalized the results of Harder and
Hicks [9] to a more general contractive mappings. Osilike
[14] further extended and generalized their results by
employing the following contractive condition:

d(Tx,Ty) < Ld(x,Tx)+ad(x,y)
where L2>0and ae[0, 1) .

“)

Condition (4) is more general than those of Rhoades [22]-
[23] and Harder and Hicks [9].

Recently, Imoru and Olatinwo [10] obtained some stability
results for Picard and Mann iteration procedures by using a
condition more general than that of (4). Olatinwo [12] used
the following contractive definition:

Let ¢:R, - R, be a monotone increasing function with
9(0)=0 and a €[0, 1) such that

d(Tx,Ty) £ p(d(x,Tx))+ad(x,y) %)

We use this condition to obtain the stability results in
general metric space

We need the following definitions for our results.

Definition 2.1 [27]. Let S,T:Y > X, T(Y)c S(Y) and
z a coincidence point of T"and S , thatis, Sz=Tz=p
(say). Forany x, €Y , let the sequence {Sx,} , generated

by the iterative procedure (1), converges to p. Let

{sy}c X be an arbitrary sequence, and set
&, =d(SV,u1, [(T,9,)),n=0,1,2,... Then the iterative
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procedure f(7,x,) will be called (S,T) - stable if and only
if lim, &, =0 implies that lim, Sy, = p

Definition 2.2. Let S: X - X and T(X) < S(X). Define

Sx,, =(-a,)S, +a,Tx, (6)

where {a,} satisfies
ey =1, ((H0La, <], n20,

n n
(iii)z a, =o,(iv) Z H {l-a; +aa; } converges.
J=0 i=j+l
It is called Jungck-Mann iteration.

Notice that on putting «, = 1, (6) becomes the Jungck

iteration [11].

Definition 2.3 [13]. Let S: X > X and T(X)c S(X) . the
Jungck-Ishikawa iteration scheme is defined in the following

manner:
}, n=0,1,..

where {&, } and {8,} satisfies

S, =1-a,)8, +a,1z,

Szn =(1_18n)an +ﬂnTxn (7)

ey =1 ((H0Le,,B,<1,n20,

(iii)z a, =o,(iv) Z H {l—a; +aa;} converges.

J=0 i=j+1

Notice that when S =id
Ishikawa iteration.

, the identity map, it is called

Definition 2.4 [2]. Let X be a set and ¢ >1 be a given real
number. A function d:X x X — R, is said to be a h-metric
ifand only if forall x,y,z € X the following conditions are
satisfied:

(i) d(x,y)=0 iff x=y,
(i) d(x,y)=4d(y,x),
(i) d(x,z)<cd(x,y)+d(y,2)].

A pair (X,d) is called a b-metric space.

The class of b-metric spaces is effectively larger than that of
metric spaces, since a b-metric space is a metric space when
¢ =1 in condition (iii) as mentioned above. After Czerwik [2],
a number of authors have studied these spaces and obtained
interesting results about fixed points and approximate fixed
points of the maps defined on these spaces (see for instance
[17]-[21] and [26] ).
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. . <cd(p,Sx,.,)+c’[d((1-a,)Sx, +
The following example of Singh and Prasad [26] shows that a
b-metric on X need not be a metric on X. a,Ix,,(1-a,)Sy, +a«,Ty,)

+d((l-a)Sy +a Ty ,S
Example 2.1 [26]. Let X = {x,,x,,x;,x,} and (A=), +a,1y,,5,.)]

2
d(xl,x2)=k22, d('xl’x3):d('xlﬂx4) SCd(l)l'S‘an)-"_c (l_an)d(anaSyn)-‘r
=d(xy,x3) =d(xy,x,) =d(x3,x,) =1, ca,d(Tx,,Ty,)+c’e,
d(x;,x;)=d(x;,x;) <cd(p,Sx,,)+c*(1—a,)d(Sx,,Sy,)+
fOI‘ all i’j=l’2’3’4 and d(xi’xi)=0’ i=1’2’3’4' Then Czan[ad(an:vSyn)+¢d(Sxﬂ>T‘xn)]+cz‘("n
d(xiaxj)S%[d(xjaxn)"-d(xnaxj)] AISO’

d(8x,,Sy,)=dl(d-a,_))Sx,_+a,_Tx,_;,S5,]
< Cd[(l —, )an—l + an—lTxn—l >
(1 — 0y )Syn—l + an—lTyn—l ]

+ Cd[(l -, )Syn—l + an—lTyn—l s Syn ]
III. STABITY RESULTS INVOLVING ONE METRIC <c(l=a,_)d(Sx,_,Sy,_))+
- n— n—1° n—

for n,i,j=1,2,3,4 andif k > 2, the ordinary triangle
inequality does not hold.

ca, ,d(Tx,_y,
Scl=a,_)d(Sx,_1, 8y, +
ca,_[ad(Sx,_1,Sy,-1) +
pd(Sx,_,Tx, )]+ cs,_

<[e(-a, ) +aca,_1d(Sx,_,5,_) +

Tyn—l ) + cgn—l

Theorem 3.1. Let (X,d) be a b-metric space and 5,7 maps
on an arbitrary set ¥ with values in X such that 7(y)c s(v)
and S(Y) or T(Y) is a complete subspace of X .Let z bea
coincidence pointof 7 and S, ie., Sz =Tz = p-

Let x,eY and the sequence {Sx,} generated by (6)
converges to p . Let {Sy, } c x and define e, 1 pd(Sx,_1,Tx,_1) +c&,

e, =dSy,,,,1-a)Sy, +a,Ty,), n=0
Yun( 5y Yu) Therefore,

If the pair (5,7 ) satisfies (5), then
d(p, Syﬂ+1 ) < Cd(p’ an+1 )

d + d(s. S
+"™ - +ae) d(Sx.Sv) aca, 1d(Sx,.,8y,)

plvs +ca, pd(Sx, ,Ix, | )+ce, |}
n n 2 2
+oY ;e []0-a, +aa;) dsy,.Tx) tela,pd(Sx,,Ix,) +c7¢,
=0 i=j+l <cd(p,Sx, ) +[c’(-a,)+c’a,a]
N ch+2 1—[ (-, +aae, [cAd-a, )+acea, 1d(Sx, ,,Sy,)
j=0 i=j+1 + [cz (1 - an) + czana]can71¢d(sxn—l s Txnfl )

+c’a,pd(Sx,,Tx,)
Further 5 5 5
+[lc(l-ea,)+c a,alce, , +c ¢,

(ii) lim,_,, Sy,=p ifand only if lim g, =0.

n— “n . . . .
This process when repeated n—1 times, yields (i).

Proof. By the triangle inequality

To prove (ii), suppose that lim,_,,, Sy,= p . Then,

d(p9 Syn+1 ) S C[d(p’ erz+l ) + d(anH > Syn+l )]
<cd(p,Sx,,)+cd((l-a,)Sx, +a,Tx,,Sy,..)]
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€ =d(Syn+l>(l_an )Syn + anTyn)
SCd(Syn+lap)+Cd(pa(l_()’,n)Syn +anTyn)
<cd(Sy,4,-p)+c(l—a,)d(p,Sy,)+ca,d(p,Ty,)
<cd(Sy,4,0)+c(l—a,)d(p,Sy,)+ca,d(Ip,Ty,)
SCd(Syn+lap)+c(l_()’,n)d(paS)’yn)+
ca,lad(Sp,Sy,)+ ¢d(Sp,Tp)] >0 as n—> o

Now suppose that lim,_,, &, =0 . Let A denote the lower

triangular matrix with entries

n

i=j+1

Hence, the condition Za” =ow implies that this product

diverges. Hence, lim, b, =0 for each Now

n n
Z“f H {I-a, +aq,} implies that the limit of the row sum
J=0  i=j+

exists. Therefore, A is multiplicative.

Also, lim Sx,=p implies that lim,_,, d(Sx,,Tx,)=0.

n—»00
Thus,

lim, 0 a ;e [[ - +aa;) d(Sx,, Tx) =0
=0

i=j+l

n n
lim, ., D ¢/ []0-a; +aa,), =0.
=0

i=j+1
This completes the proof.

Theorem 3.2. Let (X,d) be a b-metric space and §,7 maps
on an arbitrary set ¥ with values in X such that 7(Y) < S(Y)
and §(y) or 7(Y) is a complete subspace of X .Let z bea
coincidence point of 7 and S, i.e., Sz=Tz=p . Let x, €Y
and the sequence {Sx,} generated by (7) converges to p . Let
{Sy,} c X and define

Ss, =(=p,)8, +p,1y,, n20
&y = d(Syn+1 > (1 -a, )Syn + anTsn )» nz0

If the pair (S,7T ) satisfies (5), then
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(1)

d(p,Sy ) Sed(p,Sx,) + [ [ A=, +aa,) d(Sxy, S,)
i=0

+ (pczaz c”"‘a]ﬂj H (I1-a; +aa;) d(Sx;,Tx;)

j=0 i=j+1

+¢1022cn_"0{i H(l—ai +aa;) d(Sz;,Tz ;)

j=0 i=j+1
+ ic“z ﬂ(l —a; +aa,)k,
j=0 i=j+l
Further
(i) lim,_, Sy,= p ifand only if lim, &, =0

Proof. By the triangle inequality

d(anynH) S C[d(p, an+1 ) + d(an+1 3Syn+1 )]
<cd(p,Sx,,) +cdll-a,)Sx, +a,1z,,S,,]

<cd(p,Sx,,,)+c’d[(1-a,)Sx, +a,Tz,,
(-a,)S, +a,Ts,]

+c’d[(1-a,)Sy, +a,Ts,,5,.,]

< cd(p,Sx,)+¢*(1-a,)d(Sx, . Sy,) +
ta,d(Tz,,Ts,) +c’s,

< cd(p,Sx,)+ ¢* (1- a,)d(Sx, . Sy,) +
c*a,ad(Sz,,Ss,) + d(Sz,,1z,)] + ¢,

But,

d(Sz,,Ss,)=d[(1-4,)Sx, + B,Ix,,
(1_ﬂn)Syn +ﬂnTyn]
S(1_ﬂn)d(an7Syn)+ﬂnd(Txn’Tyn)
<(1-8,)d(Sx,,Sy,)+ B,lad(Sx,,Sy,)+
P(d(Sx,,Tx,))]
<(1-p,)d(Sx,,Sy,)+ap,d(Sx,,Sy,)+
@B,d(Sx,,Ix, )
SCi(ks"xl’l’LS‘.)/I’I)-'-¢ﬂ1161(ks"xl’l’7-"xl’l)

Therefore,
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d(p>Syn+l) < Cd(p>an+1)+ Cz(l - an)d(an’Syn) < Cd(p9 an+l)+ [62 (1 - an) + aczan]

+ac’a,d(Sx,,Sy,) +B,d(Sx,,Tx,)]+ [e(=a,_)d(Sx,_1,8V,1)
pcta,d(Sz,,Tz,) +c’e, +aca, ([d(Sx,_1, Y1)
+ acan—1¢ﬂn—ld(sxn—l > Txn—l)

Also, +ca, 9d(Sz,_,Tz,)+ce,_; |
d(Sx,,Sy,)=d((l-a,)Sx,_ +a,1z,.,,5y,) +aCa, 0, d(SY, T, + 0 ¢, d (82, T2, + e,
<cd((-a, )Sv_ +a, T .. <cd(p,Sx,)+[c*(1-a,) +ac’a,]

A=, )8y, +a,T5,) [c(-a,)+aca, 1d(Sx,_,Sy,)

+cd((1= &, )Yy + @i TS0, 5,) +[c*(1-a,) +ac’a,)(aca, 9B, )d(Sx,;,Tx, ;)
<cd(l-a,_)Sx,_y + 2, Tz,, +[c*(-a,)+ac’a,|(ca,_ L)d(Sz,_.Tz,_,)

(I-a, Sy, +a,Ts, ) +ce,
Se(l=a,)d(Sx,_,8y,-1) +

ca,d(1z,y,Ts,y) + g,
Se(l-a,)d(Sx,_,8y,.1) +
ca,_[ad(Sz,_;,Ss,_1) + ¢(d(Sz,_, Tz, )]+ c&,y
S ell =@, )d(8%,-1, 87 ) + 4601 (52,01, 55,1 To prove (ii), suppose that lim
+ca,o(d(Sz,_,1z,.1)) +ce,

+[c*(-a,)+ac’a,ce,_, +c a,apB,d(Sx,,Tx,)

2 2
+oca,d(Sz,,Tz,)+c ¢,

n>
This process when repeated n—1 times, yields (i).

Sy,=p . Then,

n—»00

n=1»
&, =dSy,,,.0-a,)Sy, +a,Ts,)

Now observe that, <cd(Sy,41.p) +cd(p.(1-a,)Sy, +a,Ts,)

< Cd(Syn+lﬂp) + C(l -, )d(paSJ’n) + cand(p,Tsn)

d(SZn—l > Ssn—l) = d[(l - ﬁn—l )an—l +
<cd(Sy,,p)+cl—a,)d(p,Sy,)+ca,dIp,Is,)

in—lTxn—l (L= B8Vt + By TV <cd(S,,,p)+ (=@, )d(p,Sy, )+
SA=B,2)d(Sx,_ys Sypn) + By d(Tx,, Ty )

< (1= )%, 15 9,) + i ad (55,1, S7,0) calad(Sp.55,) + pld(Sp.Tp)] =0 as n =0
+@(d(Sx,,_1, Tx,-1))]

S(U=B)d(Sx, ), Sy, + a1 d(Sx,_y,8y,-1)

e =0. Let A denote the lower
+ (oﬂn—ld(sxn—l s Txn—l)

Now suppose that lim,_,, &,

triangular matrix with entries

< d(an—l s Syn—l ) + ¢ﬂn—ld(an—l s Txn—l)
So, a,=a;[[0-a, +aa,)
i=j+1
d(an > Syn ) < C(l — )d(an—l ’ Syn—l ) +
aca,_[d(Sx,_1,Sv,_1) Then A is multiplicative, so that
+¢ B,d(Sx,y, Tx, )] + " n
ca, 1pd(Sz,_ Tz, ) +c&,_, lim, o e’ D "o, [ [~ +aa,) d(sz,,7z,)=0
j=0 i=j+l
Thus, and
d(p,Sy, ) < cd(p,Sx,, ) +[c2(1-a,)+ lim, (pczaz(; c"a,p, H1(1 —a,+aa;) d(Sx,,Tx;) =0
= J=it
aczan 1d(Sx,,Sy,)
+ aczan(z)ﬂ”d(an Tx,) + @ c2and(Szn Tz,) Let B be the lower triangular matrix with entries
2 n
+c &, bnj=H(1—ai+aa,«)
i=j+
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Condition (iv) of iterative scheme implies that B is
multiplicative, and hence

lim, o Y ¢/ T -a; +aa)e, =0

j=0 i=j+1

Finally, condition (iii) of iterative scheme implies that

lim, ,, [J-a; +aa,)=0"

i=j+1

Hence, it follows from inequality that lim Sy,= p. This

n—»o
completes the proof.

Ifweset g, =1 forall n>0 , p(t)=L forall te R, and

c=1 in above theorem, we obtain the following result of
Singh and Prasad [26]:

Corollary 3.1 [26]. Let S,7 maps on an arbitrary set ¥ with
values in X such that 7(Y) < S(Y) and S(Y) or T(Y) is a
complete subspace of X . Let z be a coincidence point of T
and § ,ie, Sz=Tz=p . Let x, €Y and the sequence

{Sx,} generated by (6). Let {Sy,} < X and define
£, =d(Sy,m.(1-a,)Sy, +a,Ty,), n20.

Then,

() d(p,Syu) Sd(p,Sx,4) +

[T a-a +aa)) dsx,sv)

i=0
n n
+LZaj H (I-a;+aa;) d(Sx;,Tx;)
J=0 i=j+l
+2 H (I-a;+aa;)¢;
j=0 i=j+

where the product is 1 when j =n.
Further

() lim,_, Sy,=p ifandonlyif lim __ & =0

n—0

If we set o(t)=L forall te R, and c=1in above theorem,

we obtain the following result of Prasad and Sahni [20]:
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Corollary 3.2 [20]. Let (X,d) be a metric space and S,T

maps on an arbitrary set ¥ with values in X such that
T(Y)c S(Y) and §(Y) or T(y) isacomplete subspace of X .

Let z be a coincidence point of 7 and §, i.e., Sz=Tz=p.
Let x,e€Y and the sequence {Sx,} generated by (2)
convergesto p . Let {Sy, } c X and define

Ss,=1-8,)S, +p,Iv,,n=20
e, =dSy,0-a,)S, +a,Ts,), n20

If the pair (S,T ) satisfies

d(Tx,Ty) < ad(Sx,Sy) + Ld(Sx,Tx), a € (0,1), L>0

Then

(i)

d(p,Sy,4) < d(p,Sx,)+ [ [ (- +aa;) d(Sxq, Spo)
i=0

7 n
+Lay a; B [[(-a;+aa,) d(sx;.Tx))
j=0 i=j+l

n

+LZaiH(l—ai +aa;) d(Sz;,Tz)

j=0  i=j+l
+i ﬁ (I-a;+aa;);
J=0 i=j+l
Further
(i) lim,_,, Sy,= p ifand onlyif lim, , ¢, =0.

IV. STABILITY RESULTS INVOLVING TWO METRICS d AND p

Theorem 4.1. Let §,7:Y — X such that 7(Y) < S(Y) and
S(Y) or T(Y) is a complete subspace of X. Let d and p be

two b-metric on Y. Let z be a coincidence point of 7"and S. Let
x, € Y and the sequence {Sx,} generated by Jungck-Mann

iteration converges to p. Let {Sy,} € X and define

En = d(Syn+1 ,(1—6{’7 )Syn +anTyn )’ n20
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Suppose that

(i) there exists ¢, >0 , and a monotone increasing function

@, : R, — R, with ¢ (0)=0 such that
d(Tx,Ty) < ¢, (p(Sx,Tx)) + ¢, p(Sx,8y), Vx,y e Y
(1) T:(Y,p) > (X, p) satisfies the contractive condition

p(Ix, Ty) £ @, (p(Sx,Tx)) + w (p(Sx,8y)), Vx,yeY

Where y/k ‘R, >R, , k=12,.., are continuous comparison

(w*is the kth

@, R, >R, ,K=12,.., is a monotone increasing function

functions iterate of ¥ ) and

such that ¢,(0)=0. Then the Jungck-Mann iteration
process with T : (Y,d) = (X,d) is (S, T)-stable.

Proof. Suppose limn o &, =0. Then we shall establish
thatlim,_,, Sy, =p , using conditions (i) and (ii) and

triangle inequality.

d(SY,. p) S Ad(SY,... (1~ ,)Sy, +a,Tv,))
rd((1-a,)Sy, +a,Ty,). p)]
<cd(l-e,)Sy, +a,Ty,),1z) + cs,
<cl-ea,)d(Sy,,Tz) +ca,d(Ty,,Tz) + cs,
<c’(-a,)d(Sy,,Sz) +d(Sz,Tz)] +

ca, ¢, (p(Sz,Tz2) + cp(Sz, Sy, )] + e,
<c*(l-a,)d(Sy,,p) +ca,cp(p,Sy,) +ce,

But,

pp,Sy,)=pIz,0-a, )Sy, +a,,1y,)

<(-a, )pz,8, ) +a, ,p(Tz,1y, )
<(-a,)pp.8y, ) +a,.,le,(p(Sz,T2)) + y (p(Sz,Sy,,)]
<(-a,)pp,Sy, ) +a, . w(p(p,Sy,,)

n-1

<(=ay)p(p,Syy) +aw" (p(p,Sy,) > © as n—>x©

So,

d(8y,,.,p)<c*(1-a,)d(Sy,,p)+
cancl [(l_ao )p(pa Sy0)+a01r//n71 (p(pa SyO ))]"‘an
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Taking limit on both sides, we get lim,_,, Sy, = p.

Conversely, let lim Sy, = p, then

n—w

&, =d(8y,,.0-a,)Sy, +a,Ty,)
<cd(Sy,.,p)+cd(p,(1-a,)Sy, +a,1y,)
<cd(8y,..,p)+cd-a,)d(p,Sy,) +ca,d(zTy,)
<cd(8y,,,p)+cl-a,)d(p,Sy,)+

ca, o (p(Sz2,12) + ¢, p(Sz,8y,)]
<cd(8y,.,p)+cl-a,)d(p,Sy,)+ca,c,p(p,Sy,)
<cd(8y,,,p)+cl-a,)d(p,Sy,)+

ca,c,[(I-a,)p(p, SJ’O)"'aoWn_l (p(p,Syy)1—>0
as n —» O,

Theorem 4.2. Let S,7:Y — X such that 7(Y)c S(Y) and
S(Y) or T(Y) is a complete subspace of X. Let d and p be

two b-metric on Y. Let z be a coincidence point of 7 and S.
Letx, €Y and the sequence {Sx,} generated by J-Ishikawa
iteration converges to p. Let {Sy,} € X and define

&, =d( Sy, ., 0-a,)Sy, +a,Ts,), n=0

and

Ss,=(1=-8,)y,+5,Iyv,, n=20 .

Suppose that

(i) there exists ¢, >0 , and a monotone increasing
function ¢, : R, = R, with ¢, (0) =0 such that

d(Tx,Ty) < @, (p(Sx,Tx)) + ¢, p(Sx,Sy), Vx,y €Y
(ii) T: (Y, p) > (X, p) satisfies the contractive condition

P(Tx, Ty) £ 0, (p(Sx, Tx)) + v (p(Sx, 8y)), Vx,y €Y

where 1//k ‘R, > R,, k=12,.., arecontinuous comparison
functions (¥ K is the kth iterate of ¥ ) and
@, R, > R_,K=12,.., isamonotone increasing function

such that ¢,(0)=0
process with T'(Y,d) — (X,d) is (S ,T)-stable.

. Then the Jungck-Ishikawa iteration
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Proof. Suppose limn o &, =0. Then we shall establish
that
inequality.

lim,_,, Sy, = p, using conditions (i), (ii) and triangle
d(8y,.,p) <dd(Sy,..,(A-a,)Sy, +a,Ts,)) +
d((-a,)Sy, +a,Ts,), p)]

<cd((l-a,)Sy, +a,Ts,),Tz)+cs,

<c(l-ea,)d(Sy,,1z) +ca,d(Ts,,1z) +ce,
<c*(l-a,)[d(Sy,,Sz)+d(Sz,Tz)] +

ca, o (p(Sz,1z) + ¢, p(8z,Ss, )]+ ce,
<c’(-a,)d(Sy,,p)+ca,c,p(p,Ss,)+ce,

But,

p(p,Ss,) = p(Tz,(1- B,)Sy, + B,1v,)
<(-B)pIz,8y,)+ B,p(Iz.1y,)
<(A-=8)p(p,5v,)+ Ble,(p(Sz,1z))
+y (p(Sz,5,)]

<(A=8)p(p.5,)+ By (p(p.Sy,)

<(A=B)p(p,Sye) + By " (p(p,Sy,) = ©
asn— o

So,

d(Sy,..p)<c’(1—a,)d(Sy,,p)+
ca,c,[(1=B,)p(p,Sy,) + Bow " (p(p,Syy)] +ce,

Taking limit on both sides, we get lim,_, Sy, = p.

Conversely, let lim Sy, = p, then

n—»

&, =d(8y,,.0-a,)S, +a,Ts,)
<cd(Sy,,.,p)+cd(p,(1-a,)Sy, +a,Ts,)
<cd(8y,,.,p)+cl-a,)d(p,Sy,) +ca,d(1zTs,)
<cd(8y,.,p)+c(l-a,)d(p,Sy,) +

ca, e, (p(Sz,Tz) + ¢, p(Sz,Ss,)]
<cd(8y,..,p)+c(l-a,)d(p,Sy,) +ca,c p(p,Ss,)
<cd(8y,.,p)+cl-a,)d(p,Sy,) +

ca,c,[(1-By)p(p,Sy,) + By " (p(p,Sy,)] — 0 as
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n

Ifweset c=a, = ﬂn =1, we obtained following corollary.

Corollary 4.1 [12]. Let X be a nonempty set and Y an arbitrary
set. Let d and p two metrics on Y and S, T : ¥ — X such that
T(Y)c S(Y) and S(Y) a complete subspace of X. Suppose
that:

(i) Sand T have a coincidence point z;
(ii) there exists ¢, >0 , and a monotone increasing function
@, 1R, = R,_with ¢,(0)=0 such that

d(Ix,Ty) < ¢, (p(Sx,Tx)) + ¢, p(Sx,Sy), Vx,y € ¥
(i) (X,d) is a complete metric space.
(iv) T:(X,p)—> (X,p) satisfies the contractive condition

p(Tx9 Ty) < ¢2 (p(Sx9 Tx)) + (//(p(an Sy))a Vxny ey

where 1//"‘ :R, > R,, k=1,2,..., are continuous comparison

(w* is the kth W)

@R, >R _,K=12,.., is a monotone increasing function

functions iterate  of and
such that ¢,(0) =0 . Then the Jungck Picard iteration process

with T(Y,d) — (X, d)is (S, T)-stable.

By setting ¢,(t)=L,Vte R, , we obtained the following
corollary.

Corollary 4.2 [12]. Let X be a nonempty set and Y an arbitrary
set. Let d and p two metrics on Y and S, T : ¥ — X such that

T(Y)c S(Y)and S(Y) a complete subspace of X. Suppose
that:

(i) S and T have a coincidence point z;
(ii) there exists ¢, >0, L >0 such that

d(Tx,Ty) < Lp(Sx,Tx) + ¢, p(Sx,Sy), Vx,y €Y

(ii1) (X,d) is a complete metric space.

(iv) T : (X, p) = (X, p) satisfies the contractive condition

PIx,Ty) < 0, (p(Sx,Tx)) + w(p(Sx, Sy)), Vx,yeY
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where 1//1‘ ‘R, > R,, k=12,.., are continuous comparison

(w* is the kth

@, R, >R, ,K=12,.., isamonotone increasing function

functions iterate  of ) and

such that ¢, (0)=0. Then the Jungck Picard iteration process
withT'(Y,d) = (X,d) is (S, T)-stable.
Now, we illustrate the convergence of Jungck- Picard and

Jungck-Ishikawa iteration scheme for the example of Singh
[25].

Example 4.1 [25]. To find a root (lying between 0 and 1
indeed nearer x > 0.5 ) of the equation

1/28in"'x=1/2x(1=x*)"? +x* Cos 'x=7/8
(or 4Sin"'x—4x(1—x*)"248x*Cos x =7)
Sx=Tx , Sx=4Sin"'x and

Rewrite it as where

Tx=rw+4x(1 —xH)2 —8x*Cos”'x .

The following table shows the convergence of Jungck-Picard and Jungck-Ishikawa iterative procedure.

We remark that the convergence is achieved in only 24"
iteration by using Jungck-Ishikawa iterative scheme while
the same is achieved at 56" iteration of Jungck Picard
scheme.

Issue 3, Volume 5, 2011

Jungck-Ishikawa Iteration Jungck-Picard Iteration

n Txn an+l Xp+l Txn an+l Xn+1

0 2.70326 2.65167 0.61542 2.70326 2.70326 0.625533
1 2.33108 2.36314 0.557013 [ 2.29216 2.29216 0.542189
2 2.55951 2.53987 0.593151 2.61743 2.61743 0.60865

3 241775 2.42996 0.570808 | 2.35731 2.35731 0.555802
4 2.50539 2.49784 0.58466 2.56425 2.56425 0.598047
5 245101 2.4557 0.57608 2.39861 2.39861 0.564355
6 2.48469 2.48179 0.581399 | 2.53072 2.53072 0.591307
7 2.46381 2.46561 0.578103 | 2.42496 2.42496 0.569782
8 247675 2.47563 0.580146 | 2.50941 2.50941 0.587004
24 24718 24718 0.579365 | 2.47285 2.47285 0.579579
25 247179 247179 0.579364 | 2.47095 2.47095 0.579193
26 247179 247179 0.579364 [ 2.47247 2.47247 0.579501
27 247179 247179 0.579364 | 2.47126 247126 0.579255
28 247179 247179 0.579364 | 2.47222 247222 0.579452
52 247179 247179 0.579364 24718 24718 | 0.579365
53 247179 247179 0.579364 | 2.47179 247179 0.579364
54 247179 247179 0.579364 24718 24718 | 0.579365
55 247179 247179 0.579364 | 2.47179 247179 0.579364
56 247179 247179 0.579364 | 2.47179 247179 0.579364
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