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Abstract—This paper aims to study the arterial
stenosis effect on blood flow problem in the system
of coronary arteries. Blood is assumed to be non-
Newtonian incompressible fluid. The system of coro-
nary arteries with diseased Left Anterior Descending
(LAD) is considered. Governing equations are the
Navier-Stokes equations and continuity equation sub-
jected to the time-dependent pulsatile boundary con-
ditions. Based on finite element method, the solution
of the governing equations is solved numerically. Dis-
turbances of blood flow through the diseased LAD for
the restrictions of 25%, 50% and 75% are investigated.
Flow characteristics, wall pressure and wall shear rate
have been studied in detail. Numerical studies show
that blood flow with high speed and pressure rapidly
drops in the area supplied by the stenosed artery. As
the degree of coronary-artery stenosis increases, the
maximal coronary flow decreases.

Index Terms—blood flow, stenosed coronary
artery, pulsatile boundary condition , finite element
method.

I. INTRODUCTION
The most common form of heart disease is

the coronary artery disease (CAD). Over 7 million
people in developed and developing countries suffer
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from it. CAD is an occlusion of the coronary arteries
resulting in insufficient supply of blood and oxygen
deprivation to the heart muscle. When the blockage
of an artery is complete, it results in a heart attack,
or in very severe cases, may result in death of the
patient. To overcome the problem, detailed knowl-
edge associated with the disordered flow patterns
in stenosis is then important for the detection of
localized arterial disease in its early stages. In order
to understand the pathogenesis of coronary diseases,
a number of in-vivo and vitro experiments have been
conducted using animal models [12, 14, 17, 25].
Uren et al. (1994) studied the relation between the
severity of stenosis in a coronary artery and the
degree of impairment of myocardial blood flow in
laboratory animals. It is reported that the increasing
degree of coronary-artery stenosis increases gives the
maximal coronary flow. Due to the difficulty in de-
termining the critical flow conditions for the in-vivo
and vitro experiments, the exact mechanism involves
is not well understood. On the other hand, mathemat-
ical modeling and numerical simulation can lead to
better understanding of the phenomena involved in
vascular disease [1, 5, 6, 8, 9, 11, 13, 16, 19, 20,
21, 22, 23]. Over the last two decades, a number of
mathematical models and numerical techniques has
been proposed to describe blood flow in a stenosed
coronary artery [7, 10, 12, 15, 18]. Wiwatanapat-
aphee (2008) [4] studied the effect of stenosed ar-
teries in a stenosed tube with non-Newtonian model
of blood. It is indicated that blood pressure drops
significantly around the stenosis region. The blood
pressure continuously drops as the degree of stenosis
increases. Chaniotis et al. (2010) [2] studied the pul-
satile blood flow in the computational geometry of
coronary. The Newtonian model and non-Newtonian
model were used to compare on wall shear stress
distribution. Their results showed that the effect of
non-Newtonian model was significant. Cheung et
al. (2010) [3] studied blood flow through stenosed
bifurcation vessel using experimental and numerical
models. The experimental study was based on PIV
measurements, while the numerical study was based
on CFD simulation. They concluded that numerical
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simulation based on an realistic geometry of human
coronary arteries provided accurate result against the
experiment.

Due to the fact that construction of a realistic
geometry of the coronary artery system is a diffi-
cult task, a unrealistic vessel geometry including a
straight tube or curve tube with branches and with
no branch are used in the above mentioned studies.
It has been accepted that the results that obtained
from unrealistic geometry may not be appropriate for
clinical use. In spite of extensive modeling studies
on blood flow in the stenosed coronary artery, little
work has been done to solve the blood flow problem
in the system of the coronary arteries. Most studies
use either the right coronary artery (RCA) or the left
coronary artery (LCA) without the aorta.

In this study, we simulated the three-dimensional
unsteady non-Newtonian blood flow in the system
of human coronary artery with diseased LAD. The
pulsatile boundary condition is considered. Effect
of different degree of stenosis on the blood flow
is investigated. The rest of the paper is organized
as follows: Section II concerns mathematical model
and finite element formulation. Numerical example
is presented in section III. Conclusion is given in
section IV.

II. MATHEMATICAL MODELS

A. Governing Equations
In this study, the motion of blood flow is gov-

erned by the continuity equation and Navier-Stoke
equations:

∇ · u = 0, (1)

∂u

∂t
+ (u · ∇)u =

1

ρ
∇ · σ. (2)

where u is blood velocity, ρ is blood density, σ is the
stress-deformation rate relation which is described by

σ = [−pI + η(γ̇)(∇u+ (∇u)T )] (3)

where p is blood pressure and η(γ̇) denotes the
viscosity of incompressible non-Newtonian blood
determined by Carreau model [24]:

η(γ̇) = n∞ + (n0 − n∞)[1 + (λγ̇)2](n−1)/2, (4)

where n∞, n0, λ, n are parameters and the shear rate
γ̇ defined by

γ̇ =

√
2tr(

1

2
(∇u+ (∇u)T )2. (5)

To specify the pulsatile behavior of blood flow,
the cyclic nature of the heart pump is considered.
In this study, we assume that the cardiac cycle

has no difference in time variation, the pulsatile
pressure and the flow rate of blood can be expressed
by the periodic functions p(t) = p(t + nT ) and
Q(t) = Q(t + nT ) for n = 0, 1, 2, ... and T is the
cardiac period. Mathematically, the pulsatile pressure
p(t) and flow rate Q(t) can be written in the form
of the truncated Fourier series:

p(t) = p̄+

4∑
k=1

αp
k cos kωt+ βpk sin kωt,

Q(t) = Q̄+

4∑
k=1

αQ
k cos kωt+ βQk sin kωt,

(6)

where p̄ denotes the mean pressure, Q̄ is the mean
flow rate and ω = 2π/T is the angular frequency
with cardiac period T .

On the inflow surface Γaorta of the aorta, we
enforce the pulsatile velocity condition:

u(t) =
Q(t)

A
, (7)

where A is the area of the inlet surface. On the out-
flow surface, we enforce the corresponding pulsatile
pressure condition:

p = p0(t), η(∇u+ (∇u)T ) = 0. (8)

In summary, the blood flow in the coronary
artery system is governed by the following boundary
value problem (BVP):

BVP: Find u and p such that equation (1)-(6)
and all boundary conditions (7)-(8) are satisfied.

TABLE I
VALUES OF THE PARAMETERS αQ

k , βQ
k , αp

k AND βp
k USED IN

THE FORMULA 6

k αQ
k βQ

k αp
k βp

k

1 1.7048 -7.5836 8.1269 -12.4156
2 -6.7035 -2.1714 -6.1510 -1.1072
3 -2.6389 2.6462 -1.3330 -0.3849
4 0.7198 0.2687 -2.9473 1.1603

B. Finite Element Formulation
This section concerns the finite element formula.

Starting with the total weighted residual of the
system of equation (1-2), we obtain the variational
statement corresponding to the BVP:
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Fig. 1. The computational domain of the system of coronary
arteries

Find u and p ∈ H1(Ω) such that for all wu and wp

∈ H1
0 (Ω), all boundary conditions are satisfied and

(∇ · u, wp) = 0, (9)

(
∂u

∂t
,wu) + ((u · ∇)u,wu) =

1

ρ
(∇ · [−pI + η(∇u+ (∇u)T )],wu).

(10)

where H1(Ω) is the Sobolev space W 1,2(Ω) with
norm ∥ · ∥1,2,Ω, H1

0 (Ω) = {v ∈ H1(Ω)|v = 0 on
the Dirichlet type boundary} and (·, ·) denoted the
inner product on the square integrable function space
L2(Ω), defined by.

(u, v) =

∫
Ω

u · v dΩ. (11)

The second order derivatives in equations (9)
and (10) are reduced to the first order using Green’s
formula. We then have

(∇ · u, wp) = 0, (12)

(
∂u

∂t
,wu) + ((u · ∇)u,wu)

− 1

ρ
(∇wu, [pI − η(∇u+ (∇u)T )])

− 1

ρ
[a(wu, σ · n)] = 0 (13)

To solve the above problem using the Galerkin
Finite Element method. For u and wu, we choose an
L-dimensional subspace HL of H1(Ω) and a basis
functions {ϕ}Li=1 of HL. We then obtain

u(x, t) ≈ uL =

L∑
α=1

uα(t)ϕα(x), (14)

wu ≈ (wu)L =

L∑
β=1

wu
β(t)ϕβ(x). (15)

Choosing an M-dimensional subspace HM of H1(Ω)
with a basis functions {φ}Mi=1 for p and wp. We then
obtain

p(x, t) ≈ pM =
∑M

γ=1 pγ(t)φγ(x), (16)

wp ≈ (wp)M =
∑M

δ=1w
p
δ (t)φδ(x), (17)

From equations (14)-(17), replacing u, p, wu and
wp in equations (12)-(13) for arbitrary wu, wp and
applying boundary condition 8, we then have

L∑
α=1

(ψδ,
∂ϕα
∂xi

)ujα = 0, (18)

L∑
α=1

(ϕβ, ϕα)u̇iα +

L∑
α=1

(ϕβ, uj
∂ϕα
∂xj

)uiα

− 1

ρ

M∑
γ=1

(ψγ ,
∂ϕβ
∂xi

)pγ +
1

ρ

L∑
α=1

(
∂ϕβ
∂xj

, η
∂ϕα
∂xj

)uiα

+
1

ρ

L∑
α=1

(
∂ϕβ
∂xj

, η
∂ϕα
∂xi

)ujα = 0 (19)

The system of equations (18) and (19) can be
written in matrix from as

CT
1 U1 + CT

2 U2 + CT
3 U3 = 0 (20)

M

 U̇1

U̇2

U̇3

+A

 U1

U2

U3

−

 C1

C2

C3

P = 0 (21)
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where

M =

 mβα 0 0
0 mβα 0
0 0 mβα

with mβα = (ρϕβ, ϕα)

A =

 B +K11 K12 K13

K21 B +K22 K23

K31 K32 B +K33

with

B = D +K11 +K22 +K33,

Kij = (Kijβα) with Kijβα = (η
∂ϕβ
∂xj

,
∂ϕα
∂xi

),

D = (Dβα) with Dβα = (ρuj
∂ϕα
∂xj

, ϕβ),

Ci = (Ciβα) with Ciβα = (ψγ ,
∂ϕβ
∂xi

).

The system of equations (20)-(21) can be written
as

CT
1 U1 + CT

2 U2 + CT
3 U3 = 0 (22)

MU̇ +AU − CP = 0 (23)

By using the backward Euler difference scheme for
typical time step (tr → tr+1), the system can be
reduced to:

CT
1r+1U1 + CT

2r+1U2 + CT
3r+1U3 = 0 (24)

(M +△trA)Ur+1 +△trC̄Pr+1 =MUr. (25)

Since A in equation (25) depends on Ur+1, the
system is then nonlinear which can be solved by
using iterative updating scheme, i.e.,

CTi+1
1r+1U1 + CTi+1

2r+1U2 + CTi+1
3r+1U3 = 0 (26)

(M +△trAi
r+1)U

i+1
r+1 +△trC̄P i+1

r+1 =MU i
r. (27)

where i is the ith iteration step. U1 and P1 can be
determined by U0

1 = U0, P 0
1 = P0, and repeatedly

solving the above system until ∥Ur+1
1 − Ur

1∥ < ϵu
and ∥Pr+1

1 −Pr
1∥ < ϵp.

III. NUMERICAL RESULTS
In this work, we study the flow phenomena of blood
in the system of coronary arteries with diseased
Left Anterior Descending. The characteristic of the
system of coronary arteries is shown in Fig.1. The
example under investigation is a coronary system
consisting of the base of the aorta, the RCA and
the LCA with LAD and LCX. Total volume of the
coronary system is 31.1 cm3. The area of aorta inlet
surface is 6.712 cm2.

The computational domains used in this study
are constructed using a number of CT-images and
Mimic software. A three-dimensional system of
coronary arteries in stereo-lithography (STL) format
has very rough surface which is not suitable for
computational fluid dynamic. To smooth its surface,
the cubic B-spline interpolation is required.

We simulate the blood flow in the coronary
system with different degree of stenosis, 25%, 50%
and 75% stenosed artery. The position of the stenosis
is at 2.5 cm from the LCA inlet surface. Other
parameters are as follows. The density of blood
ρ = 1.06 g/cm3, the infinite shear rate viscosity
η∞ = 0.0345 (dyne/cm2) · s, the zero shear rate
viscosity η0 = 0.56 (dyne/cm2) · s, two model
parameters λ = 3.313 s and n = 0.3568, the mean
pressures p̄ of the aorta, the RCA and the LCA are
97, 65, 65 mmHg respectively, and the mean flow
rate in the aorta Q̄ = 0.09537 cm3s−1, and the
cardiac period T = 0.8 s.

The boundary value problem presented in sec-
tion 2 is solved using the Bubnov-Galerkin finite
element method via COMSOL Multiphysics. In order
to investigate the effect of stenosis on the blood
flow as well as on the pressure field and shear
rate, three computational domains are constructed for
three coronary systems of different degree stenosis.
Fig. 2 shows a finite element mesh with a number
of Lagrange order two elements.

Fig. 3 shows the vector plot of the velocity field
and the sub-domain plot of the pressure of blood in
the coronary system having 75% stenosed LAD at
the peak of systole. It is noted that blood flows into
the system of cornary arteries from the inlet aorta
to outlet aorta, the RCA and the LCA. High blood
speed and a pressure drop are present around the
stenosis arterial section.

To investigate the effect of stenosis on the
pressure field, shear rate and mean velocity in the
stenosed artery, we consider the numerical results of
the pressure field and shear rate at the peak of systole
along the LCA axis as shown in Fig.5 and results of
mean velocity on the LCA outlet surfaces as shown
in Fig.8. The numerical solutions of pressure field
and shear rate along the LCA axis and the mean
velocity of blood at outlet surfaces of the stenosed
LCA are presented in Figs. 6,7 and 9. The results
indicate that stenosis of different degrees, namely
25%, 50% and 75%, has a considerable effect on
the flow field of blood. It is apparent that a higher
degree of stenosis generates a higher pressure and a
higher shear rate in the stenosed artery. The mean
velocity of blood at three outlet surfaces of the left
coronary artery as shown in Fig. 8 is presented. It
is observed that the variation of the stenosis degree
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reasonably affects the mean velocity instantaneously.
The higher the stenosis degree is, the lower mean
velocity at the outlet surface of the stenosed vessel
is. By increasing the stenosis degree from 25% to
75%, the magnitude of the mean velocity decreases
by a remarkable amount, from 22.38 cm s−1 to
19.50 cm s−1 at ΓLAD

1 , from 18.53 cm s−1 to 12.67
cm s−1 at ΓLAD

s and from 25.8 cm s−1 to 20.83
cm s−1 at ΓLCX , as shown in Fig.9.

IV. CONCLUDING REMARKS
A three-dimensional domain of the system of

coronary arteries is constructed using MIMIC soft-
ware and a mathematical model has been developed
to study the blood flow in the system of coronary
arteries taking into account the pulsatile flow rate
and pulse pressure on the inlet and outlet boundaries.
The results obtained clearly show that a high blood
speed and a pressure drop are found to present in the
region next to the throat of stenosis region. With an
increase of stenosis degree, the pressure increases
and blood velocity deceases. Due to a decrease in
blood flow velocity, the blood flow decreases causing
not enough blood supply to the heart muscle.
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Fig. 2. Domain mesh of a system of coronary arteries.

Fig. 3. Velocity and pressure fields at the peak of systole
obtained from the model with 75% stenosed LAD

Fig. 4. The 75% stenosed LAD and velocity fields around this
area
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Fig. 5. The system of coronary artery with the investigated
arterial axis
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